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Properties of applying a resource allocation coordination
algorithm to optimization problems with discrete decision
variables

Renshi Luo, Romain Bourdais, Ton J.J. van den Boom, Bart De Schutter

Abstract

This addendum contains the proof of the optimality conditions and the proof of the oscillation
detecting conditions for discrete decision variables when the resource allocation coordination algorithm
is directly applied to optimization problems with discrete decision variables. Those conditions are used
in the paper “Multi-agent model predictive control based on resource allocation coordination for a class
of hybrid systems with limited information sharing” by R. Luo, R. Bourdais, T.J.J. van den Boom and
B. De Schutter, Engineering Applications of Artificial Intelligence, vol. 58, pp. 123-133, 2017.

1 Questions needed to be answered

In this document, we will explain:
* Whether the global optimum is found if none of the decision variables oscillates

¢ How to detect oscillations of discrete decision variables

2 Answer to question 1

‘We consider

N
min Y filw) ()
i=1
subject to
u; € D;

N
Zgi(ui) <r
i=1

We assume:
* y; is a scalar
* fi(+) is a convex function
* gi(-) is a monotonically strictly increasing function.

e D; is a finite discrete set



By defining
* if f;(+) is strictly convex, then

S = arg min i)
i

uj
o if f;(-) is not strictly convex, then

fibeSt = min f;(u;)

u;€D;

ubest = min u;

wi€D;, fi(u)=f2

three cases can occur:

case 1: Y | gi(ub®t) < r
case 2: Y | gi(ub*) = r

case 3: vazl g,'(u%’“t) >r

Decompose the overall problem into N subproblems:
o if f;(+) is strictly convex, then subproblem i is defined by
min_ f;(u;)
subject to

u; €D;
gi(ui) < 6; 2
* if f;(+) is not strictly convex, then subproblem i is defined by
min_ f;(u;)
subject to
u; € D;

gi(ui) < 6;

best

ui < u;

1 vN
with )L, 6; =r.
Before applying the resource allocation coordination method to the three cases, we want to stress for any

subproblem that given 6;

o if 6; > g;(ub®"), constraint g;(u;) < 6; does not pose any restriction. Therefore, ul = ubest and!

1 1
A =0.

'"When 6; = gi(u}’es‘), the corresponding 4; is free. However, in that case we set it equal to 0 by definition.



-Q«;g@?“}%uf<u?“—+hzz—§%%>%hmmjﬂ@)<Osmwjxﬁ)>ﬁﬁ€m)mdﬁ()m

convex and with g;(uf ) > 0 since g;(u}) is a monotonically strictly increasing function.

where u is the solution of subproblem i with 6; given and A, is the Lagrange multiplier corresponding to
the constraint g;(#;) < 6; in the subproblem.

Note that if the resource allocation coordination method is used, the resource allocation at each iteration
is updated by

@) _o@ g5 1 @)
67 =6"+¢ (% N}Z}%) 3)
with

B @_p V£ VS (£@)2

>0, lim €9 =0, ) = oo, )2 < oo

3 im & ;;§ ;;@ )

@)

1

(@)

In the following, I will start with N = 2 to prove some properties of the evolution of 6 and uf when

the resource allocation coordination is used.

2.1 For case 1

best

7Y < r. Since 21-2:1 6; = r, we consider the following three modes:

In this case, Y7, gi(u
* mode 1.1: OI(Z) > g1 (uf*) and 92(1) < g (™)
+ mode 1.2: 07 < g1 (uf™) and 657 > g2
* mode 1.3: 91(1) > g1 (ub*") and 92(1) > g3 (i)

The mode transition diagram of case 1 is shown in Figure 1.

Definition: A persistent mode is such a mode that once it has been reached, the system stays in that mode.

Proposition 2.1.1: Let 6, = min _f ?(”2), then Az(@ > & > 0 holds for all zin mode 1.1.
uy €Dy, 142<u'23€5l & (u2)
Proof: ,
Since — ?<u2) > 0 holds for all u; < ugc“ and u; € Dy, it is directly proved that &, > 0.
8p\Uu2

If mode 1.1 is active at any step z, then 6% < g, (1%"). Therefore, 1)@ < ul*st. Also note that u3*) € D;.

)
Hence, lz(z) = L) &, always holds. [

/

gz(”;(Z)) o

Proposition 2.1.2: Mode 1.1 is not persistent.

Proof:

Let us now assume that the system stays in mode 1.1 from step zg on and show that this leads to a contra-
diction.



not persistent not persistent

persistent

Figure 1: Mode transition diagram of case 1 with the final mode marked in red
: (20) best (20) best ; *5(20) _
If the system in mode 1.1 at step zo, then 6, > g1 (u7**") and 6, < g2(u3*™"). In this mode, u;™" =
ubest, ).I(ZO) =0and u;’%) <ubest, )LZ<ZO> > 0. According to (3), in this mode, at step zo + 1

1

3 .é(zo) .}2(20)

92(z0+1) _ 62(20) + % ~§(ZO) JLZ(ZO)

91(1()+1) 61(20) N

Since Y% £ = 400 and lz(z) > &, > 0 holds for all z in mode 1.1, it is straightforwardly derived that

7=20
at a certain step zo + K with K > 1, either GI(ZOH() > g1 (xht) or 92(Z°+K) < g2(x5Y) does not hold. This

contradicts the condition of mode 1.1. Therefore, mode 1.1 is not persistent and the system will definitely
switch to other modes. [

Proposition 2.1.3: Let §; = min — 0 then 11@ > §; > 0 holds for all z in mode 1.2.
u1 €Dy, 1,{1<L¢t1’eSl 8y (u1)

Proof:
The proof of this proposition is similar to the one of Proposition 2.1.1.

Proposition 2.1.4: Mode 1.2 is not persistent.
Proof:
The proof of this proposition is similar to the one of Proposition 2.1.2.

Proposition 2.1.5: Mode 1.3 is persistent.
Proof:
Suppose the system is in mode 1.3 at step zp, then we show that the system stay in mode 1.3 for all z > zo.

If the system is in mode 1.3 at step z, then Gl(ZO) > g1 (ub*") and 62(10) > g2(u5®) at step zo. In this mode,



W) = ybest 20 — 0 and 5 ubest, A1) = 0. According to (3), at step 29 + 1
6+ _ g
(z0+1) (z0)
922() — 622()

It is clear that 91(1) = 61(20) and 62(1) = 92(20) holds for all z > z9. Therefore, mode 1.3 is persistent. Besides,
the overall optimal solution [u5°t 15T is directly attained in this mode.

Proposition 2.1.6: There exists an M > 0 such that at z > M, mode 1.3 is active i.e., 91( ) > g1 (u bebt) and
6( ) > 82( best)

Proof

Let us assume mode 1.3 will never be reached and show that this leads to a contradiction.

! 2 ; best .
Define A = max  — z %(“2)). Since lim,_, 4., £ =0, given £ = (%i()), there exists an

X€Dy, 142<Ltt2)est gZ(M2
M > 0 such that £() < ¢ hold for all z > M.

If mode 1.3 will never be reached, since mode 1.1 and mode 1.2 have been proved to be not persistent,
there are always mode switches either from mode 1.1 to mode 1.2 or from mode 1.2 to mode 1.1. Assume
there is a switch from mode 1.1 to mode 1.2 at some step z; with z; > M (i.e. at step z; mode 1.1 is active
and at step z; + 1 mode 1.2 is active). Then according to the conditions of mode 1.1 and mode 1.2, we
have

6( )>g ( besl)7 62(11) <82( best)

G(Zl+1) < g ( best) 92(ZI+1) > 2 ( bebt)
Hence we have

91(Z1+1) _ 61(11) < e(Z|+1) _gl( best) <0

0< 92(11+1) — gl best) < 6(21+1) _ 62(1)

Since mode 1 is active at step 7, we have Gl(z'+1> Z‘ ‘ 5 1) )[221 and 9(21+1) 92(11) — % .é(m).

/'LZ(Z‘) (see proof of Proposition 2.1.1). As a consequence we have

_%.5@).,12(@) <0l g ety < 0
0<@Wﬂ_&qu<%gmygm
So
3OS <0 4 0T g () — g (™) < 66 AP

Lo
Since OZ(Z < g2 (ubest), u;(z') < u5®. Then 7(2(11) = —% < A™Max_Therefore, we have
82l

1
9(21+1) + 6(21+1) _gl( be@t) g (u best) 5 . é:(Z]) .a2max



If the switch happens at z; > M, we have

1
91(21+1) + 62(11+1) —g1(u'feSt) _gz(ugest) < 5 £~ AJoaX
SO 5
9](Zl+1) + 92(21+1) _g1<ull)est) _gz(ugest) <r— Zgi(u?est)

i=1

Since GI(Z'H) + GZ(ZIH) = r, we have

2
1 (1) 2(u8™) > Y ()

i=1

Clearly, it is a contradiction. Therefore, the assumption that mode 1.3 is never reached does not hold. [J

Proposition 2.1.7: There exists an M > 0 such that the global optimum [0 u5°*|T is attained at z = M.
Proof:

According to Proposition 2.1.6, there exists an M > 0 such that at any z > M, o > g1 (utl’e“) and 92(1) >

1
22(u5"). Therefore, we have GI(M) > ggM) (ubesh), GQ(M) > g2 (ud*") and uT’W) = ubest, u;(m = u8*t. Since

F1 (@) < £1(ur) holds for all uy € Dy and f>(u5®') < f>(u2) holds for all uy € Dy, it is directly derived
that 1§ u5e]T is the global optimum. Finally, since uT’(Z) = ufest, u;’(z) = u5* holds for all z > M, the
global optimum is attained at z = M. [

Graph-aided explanation

Given finite discrete set D;, for any u; € D;, if u; > u}’e“, we have the corresponding A; = 0. Actually, by
definition, we have

if u; € Dj,u; < u?e“

2’1 = g,<”1>7
0, if u; € D;,u; > u}’eSt
Without loss of generality, let
best
Dl = {ul7nl7 ul,nlfla ceny ul,l7 u] ) ul,n1+27 ceey ul,nl+m17 u],n1+ml+l}a nj 2 07 m ZO
best
D2 = {uz,nzv Uy —15 «oey U215 Up 5 UD p425 o5 U2 nytmy M27n2+m2+1}a ns 2 Oa ny Z 0

with

best
Ulpy <Ulp—1 <U <Xy <ULp+2 < ULpj+mp < ULpg4m+1

best

U py < U2 py—1 < U1 < Uy <UD py42 < U2 pytmy < U2 py+my+1

Depending on different f;(-), gi(-), D, values of A; can be different. Without loss of generality, the values
of A; and A, along with 0; and 6, are shown in Figure 2.
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Figure 2: Values of A; and A, along the axis of 8; and 6,

AR

6 =r—0; 2(u5™) g(uz2) g2(u25) g2(u27)

Figure 3: Values of A, along the axis of 6,

In the resource allocation coordination method, at any step z, no matter what is the value of 91(Z>, we have

6l —r—o

Therefore, given r, the values of A, along with 6, can be expressed as that shown in Figure 3.

Further, in this case g; (u?®") + g2 (u5®*') < r, the values of A; and A, along with 6; is shown in Figure 4.

Since in the resource allocation coordination method, the update of GI(ZH) and 92(Z+1) is done by

(2) (2)
6= — g 4 £ M ;32

(2) (2)
o) g | g0 g%
with diminishing step size £(?), it can be easily derived from Figure 4 that no matter what are the values of
91(1> and 92(1> , as the iteration step z increases, Gl(z) and GZ(Z) will reach a point within the deepened segment
with a finite z and stay at that point afterwards. In the deepened segment, we have 61(1) > g(lz)(utl’“t),
92<Z) > g2 (u5®) and u?(z) =ubst, u;@ = uft with [ 15T being the global optimum.
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6r=r=6 gi(ury)  gi(urs) g1(u12)81(uy ) g2(u2s)  g2(uz7)

Figure 4: Values of A; and A, along the axis of 0;

not persistent not persistent

\

0

persistent

Figure 5: Mode transition diagram of case 3 with the final state marked in red

2.2 For case 2

In this case, Y7 | gi(u?®)

=r. Since Y'7_, 6; = r, we consider the following three modes:
« mode 2.1: 819 > g1 (u8**!) and 65 < g, (ues")
« mode 2.2: 09 < g, (ub*!) and 67 > g, (1)

e mode 2.3: Gl(z) = gl(ulfm) and 92(1) — gz(ugest)
The mode transition diagram of case 2 is shown in Figure 5.

Proposition 2.2.1: Mode 2.1 is not persistent.
Proof:
The proof of this proposition is similar to the one of Proposition 2.1.2.

Proposition 2.2.2: Mode 2.2 is not persistent.
Proof:
The proof of this proposition is similar to the one of Proposition 2.1.4.



Proposition 2.2.3: Mode 2.3 is persistent.

Proof:

The proof of this proposition is similar to the one of Proposition 2.1.5. The overall optimal solution
[ubest u5eT is attained in this mode.

Lemma 2.2.4: In mode 2.1, |67 — g (u*")] and |0\ — g, (u8®*!)| are strictly decreasing as functions of
z
Proof:

If mode 2.1 is active at step zo, we have 91<Z°) > g1 (ut®) and 92(10) < g2(u5®) and

el(zo+1)

If mode 2.1 is still active at step zo + 1, we have 91<Z°+l) > g1 (1) and 62(z°+1> < g2(u5*"). Then we have

|91(zo+1) _gl(ullaest)| . |91(ZO) _gl(ull)cst)|
:61(z0+1) s (utlyest) - (01(20) — g (utlyest))
0+1
:61(70 ) _ 91(10)

:_1.5(20).},2(10)

<_§.§(ZO).62<0

— N

and
1 . .
1050 — g (u8e)] — (05 — g2 (u5™™)|

=g2(u1§e“) _ 2(Z0+1) - (gz(ugest) _ 62(1()))
:62(20) B 62(Zo+1)

where &, is the same as before. [J

Lemma 2.2.5: In mode 2.2, |91(Z> — g1 (u*Y)| and |92(z) — g2(ub®Y)| are strictly decreasing as functions of
z.
Proof: the proof of this lemma is similar to the one of Lemma 2.3.4.

Proposition 2.2.6: Given 6™ = max{o,02}, 91(1) and 62(1), a large integer K and a small real number
g = 2~ EW®), there exists an M > K such that |91(Z) —g1(ub*Y)| < € and |62(z> — g2(u5*Y)| < € hold for all
z>M.
Proof:



If there is a switch from mode 2.1 to mode 2.2 at step 2o, we have 8 > g, (1t*!) and 6% < g, (ules)
and 007 < g, (1) and /0" > g, (ube), and also

6% — g1 (ufe™)]
:91(10) -8 (ull)est)
<91<ZO) _ 01(Z0+1)

1

2 g0y (20)
<5894

1
. £ (z0) max
<3 g

and

01" — 1wl
=g (ulfest) _ GI(ZO'H)
<0 _ glath

1
<5 . 5(20)1520)
<% . é(zo)cmax

and

105 — ga(ube™)

:gz(ugest) _ 92(20)

<62(Z0+1) B 92(20)

<% . 5(10)12(20)
<% . & (z0) gmax
and
05 — g (15|
=6, — o (u™)
<oyt g

1
2. £(z0) 4 (20)
< 3 g,

1
1 g @) gmax
< 3 &

10



Likewise, if there is a switch from mode 2.2 to mode 2.1 at step zo, we also have

|61(ZO) —g1(ulfeSt)‘ < % -5<ZO>O'maX

0 — ga(u)| < 5 -EWIo™

6" — 1 (uf)] <

L gl g

1
6 — g2 5™ < 5

Next, if mode 2.3 is not reached for any z < oo, then there are repeated mode transitions between mode
2.1 and 2.2 since none of mode 2.1 and 2.2 is persistent. Therefore, no matter what is the value of K,
there exists an M > K such that a mode (no matter it is from mode 2.1 to mode 2.2 or from mode 2.2 to
mode 2.1) switch occurs at step M. Hence, we have

L gongmx 1

. £ (K) ymax _
5 25 c €

16" — g1 (uhe)| <

|61(M+1) —g (utl)est)| < l_é(M)cmax < l.é(K)Gmax —¢
2 2

|62(M) _gz(ulz)est)| < %.é(M)Gmax < %_g(K)Gmax e
1 1

|62(M+1) _gz(ugest” < E.é(M)o.max < 5.é(l()(ymax e

Since we have also proved in Proposition 2.2.4 and 2.2.5 that |91(Z) — g1 (ub*Y)| and |92(Z> — g2 (5| are
strictly decreasing in mode 2.1 and 2.2, we can conclude that at any step z > M no matter whether the

system in a mode or switch from a mode to another mode, |91(Z) —g1(u*)| < € and |92<Z) — g (US| < e
holds.

Finally, if mode 2.3 is reached at z; < oo, no matter what is the value of K, there exists an M > K such
that |91<Z) — g1 ()| < € and |92<Z) — 2(u8*")| < € hold for all z > M. More specifically, if z; < K,
then for any z > z;, we have |91(Z) —g1(u?*Y)] =0 < € and |02(Z) — g2(u5®")| = 0 < €. Then, by letting
M =K+1 >z, for any z > M, we have |91(Z) —g1(ut*)| =0 < € and |92<Z) — ) =0<e. If

21 > K, by letting M = z;, for all 7 > M, we have |8\ — g (1t")] = 0 < £ and |} — g2 (18%")| = 0 < .
U

Proposition 2.2.7: lim. .. 6% = g (1t**) and lim, .. 6,7 = g; (18").
Proof:
The proof of this proposition can be directly derived from Proposition 2.2.6 with K = oo.

Graph-aided explanation
In this case gl(u'fe“) + gz(uge“) = r, the values of A; and A, along with 6; is shown in Figure 6. It can

be easily derived from Figure 6 that no matter what are the values of Blm and 92(1), as the iteration step

7z goes to infinity, 91(1) and 62(1) reach the point where 91<Z) = g(lz)(utl’e“), 92<Z) = g2(u5*!). The the global
optimum [12* 45T is attained when z goes to infinity.

11



/llA Akz

o r(_ - = >
2 1 g1(u17) 1(ur5) 1(u12) g2(u22) g(us)  g(u7) 6,
best
gz( up )

Figure 6: Values of A; and A, along the axis of 6,
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not persistent not persistent persistent

Figure 7: Mode transition diagram of case 2 with the final state marked in red

2.3 For case 3

best)

In this case, Y7, gi(u > r. Since Y2, 6; = r, we consider the following three modes:

e mode 3.1: 91( 2 > g1 ( bm) and 92( )< g2(u bm)
e mode 3.2: 9]( ) < g1 (ub™") and 92( J> g2 (u5™)

* mode 3.3: efz) < gl(ull’esl) and 921) < gz(ugest)

The mode transition diagram of case 3 is shown in Figure 7.

Proposition 2.3.1: Mode 3.1 is not persistent.
Proof: the proof of this proposition is similar to the one of Proposition 2.1.2.

Proposition 2.3.2: Mode 3.2 is not persistent.
Proof: the proof of this proposition is similar to the one of Proposition 2.1.4.

Proposition 2.3.3: Given 5 ("' + fu 2( ) ) holds for all u; € Dy and up € Dy with u; < u'fe“, uy < uges‘
31 up) 8 (U2
and g;(u1)+g2(uz) < r, then either local solution u or u} will not stay constant.

12



Proof:
Since mode 3.1 is not persistent, given mode 3.1 is active at some step z; > 0 with uT’(Zl) = utl’“‘, there
will be a switch from 3.1 to either mode 3.2 or mode 3.3. Assume the switch happens at step z» with

72 > 71, we have u?’(zﬁ < utl’eSt. Therefore, uT’(ZZ) + uT’(Z‘).

Since mode 3.2 is not persistent, given mode 3.2 is active at some step z3 > 0 with u;'(“) = uges‘, there
will be a switch from 3.2 to either mode 3.1 or mode 3.3. Assume the switch happens at step z4 with

2 > 23, we have 1y ™) < ubet. Therefore, 1) ™) # uy®).

If mode 3.3 is not persistent, given mode 3.3 is active at some step z5 with uj{’(zs ) < u'l’eSt and u;’%) < uge“,

there will be a switch from 3.3 to either mode 3.1 or mode 3.2. If the switch is from mode 2.3 to mode 2.1
and happens at step 76 with z¢ > zs, we have 1% = 42 and then %) £ 1% _If the switch is from

mode 3.3 to mode 3.2 and happens at z7 with z7 > z5, we have iy 7 = 18t and then uy ™7 # 3™,

If mode 3.3 is persistent, given mode 3.3 is active at step some step zg, we have u’f’(@) <ubest, lfzg) >0

and 1) < ubest, 2%) 5 0. According to (3), in this mode, at step zg + 1
2 2 2 g p

(8) _ 5 (z)
p(es1) _ gfes) w.gw

(z8) _ 9 (z8)
RS CO N Mt TS

2

/o ox,(z8) Jo%,(28) Jox,(28) Jox,(28)
Since A% = —f}(uli(,)), a) = Ll e )) and 214 @ )> 2l G )>, we have A £ 2{%) Therefore,
81(“1“8 ) & (uy ) & (uy’ ) & (uy )

also because ¥ &) = +o0 and ll(zﬁj ) £ lz(zgﬂ ) with j >0, Bl(zsﬂ ) keeps increasing (or decreasing)

and OZ(ZSH ) keeps decreasing (or increasing) until at step zo With zo > zg either u?(zg) £ uT’(ZS) or u;(zg) £

uz’(ZS). d

Proposition 2.3.4: Depending on different f;(-), gi(-), D; and Gi(l) with i = 1,2, the mode transition
diagram of case 2 can be any of the three kinds shown in Figure 7.

Proof:

The proof will be given in the graph-aided explanation.

Graph-aided explanation

In the case g1 (u8®) + g2(u5*) > r, depending on different f;(-), g;(-), D;, the graphs of showing the
values of A; and A, along the axis of 8; can be different. Without loss of generality, we present three
subcases 3.1, 3.2, and 3.3 in Figure 8, 9 and 10 respectively.

In subcase 3.1 as shown in Figure 8, no matter what are the values of 91(1> and 62(1), as the iteration step

z increases, Gl(z) gets closer to gy (1) and GZ(Z) gets closer to r — g (u*). However, if sz) < g1 (ubes),

then uf’@ < utl’est and ll(z) > 12@, and hence according to the update equation of 6;, we have Gl(ZH) > 61@;
if 91(2) > g (ull’c“), then u’{’(z) = utl’eSt and 11@ < 12@, and hence GI(ZH) < 91<Z). In this subcase, with z goes

to infinity, we have u] oscillating between u;,; and ull’es‘ as indicated a small circle in Figure 8. Besides,

13



/'LlA

MT oscillates

( best
6, =r—6 g1(u17) g1(uys) gi(ur2) g1(uy*h) g2(uz5) g2(u27)
gz(ugest)
Figure 8: Values of A; and A, along the axis of 0; in subcase 3.1
u5 oscillates A
l] A : A 2
uj oscillates
. >
6 =r—0 gi(ui7) g1(u1s) gi(u12) g1 (ubes) 6
&2(u5Y) g2(u22) g2(u25) g2(u27)
Figure 9: Values of A; and A, along the axis of 8; in subcase 3.2
/IIA
0y =r—0 g1(u17) g1(u15) g1(ura) g1(ufe)
82(u5%Y) g2 (uz2) g2 (uz5) g2(u2.7)

Figure 10: Values of A; and A, along the axis of 8; in subcase 3.3

14



it is directly derived from Figure 8 that the oscillation of u] is characterized by

u*;-,(zﬂ) 4 uT'(Z)

sgn (AGI(HD) £ sgn (ABI(Z))

Wlth Ael(z+1) = 91(2+1) _ 61(Z> and A61(Z> — 61(Z> _ 61(2—1).

Note that Figure 8 directly corresponds to the second kind of mode transition diagram in Figure 7. Be-
sides, in Figure 8, if we switch the labels for #; and u; by letting u; be u, and letting u, be u;, we have
Figure 8 corresponds to the first kind of mode transition diagram in Figure 7.

In subcase 3.2, as shown in Figure 9, depending on the initial values 61(1) and 92(1) and the step size, as the
iteration step z increases, either u] or u5 oscillates. Both the oscillations of «} and u} are characterized by

ulfm(zﬂ) ” M?(Z)

sgn (AG}ZH )> #sgn <A9i(z))
Note that Figure 9 corresponds to the third kind of mode transition diagram in Figure 7.

In subcase 3.3, as shown in Figure 10, no matter what are the values of 91(1> and 62(1), as the iteration step z

increases, Ol(z) and Gz(z) will reach a point within the deepened segment with a finite z and stay at that point

afterwards. In the deepened segment, ll(z) = AQ(Z) # 0 and hence neither of u] and u; oscillate. However,
in this subcase, even though neither u] or u; oscillate, there is no guarantee that the global optimum is
attained. That is to say, when the resource allocation coordination method is applied to problem (1), even
though no oscillation of discrete variables is detected, it is possible the global optimum is not yet attained.

3 Answer to question 2

*a(Z+]> # M*-'(Z)

Proposition 3.1.1: The oscillation of discrete decision variable u; is characterized by u;

sgn (Aei(ZH)) # sgn (AGI.(Z)) .
Proof:

The proof of this proposition has been given in the graph-aid explanation in Section 2.3, especially in the
discussion of subcase 3.1 and subcase 3.2.
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4 General problem

In the previous sections, we have proved some properties of applying the resource allocation coordination
to a simple example with N = 2. To make it general, in this case, we prove the same properties of the
resource allocation coordination method to examples with any N > 2 still hold.

Let us define I = {i|6; > gi(uP*")} and I ={jl6; < gj(u bes‘)}. If we define I = {1,2,...,N}, it is
obvious that ] = If ) é %) holds for all z.

4.1 For casel

Proposition 4.1.1: In the case Z{.V:l gi(u?e“) < r, there exists an M > 0 such that at all step z > M, IZ(Z) =0.

Proof:

In this case, with Y| g;(u (1)

< r, we want to prove that no matter what the values of 6,

95( ) will eventually reach a steady state with Gl.( 2 > gi(ubeh)

best) for i €1 are,

for all i.

In order to prove I, will eventually be empty, I first assume that I, will never be empty and then find a
contradiction.

At any step z > 0, we have Af J = 0forallie I and A >0 forall j e I§z>. Now let us define

= 1
9= (X A +ZA ) — ¥y a9
lEI

jGIé ) 16152)

IfI # 0 at step z > 0, we have A(?) > 0. As defined in Proposition 2.1.1, we define for all i € I

0 = min fi ()

i
u;€D;, u<u®st gi(“i)

Further, define
™" — min &
icl
Since f;(+) is convex and f; (u?**") < f;(u;) holds for u; € D; with u; < uP®, we have f!(u;) < 0 for u; € D;
with u; < ubCSt In addition, given g;(-) is monotonically strictly increasing, we have g/(-) > 0. Therefore,
!
Ji(u )

we have — r—> 0 holds for u; € D; with x; < ubes‘ and it is directly derived that &; > 0 holds for all i € /
and §™in > 0
(2) () @ HGD o
Therefore, 1fI 7é 0 at step z, for every j € I,”, we have u < ulj’-eSt and Aj Y= — {( i.(z)) > 6™", Then
8ty

we have

min

2@ > >0
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Now let us define

J
o; = max —f’,( l),ViEI
xE€D;, up<ud®s gi("‘i)
Gmax

= max O;
iel
Like &; and Simi“, o; > 0holds for all i € I and o™ > (. Besides, 6™2* is finite since I has finite elements.

Therefore, if I 75 0 at step z, we have for all j € I @

A 20 <A < gmax

Now let us define a nonnegative function

then

Jz+1)=J()

Z (6 (z+1) ) (6(“') n 9( 2) 20i(u ?est))

i=

N

At any step z, if I # (0, we have

J(z+1)—J ()
_ Z 5 ( (z+1) +6i(> 281( best>>Jr Z é(Z) (1;2)71(1)) <0J(Z+1)+9(Z) ](u?est)>
1611() /'6152)
N
:Z*'é(z)i( )(9(Z+1>+9() ( lbest)) + Z é(z)lj(z)(e(2+l)+9() zgj( best))
i=1 jeléz)

Since II(Z) UIZ(Z> =1=1{1,2,...,N} holds for all z.

Further, since
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and

we have

min

N
r— iu[best (£(2))2( ~max\2
v (r= Rl x5 () (™)

Jz+1)—J(z) < —2E0

First, let K be an arbitrary integer. Then, if I ;é 0 at any of step z € {1,2,...,K}, we have

min

JK+1)<J(1)—

(V—Zgz best)Zé FN( maXZZ

\./

Since Y77 E(®) = 4ooand e (E())2 < 400, we can always select K such that

811’1111

J(1) -

(- i besl)zé LN (o2 Y (£

=1
then we reach
J(K+1)<0

However, this contradicts the fact that J(-) is a nonnegative function. Therefore, the assumption that
2 = ( at any of step z € {1,2,...,K} does not hold. That is to say, IEM) = ( at some step M < K.

Since we have proved that Iz(M) = 0 at some step M < K, then we have Bi( ) > gi (U, ui*’(M) = uP* and
k-*’(M) =0 for all i € I. Therefore, we have forall i € I

1

9(7) — ei(M)’ Yz>M

1

and 67 > g;(u*") holds for all z > M. It is proved that Iéz) is empty for all z > M. [J

Proposition 4.1.2: In the case Zl 1 &i( bc“) < r, there exists an M > 0 such that the overall optimal so-
lution is attained at step z = M.
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Proof:
According to Proposition 4.1.1, there exists an M > 0 such that IéM) = (. Then, Gi(M) > gi(u}?e“) holds

M) = ubst for all i € 1. Since fi(u;) > f;(u®*) holds for all i € I, it is directly
with i € I is the overall optimal solution.

for all i € I and we have "‘1*
prove that ;™) = ybest
Note that since 6% = 0™ for all z > M, we have u"¥) = i)
solution is also attained at step z > M. [

= u®'. Therefore, the overall optimal

4.2 For case 2
Proposition 4.2.1: Ve > 0, given z;il g,»(x}’e“) =r— ¢, there exists an M > 0 such that at all steps z > M,

1Y =o.

Proof:
We first assume that I will never be empty and then find a contradiction. Next, we show that once I is
empty, it stays empty afterwards.

In the proof of Proposition 4.1.1, we have derived that at any step z, if Iéz) = 0, we have

min

S N
J&+U—A@<—x&>N(}—Zg@?%)+N(&%%amUz
i=1
Then since YN | g;(u?®') = r — €, we have

Jz+1)—J(z) < —2E0 5N

.e+N- (é(z))z(cmaX)Z

First, let K be an arbitrary integer. Then, if Iéz) # @ at each of step z € {1,2,...,K}, we have

min K

N .E. Zé(z)+N.(GmaX)2i (§<Z))2

z=1 z=1

JEK+1) <I(1)— 2

Since ):j:l E®) = 4ooand ):;“i (& (Z))z < 400, for any € > 0, we can always select K such that

,2”“¢>f5®+wamffxa%2<o
N

z=1 z=1

J(1)

then we reach
J(K+1)<0

However, this contradicts the fact that J(-) is a nonnegative function. Therefore, the assumption that

Iéz) # 0 at each step z € {1,2,...,K} does not hold. That is to say, IéM) = () at some step M < K.

Since we have proved that IZ(M) =0 at some step M < K, then we have Oi(M) > g,-(u?e“), u;"(M) = u?e“ and
28

1

=0 for all i € I. Therefore, we have forall i € 1

69 =6 vi>m

i i
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and Gl-(z) > gi(u?“t) holds for all z > M. Hence, it has been proved that Iéz) is empty for all z > M. [

Proposition 4.2.2: Ve > 0, given Z?’:] gi(u}’“t) =r—¢, there exists an M > 0 such that at all steps z > M,
0< Gi(z> - gi(u'l?e“) foralli e[ and vazl (6i(z) - gi(u'l?eSt)> =c.

Proof:
According to proposition 4.2.1, there exists an M > 0 such that at all step z > M, Iéz) = (. Therefore, at

all step z > M, we have 6;1) > gi(ub") foralli € I.

Since 91@ — gi(ub®t) > 0 at all step z > M, we have for all i € I, Gi(z) —gi(ute) <yN, (Gi(z) — gi(u?“t)> .
Further, since Z?’Zl gi(u*) = r — & and Yy, Gi(z) = r, we have Zﬁvzl (Gi(z) - gi(u}lf’e“)) = € and Ol.(z) —
gi(up=) <e.O
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