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Abstract
Max–plus–linear systems efficiently describe the dynamics of event time sequences of a class of discrete event systems. The
present contribution addresses the problem of designing adequate input signals for state space identification of max–plus–linear
systems. It is shown that the input signal design problem can be rewritten as a set of upper bound constraints and therefore
solved using an existing algorithm. This input signal design method allows to incorporate additional objectives and constraints,
e.g. minimum or maximum input event separation, time order constraints, etc., which are desirable or even required for the
input signals and the resulting process behavior.
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Introduction

Max–plus–linear systems describe the dynamics of event
time sequences of a class of discrete event systems by
linear equations in a particular algebra, the so called
max–plus algebra (Cuninghame-Green 1979, Baccelli et
al. 1992). The structural equivalence of these equations
to conventional discrete time systems has been used to
adapt various well known concepts from control engineering to this system class (Cofer and Garg 1996, Menguy et al. 2000a, Menguy et al. 2000b, De Schutter and
van den Boom 2001, Cottenceau et al. 2001). The application of any of these methods requires a process model
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obtained by theoretical or physical modeling and / or
identification algorithms.
To identify a parametric model of a system, first an algorithm for parameter estimation and second, a method for
input signal design is needed. The parameter estimation
problem for max–plus–linear systems has been solved by
estimating the parameters of an ARMA model (Gallot
et al. 1997) or the impulse response (Menguy 1997, Menguy et al. 2000a, Caileanu 2001), by determining state
space models using either the system’s Markov parameters (De Schutter and De Moor 1995) or minimizing a
prediction error based on input–output data (De Schutter et al. 2002) or the measurement of the complete
state vector (Caileanu 2001). The second problem, i.e.
the input signal design, is not addressed in these publications but it is shown in (Gallot et al. 1997, Menguy
et al. 2000a), that the system parameters are in general overestimated. The input signal design problem for
max–plus–linear systems is addressed in (Schullerus et
al. 2003, Schullerus 2004) where it is also shown that
the problem of overestimation can be overcome by ad-

mates for the parameters from given measurements and
second a method for experiment design. The aim of experiment or input signal design is to influence the measurements by choosing input signals in such a way that
the measurements contain as much information as possible about the parameters of the system under consideration (Goodwin and Payne 1977, Ljung 1999). In the
sequel, we will formulate the parameter estimation problem and illustrate its solution using already existing results and concepts from the literature. Since the obtained
estimated values are in general only upper bounds for
the true parameters, we then establish a link between the
equality of an estimated parameter to its corresponding
true value and the properties of the measurement set.
This is then the starting point for the input signal design
method presented in Section 4.

equately designed input signals. However, the methods
introduced so far either do not allow to incorporate additional constraints on these signals and the resulting
system behavior or they provide a general solution with
a high computational burden (Schullerus et al. 2003).
Therefore, we propose a new solution to the input signal design problem where additional constraints due to
safety or performance requirements on the input and
output signals can be incorporated and the computational burden is much less than in the approach first introduced in (Schullerus et al. 2003).
The next section briefly reviews the basic notions of
max–plus–linear systems (for details see (CuninghameGreen 1979, Baccelli et al. 1992)). The parameter estimation algorithm and the question on whether and
under which circumstances an estimated parameter is
equal to its corresponding true value is then discussed.
Section 4 introduces the input signal design problem,
discusses new sufficient conditions for the existence of a
solution, and presents a new method to solve this problem. Finally, this method is illustrated by identifying a
max–plus–linear model for a manufacturing cell.
2

The parameter estimation problem described subsequently is based on the assumption that the internal
structure of the system is known. It can be described by
structure matrices defined as follows (Lunze 1997):
Definition 1 The structure matrix SP of a matrix
n×m
n×m
P ∈ Rmax
is an element of Rmax
. For all i = 1, . . . , n,
and j = 1, . . . , m, if Pij = ε then SP ij = ε and otherwise
if Pij 6= ε then SP ij = 0.

Max–plus–linear systems

We consider discrete event systems where the evolution
of the events is governed by synchronization effects and
where no structural alternatives occur. To describe the
behavior of these systems the time instant when event
ei occurs for the k–th time is denoted by the “dater”
xi (k) and the input event times are given by uj (k). The
evolution of the event times x(k) ∈ Rnmax and the output
ny
depending on the input event
event times y(k) ∈ Rmax
u
, where Rmax = R ∪ {−∞}, can be
times u(k) ∈ Rnmax
modeled by the equations
x(k + 1) = A ⊗ x(k) ⊕ B ⊗ u(k + 1) ,
y(k) = C ⊗ x(k) ,

Obviously, a structure matrix describes a class of matrices with the same ε–structure but different finite elements. We will denote by S(SP ) the set of all matrices
P with the same structure matrix SP . We consider the
following parameter estimation problem:
Problem 2 (Parameter estimation) Given
the
structure matrices SA and SB of a max–plus–linear system (1), input event times u(k), k = 1, . . . , N , the measurements x(k), k = 0, . . . , N , and the prediction error


ξ(k + 1) = x(k + 1) − Â ⊗ x(k) ⊕ B̂ ⊗ u(k + 1) , (3)

(1)
(2)

y
n×n
u
where A ∈ Rmax
, B ∈ Rn×n
max , and C ∈ Rmax . The
operators ⊕ and ⊗ are called the addition and multiplication operators of the max–plus algebra and are defined by x ⊕ y = max(x, y), x ⊗ y = x + y, ∀ x, y ∈
Rmax . The max–plus power will be denoted in this pak
per by a⊗ . The neutral elements of max–plus addition
def
and max–plus multiplication are ε = −∞ and 0, respectively. Note that ε is absorbing with respect to ⊗.
The max–plus algebraic matrix addition and multiplication are defined similar to the conventional algebra:
n×p
n×p
∀ P , Q ∈ Rmax
: (P ⊕ Q)ij =LPij ⊕ Qij , ∀ P ∈ Rmax
p
p×q
and ∀ Q ∈ Rmax : (P ⊗ Q)ij = k=1 (Pik ⊗ Qkj ).

determine estimates Â ∈ S(SA ) and B̂ ∈ S(SB ) for the
LN
system matrices A and B such that
k=1 |ξi (k)|, the
maximum absolute value of each element in the prediction
error vector, is minimized.

The solution of a parameter identification problem consists of two parts: First, an algorithm to determine esti-

Remark 4 For the sake of brevity and simplicity of notation we only consider the state update equation (1) here

n ×n

3

Remark 3 The structure matrices of the system are determined by the layout and the internal connection between different subparts of the system (see, e.g., (Baccelli
et al. 1992)). For most discrete event systems the internal structure is known. Hence, we may without loss of
generality assume that all entries of Â and B̂ are different from ε (so we can remove the ε entries from Â and
B̂ or put Âij = ε and B̂i′ j ′ = ε for all index pairs (i, j)
and (i′ , j ′ ) where SAij = ε and SB i′ j ′ = ε, respectively
and only consider the finite entries).

Parameter identification

2

and omit the output equation (2). Note however that the
results derived below can easily be extended to also include the output equation since this equation can be dealt
with in the same way as the state update equation. Furthermore, for most discrete event systems such as, e.g.,
manufacturing systems, one can usually measure all the
state variables as they correspond to the starting times of
the various production units (i.e. we have y(k) = x(k)).

are not time–invariant then the estimate may increase
even more as illustrated by (10).
We will now address this issue and show that for particular properties of a noise–free measurement set and
time–invariant systems, the estimated value is equal
to the corresponding true value. The following theorem (Schullerus 2004) gives a necessary and sufficient
condition:

In order to simplify the notation in the following discussion, we introduce the parameter matrix Θ = [A B ] and
the measurement vector mT (k + 1) = [ xT (k) uT (k + 1)].
The prediction error then reads:

Theorem 6 Assume that the system parameters are
time–invariant and the measurements are noise–free.
Then, for a given index pair (i, j), i ∈ {1, . . . , n} and
b (N ) = Θij if and only if
j ∈ {1, . . . , n + nu } we have Θ
ij
∃ k̃ ∈ {1, . . . , N }, such that

b ⊗ m(k + 1) .
ξ(k + 1) = x(k + 1) − Θ

The solution to the parameter estimation problem
(Problem 2) is now given by (Cuninghame-Green 1979):
b (N ) = Θ
e (N ) + 1 δi
Θ
with
ij
ij
2

(N
)
e
xi (k) − mj (k)
Θ
ij = min
k=1,...,N

δi =

N
M

xi (k) −

n+n
Mu
r=1

k=1

Θij ⊗ mj (k̃) ≥

e (N ) ⊗ mr (k)
Θ
ir

(5)
!

.

n+n
Mu
r=1

e (N ) ≥ Θ .
Θ

(6)

e (N )⊗mr (k), i = 1, . . . , n, k = 1, . . . , N, (7)
Θ
ir
(8)

From (7) it immediately follows that δi = 0 ∀ i =
e (N ) = Θ
b (N ) such that the solutions
1, . . . , n. Thus, Θ
given by (4) and (5) are identical. If the system parameters are not time–invariant or noise is present, then

4

r=1

e (N )⊗mr (k), i = 1, . . . , n, k = 1, . . . , N, (9)
Θ
ir

holds (Baccelli et al. 1992, Cuninghame-Green 1979). So
we obtain δi ≥ 0 and therefore from (4) and (8)
b (N ) ≥ Θ
e (N ) ≥ Θ .
Θ

Input signal design

As illustrated in equation (4) and Theorem 6 parameter estimation as well as the condition for equality between true and estimated parameter value are formulated for each parameter Θij separately. We will now
present an input signal design method that determines
input signals based on a model of the system such that
the condition (11) is satisfied for a given index pair
(i, j), i ∈ {1, . . . , n} and j ∈ {1, . . . , n + nu }. For the
sake of brevity, we will assume in the sequel that the
system parameters are time–invariant and the measurements are not corrupted by noise. As the true parameter values are unknown at this time, we use an estimate
b (k0 ) ∈ S(SΘ ) obtained from the first k0 measurements
Θ
and arbitrary input signals. Since we only consider finite entries in Θ (cf. Remark 3) and since these finite
entries correspond to processing times, transportation

n+n
Mu

xi (k) ≥

(11)

The condition (11) for the parameter Θij is equivalent
to xi (k̃) = Θij ⊗ mj (k̃) which is similar to a condition
given in (Menguy 1997) for the identification of the impulse response of a max–plus–linear system, where such
a parameter is called ”active”. In order to obtain an estimate which is equal to the corresponding true value
of the parameter Θij we have to influence the measurements in such a way that this parameter becomes active
by increasing mj with respect to mr , r = 1, . . . , n + nu ,
r 6= j such that Θij and mj determine the value of xi . In
general, the trajectories generated by the system under
the action of arbitrary input signals will not satisfy (11).
In the next section, a new method will be presented to
design a set of input signals such that the resulting measurements satisfy (11), that is the parameter Θij is acb (N ) = Θij .
tive and as a result Θ
ij

The variable δi is the maximum value of the prediction error elements ξi (k) for k = 1, . . . , N . As shown
in (Menguy et al. 2000a), in the absence of noise and
e (N ) has two particular
for time–invariant parameters Θ
ij
properties for any set of measurements:
xi (k) =

Θir ⊗ mr (k̃) .

r=1
r6=j

(4)
and

n+n
Mu

(10)

Remark 5 The equations (7) and (8) show that even in
the absence of noise and for time–invariant parameters
although the prediction error is minimized an estimated
b (N ) is always greater or equal than the true
parameter Θ
ij
parameter value Θij . If noise is present or the parameters
3

Remark 8 In contrast to (Schullerus et al. 2003) we
search an input sequence to satisfy the sufficient condition (11) for ℓ = Ni and not for at least one ℓ ≤ Ni as
in (Schullerus et al. 2003). Thus, the complexity of the
problem and the computational burden is reduced.

times, and so on, they are always nonnegative (Baccelli
et al. 1992) (cf. also the example in Section 5). In addition, the property (10) holds, so the parameters of the
system are known to stay within certain bounds given by
b (k0 ) . Introducing the lower bound 0 on the
0 ≤ Θir ≤ Θ
ir
b (k0 ) on the right
left hand side and the upper bound Θ
ir
hand side of (11), we obtain with k̃ = k0 + ℓ, ℓ ≥ 1 a
sufficient condition for (11):
mj (k0 + ℓ) ≥

n+n
Mu
r=1
r6=j

b (k0 ) ⊗ mr (k0 + ℓ) .
Θ
ir

The condition (14) can easily be satisfied even for
Ni = 1 by selecting an input event time uj−n which is
“late enough”. In contrast, the determination of input
signals such that (15) is satisfied requires the consideration of the system dynamics. The following theorem
gives a sufficient condition on the existence of such
input signals (Schullerus 2004):

(12)

Theorem 9 If ∀ r ∈ {1, . . . , n | r =
6 j , and (SA )ir 6= ε}
there exist s ∈ {1, . . . , nu } and K ∈ N such that

Since the values of m are not available during the input
signal design process we will use estimates
m(k
b 0 +ℓ) = [ x̂T (k0 +ℓ−1) uT (k0 +ℓ)]T for these values
b (k0 ) .
obtained with the model parameters given by Θ

n
M

Problem 7 (Input signal design) Given the vec

b (k0 ) = Â(k0 ) B̂ (k0 )
tor x(k0 ) and an estimate Θ
obtained from the previous identification, determine
an input trajectory u(k0 + 1), . . . , u(k0 + Ni ), such
that for a given index pair (i, j) the state trajectory
x̂(k0 ), . . . , x̂(k0 + Ni − 1), determined with the prediction
model equation

(SA ⊗

p=1
n
M

K−1

(SA ⊗

k−1

r=1
r6=j

⊕

(k )

(k )
⊗ B̂ir 0 ⊗ur (k0

k

k−1

so we have for q = 1, . . . , n and K = k
x̂q (k0 + K) =

+ Ni ), (14)

x̂j (k0 + Ni − 1) ≥

⊕

⊕

n
M

⊗ x̂r (k0 + Ni − 1)

∆⊗

(k )
B̂ir 0

K−1

(k0 )⊗

(Â

)qp ⊗ (B̂

(k0 )

)ph

p=1

⊕... ⊕

nu
M

!

⊗ uh (k0 + 1)

(B̂ (k0 ) )qh ⊗ uh (k0 + K)

h=1
h6=s

r=1
r6=j

nu
M

nu
M
h=1
h6=s

∆⊗

n
M
K
(Â(k0 )⊗ )qp ⊗ xp (k0 )
p=1

(2) if j ∈ {1, . . . , n}, then
(k )
Âir 0

∀ k = 1, . . . , K , (18)

x̂(k0 + k) = Â(k0 )⊗ ⊗ x(k0 )

r=1
r6=j−n

n
M

)rp ⊗ (SB )ps = ε

⊕Â(k0 )⊗
⊗ B̂ (k0 ) ⊗ u(k0 + 1)
⊕ . . . ⊕ Â(k0 ) ⊗ B̂ (k0 ) ⊗ u(k0 + k − 1)
⊕B̂ (k0 ) ⊗ u(k0 + k) ,

∆ ⊗ Âir 0 ⊗ x̂r (k0 + Ni − 1)
∆

(17)

PROOF. Starting from x(k0 ) the solution x̂(k0 + k),
k ≥ 1 is given by

(1) if j ∈ {n + 1, . . . , n + nu }, then

r=1
nu
M

)jp ⊗ (SB )ps 6= ε ,

then, for any x(k0 ) and any matrices Â(k0 ) ∈ S(SA ) and
B̂ (k0 ) ∈ S(SB ) there exists an input signal sequence such
that (15) is satisfied.

or equivalently

n
M

(16)

p=1

x̂(k + 1) = Â(k0 ) ⊗ x̂(k) ⊕ B̂ (k0 ) ⊗ u(k + 1)
for k = k0 , . . . , k0 + Ni − 2, x̂(k0 ) = x(k0 )
(13)
n+n
u
M
b (k0 ) ⊗ m
∆⊗Θ
b r (k0 + Ni )
satisfies m
b j (k0 + Ni ) ≥
ir

uj−n (k0 + Ni ) ≥

(SB )is = ε ,

⊕

⊗ ur (k0 + Ni ) , (15)

n
M

(Â(k0 )⊗

K−1

)qp ⊗ (B̂ (k0 ) )ps ⊗ us (k0 + 1)

p=1

r=1

⊕ . . . ⊕ (B̂ (k0 ) )qs ⊗ us (k0 + K) .

where ∆ is an appropriately chosen constant that accounts for the differences between the model parameters
and their corresponding true values.

As the equations (17) and (18) describe structural properties of the system, they hold for any Â(k0 ) ∈ S(SA ) and
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B̂ (k0 ) ∈ S(SB ). Thus, for q = r, r 6= j, x̂r (k0 + K) does
not depend on the input values us (k0 + 1), . . . , us (k0 +
K), while x̂j (k0 + K) is influenced by this input sequence. So we can increase x̂j (k0 + K) without increasing x̂r (k0 + K). Due to (16) the choice of us (k0 + K + 1)
does not influence the right hand side of (15). So we can
find an input sequence u(k0 + 1), . . . , u(k0 + K + 1), such
that (15) is satisfied. 2

Since x̂j (k0 + K) satisfies (15), we also have
xj (k0 + K) ≥ x̂j (k0 + K) − ∆
nu
n
M
M
(k )
(k )
≥
Âir 0 ⊗ x̂r (k0 + K)⊕
B̂ir 0 ⊗ur (k0 + K + 1)
≥

∆≥

(Â

r=1
nu
K M
M

)jr

n
M

⊕

Bir ⊗ ur (k0 + K + 1) .

r=1

2

zk ≤ α 1 ⊗ z1 ⊕ α 2 ⊗ z2 ⊕ . . . ⊕ α N ⊗ zN ,

where the variables αi ∈ R are constants. In (Walkup
1995, Walkup and Borriello 1998) it is shown that a
max–plus–linear equation of the form
R⊗z⊕s=T ⊗z⊕v

K−k

(k0 )⊗

(Â

)jp ⊗ (B̂

(k0 )

)ph

!

(k )

x̂j (k0 + Ni − 1) − x̂r (k0 + Ni − 1) ≥ Âir 0 ⊗ ∆
for r = 1, . . . , n, r 6= j,
and
(k )
Ni ) ≥ B̂ir 0

x̂j (k0 + Ni − 1) − ur (k0 +
for r = 1, . . . , nu ,

PROOF. As the assumptions of Theorem 9 are satisfied, there always exists an inputLsignal L
sequence
such
that
(15)
holds.
Since
we
have
α
−
r
r
r βr ≤
L
r (αr − βr ) for αr , βr ∈ R using the same reasoning
than at the beginning of the proof of Theorem 9 and
recalling that the operator ⊗ represents conventional
addition, we have for K = Ni − 1 due to (10)

−

k=1 h=1
n
M

⊗

(A

p=1

n
M

(Â(k0 )⊗

K−k

p=1

K−k

)jp ⊗ (B)ph

⊗∆
(22)

(k ) 
x̂r (k0 + Ni − 1) ≤ − Âir 0 ⊗ (−∆) ⊗ x̂j (k0 + Ni − 1)
for r = 1, . . . , n, r 6= j ,
and
(23)
(k0 ) 
ur (k0 + Ni ) ≤ − B̂ir
⊗ (−∆) ⊗ x̂j (k0 + Ni − 1)
for r = 1, . . . , nu .

In a similar manner we can formulate additional event
separation and time order constraints on the input signals such as e.g. δumin ≤ u(k + 1) − u(k) ≤ δumax or
ur (k) ≥ us (k) + δseprs . Such constraints resulting from
technical requirements on the process behavior can also
be recast as a system of UBCs. As the prediction equations (13) for k = k0 , . . . , k0 +Ni −2, are of the form (20),
they can also be written as a system of UBCs. Hence, we

)jp ⊗ (B̂ (k0 ) )ph

!

(21)

which is equivalent to the following UBCs:

x̂j (k0 + K) − xj (k0 + K) ≤
n 

M
K
K
(Â(k0 )⊗ )jr − (A⊗ )jr
⊕

(20)

Rewriting the condition (15) and recalling that ⊕ and ⊗
represent conventional maximization and addition, respectively, yields

also satisfies (11).

r=1
nu
K M
M

(19)

M ×N
for z ∈ RN
max and with constants R, T ∈ Rmax , s, v ∈
RM
can
also
be
written
as
a
system
of
UBCs.
max



p=1

k=1 h=1

nu
M

We will now use the upper bound constraint (UBC) algorithm introduced and discussed in detail in (Walkup
1995, Walkup and Borriello 1998) to determine an input
signal sequence such that (15) is satisfied for a given index pair (i, j). An upper bound constraint (UBC) in the
unknowns z1 , . . . , zN , is an inequality of the form

Theorem 11 If the assumptions of Theorem 9 are satisfied, then the solution to the input signal design problem
(Problem 7), where
K

Air ⊗ xr (k0 + K) ⊕

Thus, (11) holds as well.

Due to (10) we have Â(k0 ) ≥ A and B̂ (k0 ) ≥ B. So for
any given input signal sequence u(k0 +1), . . . , u(k0 +K),
x̂(k0 + K) ≥ x(k0 + K) holds. Therefore, an input
signal sequence that satisfies the condition (15) does not
necessarily result in measurements that satisfy (11). The
following theorem shows that an appropriate choice of ∆
in Problem 7 leads to a solution that also satisfies (11).

(k0 )⊗

n
M
r=1
r6=j

Remark 10 The proof of Theorem 9 shows that if the
sufficient conditions (16), (17) and (18) are satisfied,
there exists an input signal sequence of length K + 1 such
that (15) holds. Thus, we can choose Ni ≥ K + 1. The
theorem also illustrates that controllability is a necessary
but not sufficient condition for the existence of an input
signal sequence.

n 
M

r=1

r=1
r6=j

≤ ∆.

5

can use the UBCsolv algorithm (Walkup 1995, Walkup
and Borriello 1998) to compute an adequate input sequence for identification. If the solution of the UBC system is bounded from above, the UBC algorithm iteratively solves a series of square subsystems of the original UBC system 1 . The sequence of solutions of these
subsystems converges monotonously to the solution of
the original UBC system. To ensure a finite solution we
can always add an upper bound for u and x which is far
enough in the future so that it bounds the solution from
above but does not interfere with the other constraints
in any way. Then, in a finite number of steps the algorithm either converges to the solution that satisfies all
UBCs or finds that the system is infeasible. Note however, that the UBC method is not polynomial–time.

Fig. 1. Manufacturing cell showing a part on conveyor 2.

Using the measurements resulting from the computed
input sequence for a new parameter estimation yields
b (k0 +Ni ) = Θij for a given index pair (i, j).
an estimate Θ
ij
To determine all unknown parameters of the system, we
proceed iteratively. In each iteration one input signal
sequence is determined for one unknown parameter.
Remark 12 The discussion presented in this section
assumes time–invariant parameters and measurements
which are not corrupted by noise. Note however, that
the principle of designing input signals such that particular parameters are made active is valid even if these
assumptions are not satisfied. Some results are given
in (Schullerus 2004); however, the issue is still a matter
of research.
5

k

1

2

3

4

5

6

7

x(k)

0

66

131

196

260

323

387

12

75

140

205

269

334

398

15

78

143

209

273

338

418

30

93

158

223

287

411

467

48

113

167

232

410

467

494

40

105

146

212

402

456

484

0

65

130

196

260

323

387

u(k)

40 105 146 212
402 456 482
Table 1
x(k), u(k) used in the example, given in seconds.

to conveyor 3 at time x6 (k). The input signals u1 (k) and
u2 (k) represent the time instants when the crane receives
the k–th command to proceed to conveyor 1 or 3, respectively. This behavior can be described by the max–
plus–linear system (1) (a detailed description is given
in (Schullerus 2004)). The aim is to determine estimates
for the unknown finite parameters Aij 6= ε and Bij 6= ε
from event time measurements by applying the procedure described in Section 4. For technical reasons, there
are constraints on the input signals, requiring particular
separation intervals between x2 , x5 and u1 , u2 . These
constraints can be formulated as a set of inequalities.

Application example

To illustrate the application and some results of the
method introduced in the previous section on a practical example, we now consider the hardware model of
a manufacturing cell shown in Figure 1. It is a part
of a small–scale–model of a flexible manufacturing system controlled by a PLC available at the Institut für
Regelungs- und Steuerungssysteme.

First, the estimation is carried out using a set of arbitrary input signals for k = 1, . . . , 4, listed in Table 1
along with the resulting measurements. This yields the
following estimates (upper bounds) for the system parameters (where we have not included the initial state
in this estimation as it is unknown):

Let x1 (k) be the time instant when the crane (not shown
in Figure 1) starts for the k–th time to transport a part
to conveyor 1. After its transportation time the crane
places the part onto this conveyor at time x2 (k). Then,
at time x3 (k) the conveyors 1 and 2 start transporting
the part to the machine and the machining starts. Both
operations are finalized at time x4 (k). Afterwards the
k–th part is transported by the conveyors 2 and 3 to
its final position on conveyor 3 and picked up by the
crane at time x5 (k). To pick up the k–th part from conveyor 3, the crane started for the k–th time to proceed



Â(4)

1

The UBCsolv algorithm does not require the system to be
square. So the number of UBCs does not have to be equal
to the number of variables.

ε 54.5 ε


ε


ε
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ε
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66

63

81
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ε

ε ε
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48 ε ε 
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ε
, B̂ (4) = 
.



63 45 ε 
 27 ε 



 36 8 
74 54 ε 



ε 33 ε
ε 0

63.5 60.5 ε

ε ε
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To illustrate the results of the signal design procedure,
consider the estimation of the parameter A34 (indicated
in bold in the matrix given above). The condition (15)
for this particular parameter
x̂4 (k0 + Ni −

(k )
1) ≥ Â320 ⊗ ∆ ⊗ x̂2 (k0 + Ni − 1)
(k )
⊕Â330 ⊗ ∆ ⊗ x̂3 (k0 + Ni − 1)
(k )
⊕B̂310 ⊗ ∆ ⊗ u1 (k0 + Ni )

Caileanu, C. (2001). Deterministic timed event graphs
identification. In: Proceedings of the 40th IEEE Conference
on Decision and Control. Vol. 5. Orlando, Florida. pp. 4996–
4997.
Cofer, D. D. and V. K. Garg (1996). Supervisory control of
real–time discrete–event systems using lattice theory. IEEE
Transactions on Automatic Control 41(2), 199–209.
Cottenceau, B., L. Hardouin, J.-L. Boimond and J.-L. Ferrier
(2001). Model reference control for timed event graphs in
dioids. Automatica 37(9), 1451–1458.

(24)

must be satisfied for k0 = 4 and Ni = 3. We choose
∆ = 0 smaller than indicated in Theorem 11 in order to
illustrate that even in this case we can obtain the desired
result. Then, an adequate input signal sequence for A34
is determined based on the estimated values in Â(4) and
B̂ (4) using the UBC approach. This yields the input and
the corresponding state trajectory of Table 1. Since we
have chosen ∆ smaller than indicated by Theorem 11,
we need to verify whether or not the measurements satisfy (24). As this is the case, we now obtain the correct
(7)
estimate Â34 = 9 from the total input–state sequence.

Cuninghame-Green, R. (1979). Minimax Algebra. Vol. 166 of
Lecture Notes in Economics and Mathematical Systems.
Springer–Verlag. Berlin.

6

Gallot, F., J.-L. Boimond and L. Hardouin (1997). Identification
of simple elements in max–algebra: Application to SISO
discrete event systems modelisation. In: Proceedings of the
4th European Control Conference. Brussels.

De Schutter, B. and B. De Moor (1995). Minimal realization
in the max algebra is an extended linear complementarity
problem. Systems & Control Letters 25(2), 103–111.
De Schutter, B. and T. J. J. van den Boom (2001). Model
predictive control for max–plus–linear discrete event systems.
Automatica 37(7), 1049–1056.
De Schutter, B., T. J. J. van den Boom and V. Verdult (2002).
State space identification of max–plus–linear discrete event
systems from input–output data. In: Proceedings of the
41st IEEE Conference on Decision and Control. Las Vegas.
pp. 4024–4029.

Conclusions

The focus of the present contribution is on an input signal design method that is required for an accurate parameter estimation of max–plus–linear systems. Based
on an already existing parameter estimation method
and a condition for the determination of the true system parameters, the input signal design problem was
formulated, new sufficient conditions for the existence
of a solution were given and a new input signal design
method was developed and illustrated in an example.
The method constitutes an improvement compared to
the already existing approaches in the sense that the
computational burden is reduced with respect to an already existing general solution while keeping the capability of considering additional constraints in the input
signal design procedure. Future research on this method
will focus in more detail on the influence of noise and
parameter variations and will establish necessary and
sufficient conditions for the existence of a solution.

Menguy, E., J.-L. Boimond, L. Hardouin and J.-L. Ferrier
(2000b). Just–in–time control of timed event graphs: update
of reference input, presence of uncontrollable input. IEEE
Transactions on Automatic Control 45(11), 2155–2159.
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