Optimization: Quadratic Programming



Quadratic programming (QP)

TYPE 1 1
min f(x) = min EXTHX +c’x
Ax < b
x>0
TYPE 2: Standard form
1
min f(x) = min §XTHX +c’
Ax = b
x>0

TYPE1 = TYPE 2 (see later)

Unconstrained QP: Analytic solution: x = —H"1c¢
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Plot of x' Hx
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H = [1 O] , positive definite H

[_1 O] , negative definite

— for QP we only consider positive (semi)-definite H
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Plot of x' Hx

H = [1 O], indefinite
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— for QP we only consider positive (semi)-definite H
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Type 1 — Type 2 (= standard form)

@ Typel: Ax<b, x>0

= Ax+Is=b, x,5=>0

X

= [A /]H = b, H>o Type 2!

@ Type2: Ax=b, x>0

@ Type3: Ax< b, xeR”

Define x = xT — x~ with xT,x~ >0

= AxT —Ax +Is=b, x".,x,s>0

e -
= [A —A ] |x | =b, |x | =20 Type?2
s s
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In general: for constrained problem:

mXinf(x) , h(x)=0 , g(x)<0

Karush-Kuhn-Tucker conditions:

Vf(x)+Vg(x)u+ Vh(x)A=0
h(x)=0 , g(x)<0
p'g(x)=0 , p=0

QP-problem:
f(x) = %XTHX +c’x
h(x)=Ax — b , g(x)=—x

Karush-Kuhn-Tucker conditions:

Ax=b , x>0 Note:

Hx+ATX—p=—c V(P'x)=P

plx=0, p=0
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Modified simplex method

Ax+up=>b
Hx+ A" X—pu+uw=—c
Xy by U, Uy =0
u'x=0

Extended linear programming problem:

X
A0 o011 o0]]|? b
H AT —1 0 | Bl =1 o] XoHy, 220
uy
_u2_
and so: LT
mincg xo , Aoxo=bo , Xxp0=0

X0

but with additional nonlinear constraint 1/ x =0
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Modified simplex method

x"p=0 X, 10> 0
= ZXIMIZO Xj, i = 0
i
= xjuj =20 for all |

= x;=0 or =0 for all |

— extra feasibility constraint for basic solutions
— modified simplex method (Wolfe, Lemke)

Finite number of steps!!!
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Example
ARX (Auto Regressive eXogenous input) model:

y(n+ 1)+ ay(n) = bu(n) + e(n)

e: zero-mean white noise
Given: y(n), u(n), n=1,2,..., N, and y(N + 1)

= a, b?

= é(n)

o> W

y(n+1)—| —y(n) +u(n) | [

N

Best estimate for a and b — minimize energy of é
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Example (continued)

N
min Z &%(n) =min ETE
n=1

=min (Y — ®x)T (Y — dx)
—min Y'Y+ xTdoTox —x"dTY — YTox

1
= min d + §XTHX 1+ cTx

— quadratic objective function

Stable model — —0.99 < 3 < 0.99
— linear constraint

= Quadratic Programming problem
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Summary

@ Quadratic programming: Standard form

1
min =x | Hx + cl x
x 2

st. Ax=0b
x>0

@ Alternative standard forms & conversion

@ Modified simplex method
— finds exact solution in finite number of steps
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