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H
ybrid

control

M
aurice

H
eem
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C

ontrolSystem
s
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D
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U
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m
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D
ISC

C
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M
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C
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O
utline

oflecture
3

•
Problem

C
:C

onstructa
stabilizing

sw
itching

sequence,a
discrete

controlproblem

–
State-dependentsw

itching
–

Tim
e-dependentsw

itching

•
C

ontinuous
(and

discrete)controlproblem
s

•
O

bserverdesign

•
Sum

m
ary
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N
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II
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N
I

II
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Problem
C

...

P
r
o
b
l
e
m

A
:Find

conditionsforw
hich

the
sw

itched
system

isU
G

A
S

forany
sw

itch-
ing

signal.

P
r
o
b
l
e
m

B
:

Show
thatthe

sw
itched

system
is

G
A

S
for

a
given

sw
itching

strategy
ora

class
ofsw

itching
strategies.

P
r
o
b
l
e
m

C
:C

onstructa
sw

itching
signalthatm

akesthe
sw

itched
system

G
A

S
(i.e.a

stabilization
problem

).
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J

N
I
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4/39

JJ
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N
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State-based
sw

itching

Stabiliz.sw
itched

linear
system

svia
suitable

sw
itching

(Pr.C
)

ẋ
=

A
i x,

i2
I:=

{1,2,...,N
}

Find
sw

itching
rule

s
as

function
oftim

e
/state

such
thatclosed

loop
is

asym
ptoti-

cally
stable.

Q
uadratic

stabilization
via

a
single

Lyapunov
function

Selects
(x):R

n!
I:=

{1,2,...,N
}

s.t.closed
loop

has
single

quadratic
Lyapunov

function
x

TP
x.

O
ne

solution:
convex

com
bination

ofA
i is

stable

A
:=

Â
a

i A
i

(a
i �

0,
Â

a
i =

1)
is

stable

SelectQ
>

0
and

letP
>

0
be

solution
ofA

TP
+

PA
=
�

Q
.
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Q
uadratic

stabilization
-continued

From
x

T
(A

TP
+

PA
)x

=
�

x
TQ

x
<

0
itfollow

s
that

Âi
a

i [x
T
(A

Ti P
+

PA
i )x]

<
0.

•
Foreach

x
there

is
atleastone

m
ode

w
ith

x
T
(A

Ti P
+

PA
i )x

<
0

orstronger
[i2

I {x|x
T
(A

Ti P
+

PA
i )x

�
x

TQ
x}

|
{z

}
X

i

=
R

n

•
Sw

itching
rule:

i(x)
:=

arg
m

in
x

T
(A

Ti P
+

PA
i )x

•
Leads

possibly
to

sliding
m

odes.A
lternative?
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J

N
I
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A
lternative

sw
itching

rule
for

quadratic
stabilization

•
A

m
odified

sw
itching

rule
(based

on
hysteresis

sw
itching

logic):

?
stay

in
m

ode
ias

long
as

x
T
(A

Ti P
+

PA
i )x

�
r

x
TQ

x,
w

ith
0
<

r
<

1.

?
w

hen
bound

reached,sw
itch

to
a

new
m

ode
jthatsatisfies

x
T
(A

Tj P
+

PA
j )x

�
x

TQ
x.

•
There

is
a

low
erbound

on
the

duration
in

each
m

ode!

T
heorem

1
If

there
exists

a
quadratically

stabilizing
state-dependentsw

itching
law

forthe
sw

itched
linearsystem

w
ith

N
=

2,then
the

m
atricesA

1 and
A

2 have
a

H
urw

itz
convex

com
bination.
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N
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Stabilization
via

m
ultiple

Lyapunov
functions(Problem

C
)

M
ain

idea:Find
V

i (x)
=

x
TP

i x
thatdecreases

forẋ
=

A
i x

in
som

e
region.

D
efine

X
i :=

{x|x
T
[A

Ti P
i +

P
i A

i ]x
<

0}.

If
X

1 [
X

2
=

R
n,try

to
sw

itch
to

satisfy
m

ultiple
Lyapunov

criterion
to

guarantee
asym

ptotic
stability.

Find
P

1
and

P
2

such
thatthey

satisfy
the

coupled
conditions:

x
T
(P

1 A
1
+

A
T1 P

1 )x
<

0
w

hen
x

T
(P

1 �
P

2 )x�
0,

x6=
0

and
x

T
(P

2 A
2
+

A
T2 P

2 )x
<

0
w

hen
x

T
(P

2 �
P

1 )x�
0,

x6=
0.

Then
s
(t)

=
arg

m
ax{V

i (x(t))|i=
1,2}

stabilizing
(V

s
=

continuous)
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...S-procedure
...

S-procedure
There

existb
1 ,b

2 �
0

such
that

�
P

1 A
1 �

A
T1 P

1
+

b
1 (P

2 �
P

1 )
>

0

�
P

2 A
2 �

A
T2 P

2
+

b
2 (P

1 �
P

2 )
>

0

s
(t)

=
arg

m
in{V

i (x(t))|i=
1,2}

w
hen

you
can

find
b

1 ,b
2 

0
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�!
state-based

sw
itching

previously
...now

...

Tim
e-controlled

sw
itching

/pulse
w

idth
m

odulation

Ifdynam
icalsystem

sw
itches

betw
een

severalsubsystem
s

!
stability

properties
oftotalsystem

m
ay

be
quite

different
from

those
ofsubsystem

s

T
=0,

x
=

x
0

<
T 

12
ε

x
=

A
x

T
=1

m
ode 22

>
T 

12
ε

:=0
T

>
T 

12
ε

:=0
T

<
T 

12
ε

x
=

A
x

T
=1

m
ode 11
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Tim
e-controlled

sw
itching

T
=0,

x
=

x
0

<
T 

12
ε

x
=

A
x

T
=1

m
ode 22

>
T 

12
ε

:=0
T

>
T 

12
ε

:=0
T

<
T 

12
ε

x
=

A
x

T
=1

m
ode 11

•
x(t0

+
12 e)

=
exp( 12 eA

1 )x0
=

x0
+

e2 A
1 x0

+
e

28
A

21 x0
+
···

x(t0
+

e)
=
(I+

e2 A
2
+

e
28
A

22
+
···)(I+

e2 A
1
+

e
28
A

21
+
···)x0

=
(I+

e[ 12 A
1
+

12 A
2 ]+

e
28
[A

21
+

A
22
+

2A
2 A

1 ]+
···)x0 .

•
C

om
pare

w
ithexp[e(

12 A
1
+

12 A
2 )]

=
I+

e[ 12 A
1
+

12 A
2 ]+

e
28
[A

21
+

A
22
+

A
1 A

2
+

A
2 A

1 ]+
···

!
sam

e
fore

⇡
0

•
So

fore
!

0
solution

ofsw
itched

system
tends

to
solution

of

ẋ
=

(
12 A

1
+

12 A
2 )x

(“averaged”
system

)

•
Possible

thatA
1

and
A

2
are

H
urw

itz,w
hereas

m
atrix

12 A
1
+

12 A
2

is
notH

urw
itz,orvice

versa.
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E
xam

ple
T

=0,
x

=
x

0

<
T 

12
ε

x
=

A
x

T
=1

m
ode 22

>
T 

12
ε

:=0
T

>
T 

12
ε

:=0
T

<
T 

12
ε

x
=

A
x

T
=1

m
ode 11

•
C

onsider
A

1
=


�

0.5
1

100
�

1

�
,

A
2
=


�

1
�

100
�

0.5
�

1

�

•
A

1 ,A
2

notH
urw

itz,butm
atrix

12 (A
1
+

A
2 )

is
H

urw
itz

!
sw

itched
system

should
be

stable
iffrequency

ofsw
itching

is
sufficiently

high

•
M

inim
alsw

itching
frequency

found
by

com
puting

eigenvalues
of

the
m

apping
exp( 12 eA

2 )exp( 12 eA
1 )

(W
hy?)
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E
xam

ple
(cont.)

0
0.01

0.02
0.03

0.04
0.05

0 1 2 3 4

ε

modulus of eigenvalues

!
m

axim
alvalue

ofe:0.04
(50H

z)
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E
xam

ple
(cont.)

−20
−10

0
10

20
−20

−10 0 10 20

 x1

 x
2
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C
onclusions

•
Stability

ofsw
itched

system
s

•
Problem

A
:U

G
A

S
underarbitrary

sw
itching:com

m
on

Lyapunov
functions

•
Problem

B
:Stability

underparticularsw
itching

strategies

–
State-dependentsw

itching
(PW

L):continuous
PW

Q
Lyap.functions

–
Tim

e-dependentsw
itching:m

inim
aloraverage

dw
elltim

e
–

System
s

w
ith

jum
ps:jum

p-flow
orim

pulsive
system

s

•
Problem

C
:D

esign
ofstabilizing

sw
itching

signals:

–
State-dependentand

tim
e-dependentsw

itching
design

•
In

case
ofsw

itched
linearsystem

s
LM

Is
a

helpfultool!!

JJ
J

N
I

II
15/39

JJ
J

N
I

II
15/39

C
onclusions

•
Stability

ofsw
itched

system
s

•
Problem

A
:U

G
A

S
underarbitrary

sw
itching:com

m
on

Lyapunov
functions

•
Problem

B
:Stability

underparticularsw
itching

strategies

–
State-dependentsw

itching
(PW

L):continuous
PW

Q
Lyap.functions

–
Tim

e-dependentsw
itching:m

inim
aloraverage

dw
elltim

e
–

System
s

w
ith

jum
ps:jum

p-flow
orim

pulsive
system

s

•
Problem

C
:D

esign
ofstabilizing

sw
itching

signals:

–
State-dependentand

tim
e-dependentsw

itching
design

•
In

case
ofsw

itched
linearsystem

s
LM

Is
a

helpfultool!!

•
N

ext:include
continuous

controlinputs!
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O
nly

find
sw

itching
sequence

(discrete
inputs)!

W
hatif

also
continuous

inputs
are

present?

Stabilization
ofsw

itched
linear

system
sw

ith
continuousinputs

Sw
itched

linearsystem
w

ith
inputs:

ẋ
=

A
i x
+

B
i u,

i2
I
=
{1,...,N

}

N
ow

s
:[0,•

)!
I

and
feedback

controllers
u
=

K
i x

are
to

determ
ined.

C
ase

1:D
eterm

ine
K

i such
thatclosed

loop
U

G
A

S
underarbitrary

sw
itching

(assum
-

ing
know

n
m

ode)!

C
ase

2:D
eterm

ine
both

s
:[0,•

)!
I

and
K

i

C
ase

3:s
given

as
function

ofstate
(PW

L).D
eterm

ine
K

i
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C
ase

1:Stabiliz.ofsw
itched

linear
system

under
arb.sw

itching

ẋ
=

A
i x
+

B
i u,

i2
I
=
{1,...,N

}

Sufficientcondition:
find

a
com

m
on

quadratic
Lyapunov

function
V
(x)

=
x

TP
x

for
som

e
positive

definite
m

atrix
P

and
K

1 ,...,K
N .

(A
i +

B
i K

i ) TP
+

P
(A

i +
B

i K
i )
<

0
foralli=

1,...,N
and

P
>

0
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(A
i +

B
i K

i ) TP
+

P
(A

i +
B

i K
i )
<

0
foralli=

1,...,N
and

P
>

0

Pre-and
postm

ultiplying
by

P
�

1:

P
�

1(A
i +

B
i K

i ) T
+
(A

i +
B

i K
i )P

�
1
<

0
foralli=

1,...,N
and

P
�

1
>

0

LinearM
atrix

Inequalities

Z
A

Ti
+

A
i Z
+

Y
Ti

B
Ti
+

B
i Y

i <
0

foralli=
1,...,N

and
Z
>

0,

P
�

1
=

:Z
and

K
i P

�
1
=

:Y
i .H

ence,P
=

Z
�

1
and

K
i =

Y
i Z

�
1.

H
ence,ifLM

Isfeasible,then
u
=

K
i x

leadsto
U

G
A

S
“cloop”

underarbitrary
sw

itch-
ing

know
ing

the
m

ode
as

w
e

use
u
=

K
i x

w
hen

subsystem
iis

active!
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C
ase

2:D
esign

ofsw
itched

feedback
and

sw
itching

sequence

ẋ
=

A
i x
+

B
i u,

i2
I
=
{1,2}

D
eterm

ine
s

:[0,•
)!

I
and

u
=

K
i x,i=

1,...,N

U
se

previous
conditions

forfinding
sw

itching
sequence

i)Find
K

1 ,K
2

and
a
2
[0,1]such

thata
(A

1
+

B
1 K

1 )
+
(1�

a
)(A

2
+

B
2 K

2 )
is

stable,
i.e.

[a
(A

1
+

B
1 K

1 )+
(1�

a
)(A

2
+

B
2 K

2 )] TP
+

P
[a
(A

1
+

B
1 K

1 )+
(1�

a
)(A

2
+

B
2 K

2 )]<
0.

Forfixed
a

previous
transform

ation
leads

to
LM

Is!

ii)Find
b

1 �
0,b

2 �
0,P

1
and

P
2

positive
definite

and
gains

K
1

and
K

2
such

that

�
P

1 (A
1
+

B
1 K

1 )�
(A

1
+

B
1 K

1 ) TP
1
+

b
1 (P

2 �
P

1 )
>

0

�
P

2 (A
2
+

B
2 K

2 )�
(A

2
+

B
2 K

2 ) TP
2
+

b
2 (P

1 �
P

2 )
>

0.
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C
ase

3:D
esign

ofsw
itched

feedback

Ifsw
itching

structure
has

already
been

given

ẋ
=

A
i x
+

B
i u,

w
hen

x2
X

i ,
S

Ni=
1 X

i =
R

n
and

X
i \

X
j fori6=

jis
a

(low
er-dim

ensional)boundary.

Ifu
=

K
i x

w
hen

x2
X

i w
e

obtain
closed-loop

dynam
ics

ẋ
=
(A

i +
B

i K
i )x,

w
hen

x2
X

i

�!
V
(x)

=
x

TP
x

X
i ✓

{x|E
i x�

0}
Find

K
1 ,...,K

N ,P
>

0
and

sym
m

etric
U

i w
ith

nonnegative
entries

s.t.

(A
i +

B
i K

i ) TP
+

P
(A

i +
B

i K
i )+

E
Ti U

i E
i <

0,
i=

1,...,N

•
Extensions

via
continuous

PW
Q

Lyapunov
functions

(B
M

Is!)
A

lso
discrete-tim

e
results!!!
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D
iscrete-tim

e
case

x
k+

1
=

A
i x

k +
B

i u
k ,

i2
I
=
{1,...,N

}

G
oal:

constructsw
itched

state
feedback

u
k
=

K
i x

k ,i2
I
=

{1,...,N
}

thatstabilizes
the

closed-loop
system

s
underarbitrary

sw
itching

(w
ith

know
n

m
ode):

x
k+

1
=
(A

i +
B

i K
i )x

k ,
i2

I
=
{1,...,N

}

Sufficient:
find

a
com

m
on

quadratic
Lyapunov

function
V
(x)

=
x

TP
x

for
positive

definite
P

and
K

1 ,...,K
N .

V
(x

k+
1 )�

V
(x

k )
<

0,
w

hen
x

k 6=
0,

i.e.

(A
i +

B
i K

i ) TP
(A

i +
B

i K
i )�

P
<

0,
i=

1,...,N
and

P
>

0

The
free

variables
K

i and
P

appearnotlinearly?

W
hatto

do?
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U
se

Schur
com

plem
ents
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A
pplying

Schur
com

plem
entsto:

P
�
(A

i +
B

i K
i ) TP

(A
i +

B
i K

i )
>

0,
i=

1,...,N
and

P
>

0

✓
P

(A
i +

B
i K

i ) T

A
i +

B
i K

i
P
�

1

◆
>

0,
i=

1,...,N

Pre-and
postm

ultiply
now

by
✓

P
�

1
0

0
I ◆

yielding

✓
P
�

1
P
�

1(A
i +

B
i K

i ) T

(A
i +

B
i K

i )P
�

1
P
�

1

◆
>

0,
i=

1,...,N

U
sing

the
linearizing

change
ofvariables

P
�

1
=

:Z
and

K
i P

�
1
=

:Y
i gives

LM
Is:

✓
Z

Z
A

Ti
+

Y
Ti

B
Ti

A
i Z
+

B
i Y

i
Z

◆
>

0,
i=

1,...,N

In
discrete-tim

e
one

does
notneed

com
m

on
quadratic

Lyapunov
function

for
G

A
S

underarbitrary
sw

itching
(B

Z)
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Sum
m

ary:Stabilization
ofsw

itched
system

sw
ith

continuousinputs

ẋ
=

A
i x
+

B
i u,

i2
I
=
{1,...,N

}

N
ow

s
:[0,•

)!
I

and
feedback

controllers
u
=

K
i x

are
to

determ
ined.

ẋ
=
(A

i +
B

i K
i )x,

i2
I
=
{1,...,N

}
C

ase
1:D

eterm
ine

K
i such

thatclosed
loop

stable
underarbitrary

sw
itching.

(A
i +

B
i K

i ) TP
+

P
(A

i +
B

i K
i )
<

0
foralli=

1,...,N
and

P
>

0

C
ase

2:D
eterm

ine
both

s
:[0,•

)!
I

and
K

i

[a
(A

1
+

B
1 K

1 )+
(1�

a
)(A

2
+

B
2 K

2 )] TP
+

P
[a
(A

1
+

B
1 K

1 )+
(1�

a
)(A

2
+

B
2 K

2 )]<
0.

orarg-m
ax

based
approach.

C
ase

3:s
given

as
function

ofstate
(PW

L).D
eterm

ine
K

i

(A
i +

B
i K

i ) TP
+

P
(A

i +
B

i K
i )+

E
Ti U

i E
i <

0,
i=

1,...,N

A
lso

discrete-tim
e

results!!!
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Transform
ing

nonlinear
M

Iinto
L

M
Is

“Tricks:”

•
Pre-and

postm
ultiplying

by
suitable

invertible
m

atrices
S

T
and

S

P
>

0
iffS

TP
S
>

0

•
A

pply
Schurcom

plem
ents

•
C

hange
ofvariables

•
C

om
binations
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Sum
m

ary

•
Problem

C
:C

onstructa
stabilizing

sw
itching

sequence,a
discrete

controlproblem

–
State-dependentsw

itching
⇤

Find
convex

com
bination

thatis
H

urw
itz:single

LF
⇤

M
ultiple

LF
approach,“m

ax”-sw
itching

law
–

Tim
e-dependentsw

itching
based

on
H

urw
itz

convex
com

bination

•
C

ontinuous
controlproblem

–
constructK

i foralls
:com

m
on

P
via

LM
Is!

–
constructK

i and
s

:use
top

2
approaches

(alm
ostLM

Iforsingle
LF)!

–
constructK

i given
s

(PW
L):use

conditions
from

stability
analysis

(B
M

Is)!
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O
bserverdesign
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Problem
statem

ent

•
C

onsiderthe
system

:

ẋ
=

(
A

1 x
+

B
u,

ifH
Tx

0
A

2 x
+

B
u,

ifH
Tx

>
0

y
=

C
x,

G
oal:

D
esign

an
observer

thatgives
the

state
estim

ate
x̂,using

only
u,y

as
inputs
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L
inear

case

ẋ
=

A
x
+

B
u

x(0)
=

x0
y

=
C

x

O
bserver:copy

ofthe
system

and
outputinjection

term

˙̂x
=

A
x̂
+

B
u
+

L
(y�

ŷ)
x̂(0)

=
x̂0

ŷ
=

C
x̂

Estim
ated

state
x̂

and
observation

errore
:=

x�
x̂

ė
=
(A

�
LC

)e

G
A

S
(e(t)!

0
w

hen
t!

•
),w

hen
A
�

LC
H

urw
itz

or,equivalently

P
>

0
and

(A
�

LC
) TP

+
P
(A

�
LC

)
<

0
has

a
solution

N
ote

thatthis
is

equivalentto
(A
,C

)
being

detectable
(sufficient:observable)

Q
uestion:

Is
this

a
LM

I?
W

hy
(not)?

Q
uestion:

H
ow

can
w

e
influence

the
decrease

rate
ofe?
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Sw
itched

linear
system

sw
ith

know
n

m
ode

...

ẋ
=

A
s
(t) x

+
B

s
(t) u

y
=

C
s
(t) x

s
(t)2

{1,2,...N
}

know
n

butarbitrary

O
bserver

˙̂x
=

A
s
(t) x̂

+
B

s
(t) u

+
L

s
(t) (y�

ŷ)
y

=
C

s
(t) x̂
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W
hen

m
ode

isknow
n...

ẋ
=

A
s
(t) x

+
B

s
(t) u

y
=

C
s
(t) x

s
(t)2

{1,2,...N
}

know
n

butarbitrary

O
bserver

˙̂x
=

A
s
(t) x̂

+
B

s
(t) u

+
L

s
(t) (y�

ŷ)
y

=
C

s
(t) x̂

O
bservation

errore
:=

x�
x̂

ė
=
(A

s
(t) �

L
s
(t) C

s
(t) )e

Find
com

m
on

Lyap.function
V
(e)

=
e

TPes.t.
V̇
<

0

(A
i �

L
i C

i ) TP
+

P
(A

i �
L

i C
i )
<

0
and

P
>

0
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O
ften

m
ode

isunknow
n

...ẋ
=

(
A

1 x
+

B
u,

ifH
Tx

0
A

2 x
+

B
u,

ifH
Tx

>
0

y
=

C
x,

•
Proposed

observer

˙̂x
=

(
A

1 x̂
+

B
u
+

L
1 (y�

ŷ),
ifH

Tx̂
0

A
2 x̂
+

B
u
+

L
2 (y�

ŷ),
ifH

Tx̂
>

0

ŷ
=

C
x̂

•
observation

errore
=

x�
x̂

ė
=

8>><>>:

(A
1 �

L
1 C

)e,
H

Tx
0,

H
Tx�

H
Te

0
(A

1 �
L

1 C
)e�

D
A

x,
H

Tx
>

0,
H

Tx�
H

Te
0

(A
2 �

L
2 C

)e
+

D
A

x,
H

Tx
0,

H
Tx�

H
Te

>
0

(A
2 �

L
2 C

)e,
H

Tx
>

0,
H

Tx�
H

Te
>

0,

w
here

D
A

:=
A

1 �
A

2

W
e

have
N

2
m

odes
in

errordynam
ics

because
ofinclusion

ofm
ixed

m
odes
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Stabilization
oferror

dynam
ics

U
se

a
Lyapunov

function
ofthe

form

V
(e)

=
e

TPe,
P
=

P
T
>

0

and
dem

and
V̇

�

µ
e

Te,w
hich

yields

•
e

T{(A
1 �

L
1 C

) TP
+

P
(A

1 �
L

1 C
)+

µ
I}e

0,

w
hen

H
Tx

0,H
T
(x�

e)
0,

•


ex

�
T 

(A
2 �

L
2 C

) TP
+

P
(A

2 �
L

2 C
)+

µ
I

PD
A

D
A

TP
0

�
ex

�


0

w
hen

H
Tx

0,H
T
(x�

e)�
0,

•


ex

�
T 

(A
1 �

L
1 C

) TP
+

P
(A

1 �
L

1 C
)+

µ
I

�
PD

A
�

D
A

TP
0

�
ex

�


0

w
hen

H
Tx�

0,H
T
(x�

e)
0,

•
e

T{(A
2 �

L
2 C

) TP
+

P
(A

2 �
L

2 C
)+

µ
I}e

0

w
hen

H
Tx�

0,H
T
(x�

e)�
0
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S-procedure:incorporating
regionalinfo

•
by

requiring
V̇

�

µ
e

Te
everyw

here

globalexponentialstability
ofe

is
achieved

•
from

H
Tx

0
and

H
T
(x�

e)�
0

w
e

have
x

TH
H

T
(x�

e)
0

or


ex

�
T 

0
�

12 H
H

T

�
12 H

H
T

H
H

T

�
ex

�


0

•
from

H
Tx�

0
and

H
T
(x�

e)�
0

w
e

have
x

TH
H

T
(x�

e)
0

or


ex

�
T 

0
�

12 H
H

T

�
12 H

H
T

H
H

T

�
ex

�
�

0

•
previous

condition
can

be
used

to
relax

requirem
ents

on
V̇

using
S-procedure:

x
TSx�

0
)

x
TT

x�
0
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S-procedure


ex

�
T 

0
�

12 H
H

T

�
12 H

H
T

H
H

T

�
ex

�


0

should
im

ply


ex

�
T 

(A
2 �

L
2 C

) TP
+

P
(A

2 �
L

2 C
)+

µ
I

PD
A

D
A

TP
0

�
ex

�


0

H
ence,itis

sufficientto
find

l
�

0


ex

�
T 

(A
2 �

L
2 C

) TP
+

P
(A

2 �
L

2 C
)+

µ
I

PD
A

D
A

TP
0

�
ex

�


l


ex

�
T 

0
�

12 H
H

T

�
12 H

H
T

H
H

T

�
ex

�
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S-procedure


ex

�
T 

0
�

12 H
H

T

�
12 H

H
T

H
H

T

�
ex

�


0

should
im

ply


ex

�
T 

(A
2 �

L
2 C

) TP
+

P
(A

2 �
L

2 C
)+

µ
I

PD
A

D
A

TP
0

�
ex

�


0

H
ence,itis

sufficientto
find

l
�

0


ex

�
T 

(A
2 �

L
2 C

) TP
+

P
(A

2 �
L

2 C
)+

µ
I

PD
A

D
A

TP
0

�
ex

�


l


ex

�
T 

0
�

12 H
H

T

�
12 H

H
T

H
H

T

�
ex

�

T
heorem

[Juloski,H
eem

els,W
eiland,IJR

N
C

2007]Ifthere
existL

1 ,L
2

and
l
�

0,µ
>

0
and

P
=

P
T
>

0
such

that


(A

2 �
L

2 C
) TP

+
P
(A

2 �
L

2 C
)+

µ
I

PD
A
+

l
12 H

H
T

D
A

TP
+

l
12 H

H
T

�
l

H
H

T

�


0

(A

1 �
L

1 C
) TP

+
P
(A

1 �
L

1 C
)+

µ
I

�
PD

A
+

l
12 H

H
T

�
D

A
TP

+
l

12 H
H

�
l

H
H

T

�


0

then
the

errordynam
ics

is
exponentially

stable.

Q
uestion:

w
hathappened

to
the

other(non-m
ixed)m

odes?
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M
ain

result

T
heorem

Ifthere
existL

1 ,L
2

and
l
�

0,µ
>

0
and

P
=

P
T
>

0
such

that


(A

2 �
L

2 C
) TP

+
P
(A

2 �
L

2 C
)+

µ
I

PD
A
+

l
12 H

H
T

D
A

TP
+

l
12 H

H
T

�
l

H
H

T

�


0

(A

1 �
L

1 C
) TP

+
P
(A

1 �
L

1 C
)+

µ
I

�
PD

A
+

l
12 H

H
T

�
D

A
TP

+
l

12 H
H

�
l

H
H

T

�


0

then
the

errordynam
ics

is
exponentially

stable.
•

O
nly

w
orks

forcontinuous
PW

L
system

sH
Tx

=
0

)
A

1 x
=

A
2 x

w
hich

im
plies

thatA
2
=

A
1
+

G
H

T
and

thus

ẋ
=

A
1 x
+

G
m

ax(H
Tx,0)+

B
u

•
A

bsolute
stability

theory
/Popov

and
circle

criteria

•
Exploiting

continuity
and

com
m

on
observergain

L
1
=

L
2

sim
plerLM

Is

•
Sim

ilarresults
fordiscrete-tim

e
system

s
[Juloski,H

eem
els,W

eiland,IJR
N

C
2007]

•
W

hatcan
you

do
w

hen
system

discontinuous
(recoverm

ode,m
ake

effectx
on

e
sm

all)[H
eem

els,W
eiland,

Juloski,H
SC

C
2007]

•
For

system
s

w
ith

friction-like
characteristics,see

[D
oris

etal,C
ST

2008],[D
e

B
ruijn

etal,A
utom

atica,
2009],[B

rogliato,H
eem

els,TA
C

09],etc.
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C
ontinuousPW

A
system

and
com

m
on

gain

ẋ
=

(
A

1 x
+

B
u,

ifH
Tx

0
A

2 x
+

B
u,

ifH
Tx

>
0

y
=

C
x,

•
Proposed

observer

˙̂x
=

(
A

1 x̂
+

B
u
+

L
(y�

ŷ),
ifH

Tx̂
0

A
2 x̂
+

B
u
+

L
(y�

ŷ),
ifH

Tx̂
>

0

ŷ
=

C
x̂

•
O

bservation
errore

=
x�

x̂
and

D
A

:=
A

1 �
A

2

ė
=

8>><>>:

(A
1 �

LC
)e,

H
Tx

0,
H

Tx�
H

Te
0

(A
1 �

LC
)e�

D
A

x,
H

Tx
>

0,
H

Tx�
H

Te
0

(A
2 �

LC
)e
+

D
A

x,
H

Tx
0,

H
Tx�

H
Te

>
0

(A
2 �

LC
)e,

H
Tx

>
0,

H
Tx�

H
Te

>
0,

T
heorem

[Pavlov
etal,book

2005]
Suppose

there
exist

P
>

0
and

observer
gain

L
such

that(A
i �

LC
) TP

+
P
(A

i �
LC

)
<

0
i=

1,2,then
the

errordynam
icsisexponentially

stable

•
discrete-tim

e
case:

[H
eem

els
etal,C

D
C

2008]
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Sum
m

ary
•

Problem
C

:C
onstructa

stabilizing
sw

itching
sequence,a

discrete
controlproblem

–
State-dependentsw

itching
⇤

Find
convex

com
bination

thatis
H

urw
itz:single

LF
⇤

M
ultiple

LF
approach,“m

ax”-sw
itching

law
–

Tim
e-dependentsw

itching
based

on
H

urw
itz

convex
com

bination

•
C

ontinuous
controlproblem

–
constructK

i foralls
:com

m
on

P
via

LM
Is!

–
constructK

i and
s

:use
top

2
approaches

(alm
ostLM

Iforsingle
LF)!

–
constructK

i given
s

(PW
L):use

conditions
from

stability
analysis

(B
M

Is)!

•
O

bserverdesign

•
N

o
com

plete
system

atic
controllerdesign

(exceptoptim
ization-based,butow

n
problem

s)

•
O

pen
research

area
....

•
...also

identification,observerdesign,etc.:see
finalchapterforfurtherreading!


