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A mesoscopic integrated urban traffic flow-emission

model

Anahita Jamshidnejad∗, Ioannis Papamichail†, Markos Papageorgiou†, Bart De Schutter∗

Abstract

Due to the noticeable environmental and economical problems caused by traffic congestion and

by the emissions produced by traffic, analysis and control of traffic is essential. One of the

various traffic analysis approaches is the model-based approach, where a mathematical model

of the traffic system is developed/used based on the governing physical rules of the system. In

this paper, we propose a framework to interface and integrate macroscopic flow models and

microscopic emission models. As a result, a new mesoscopic integrated flow-emission model

is obtained that provides a balanced trade-off between high accuracy and low computation

time. The proposed approach considers an aggregated behavior for different groups of vehicles

(mesoscopic) instead of considering the behavior of individual vehicles (microscopic) or the entire

group of vehicles (macroscopic). A case study is done to evaluate the proposed framework,

considering the performance of the resulting mesoscopic integrated flow-emission model. The

traffic simulation software SUMO combined with the microscopic emission model VT-micro

is used as the comparison platform. The results of the case study prove that the proposed

approach provides excellent results with high accuracy levels. In addition, the mesoscopic nature

of the integrated flow-emission model guarantees a low CPU time, which makes the proposed

framework suitable for real-time model-based applications.

1 Introduction

Emissions produced by vehicles in urban traffic areas, especially when traffic becomes
congested and vehicles start to idle in long queues, significantly increase the level of
harmful substances in the air such as carbon monoxide (CO) and dioxide (CO2), hy-
drocarbon (HC), and nitrogen oxides (NOx) (Sjodin et al., 1998; Anderson et al., 1996;
Barth and Boriboonsomsin, 2008; Barth et al., 1996). This may be dangerous, especially
in sensitive urban areas, e.g., in the neighborhood of hospitals, nursing homes for the
elderly people, schools, etc. Additionally, another consequence of congested urban traffic
is increased fuel consumption and the expenses it imposes on societies. According to a re-
port published by the Center for Economics and Business Research (2014), the expected
costs caused by traffic in the UK, US, Germany, and France might increase by up to 46 %
by 2030 w.r.t. 2013.

To mitigate the problems regarding increased emissions and fuel consumption in ur-
ban traffic networks, model-based analysis and control may be used. Model-predictive
control (MPC) (Maciejowski, 2002) is a model-based control approach that has proven
to be efficient for traffic networks (see (Diakaki et al., 2002, 2003; Aboudolas et al., 2010;
van den Berg et al., 2007; Bellemans et al., 2006) for the application of MPC in urban
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traffic networks and freeways). Therefore, from an environmental and an economical
point-of-view, it is important to develop and to improve urban emission models that give
an estimate of the current and possible future emission and fuel consumption levels.

Based on the level of detail, different traffic models (including flow and emission mod-
els) can be categorized as microscopic, mesoscopic, and macroscopic. If the model is
focused on more details and takes into account the behavior of individual vehicles in the
network, it is called a microscopic traffic model (Pipes, 1953; Gazis et al., 1961; Qi et al.,
2004). Some traffic models express the average behavior of the vehicles as a fluid. These
models are known as macroscopic traffic models (see e.g. (Messmer and Papageorgiou,
1990; Ntziachristos et al., 2009)). There is also a third category for traffic models, known
as mesoscopic models (Hoogendoorn and Bovy, 2001), which partly use the characteris-
tics of microscopic and macroscopic models, i.e., the level of detail for a mesoscopic model
is less than a microscopic and greater than a macroscopic traffic model.

The focus of this paper is on the introduction and development of a new framework
for integrating and interfacing any macroscopic urban traffic flow model that updates
the total number of vehicles in the links and the number of vehicles standing in the
queues as the states of the traffic network (e.g., the S-model by Lin et al. (2012)) with
any microscopic emission model that uses both the speed and the acceleration of the
individual vehicles in order to compute the emission and the fuel consumption levels (e.g.,
VT-micro by Ahn et al. (1999) and VERSIT+ by Ligterink et al. (2009)). The proposed
approach will result in a new mesoscopic integrated urban traffic flow-emission model
that provides a balanced trade-off between high accuracy and low computation time. The
resulting model belongs to the mesoscopic category considering the following characteristic
given for mesoscopic traffic models by Hoogendoorn and Bovy (2001); mesoscopic models
specify the behavior of traffic by groups of vehicles/drivers, were the interactions of these
vehicles/drivers are described in a low level of detail.

In order to compute the emission levels, several models from different classes (i.e.,
microscopic, mesoscopic, and macroscopic) have been developed (e.g., see the macroscopic
models by Ntziachristos et al. (2009) and by Csikós et al. (2015), the mesoscopic models
by Rakha et al. (2011) and by Gori et al. (2013), and the microscopic models by Ahn et al.
(1999), by Ligterink et al. (2009), and by Chen and Yu (2007)).

Some macroscopic models provide a high computation speed (such as COPERT, which
is based on the average speed of the vehicles by Ntziachristos et al. (2009) and the macro-
scopic model based on the total travel distance and the average speed by (Csikós et al.,
2015)), while they ignore the effect of acceleration and deceleration of the vehicles. This
may bring issues for the accuracy of the results, especially in urban traffic areas with
signalized intersections. More specifically, experiments show that in case of positive ac-
celeration, and in particular for the emissions of NOx, the minimum of the emissions (in
g/km) as a function of speed does not always correspond to the urban traffic free-flow
speed. Hence, minimizing the total delays of the vehicles does not necessarily lead to
minimization of the emissions. Hence, in our proposed framework, we take into account
the effect of the acceleration and deceleration of the vehicles to improve the accuracy of
the results for urban traffic networks.

The mesoscopic model developed by Rakha et al. (2011) provides promising results
w.r.t. the microscopic model VT-micro (the errors are within the range of 10-27 %). In
the current paper, we aim to improve the accuracy of these results to an even higher level
for a mesoscopic model that is resulting from our proposed integrating framework. Hence,
we start from a microscopic point-of-view, by considering the time-speed trajectories
of individual vehicles in the traffic network. Then we distinct some groups of vehicles
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with similar traffic behaviors and we define a (possibly virtual) representative vehicle
for each group. Afterwards, we use a microscopic emission model (such as VT-micro or
VERSIT+ to compute the instantaneous emissions of the representative vehicle for each
specific traffic behavior (free-flow, idling, decelerating, accelerating). By multiplying the
resulting emissions by the total number of vehicles in each group and by the average time
of the given behavior, we obtain a mesoscopic emission model.

The simulation results show that the relative error of the computed emissions by our
proposed mesoscopic approach are less than 6 %. Hence, we have successfully improved
the results w.r.t. (Rakha et al., 2011). Compared with the mesoscopic model proposed
by Gori et al. (2013), which is limited to signalized intersections and ignores the deceler-
ating behavior of the vehicles, our framework is more general and can be used for both
signalized and non-signalized traffic networks. As mentioned earlier, we do not ignore the
decelerating behavior by the vehicles. Gori et al. (2013) consider two different traffic sce-
narios in an urban traffic network, i.e., the under-saturated and the saturated scenarios.
We add a third scenario, i.e., the over-saturated scenario, which helps us to provide more
accuracy.

Chen and Yu (2007) develop a microscopic simulation platform by integrating the
microscopic traffic simulation VISSIM and the microscopic modal emission model CMEM.
The aim of their work is to mostly provide a platform to assess the effect of different
aspects in a traffic network on the amount of emissions. Our focus in this paper is mostly
on providing a mathematical model for computation of emissions that can be applied in
model-based analysis and control of traffic.

Previous work on integrating traffic flow and emission models includes the work by
Zegeye et al. (2011), where METANET (Messmer and Papageorgiou, 1990), a macro-
scopic freeway flow model, and VT-micro is are integrated. For urban traffic, an integrated
flow and emission model has been developed by Lin et al. (2013), where the S-model is
integrated with VT-micro to form a simple integrated model that suits real-time control
applications. The proposed macroscopic model has a low computation time and in a case
study given in (Lin et al., 2013) shows satisfactory results when used as the internal model
of a model-predictive controller. Inspired by the macroscopic integrated model given by
Lin et al. (2013) and by Zegeye et al. (2011), in the current paper we develop a general
mesoscopic framework to integrate macroscopic traffic flow models and microscopic emis-
sion models (i.e., our proposed framework is not limited to specific flow and emission
models). The aim is to provide even more accuracy, while keeping the computation speed
still high. Therefore, similar to the work by Lin et al. (2013), we divide the possible traf-
fic states in an urban traffic network into three different scenarios, i.e., under-saturated,
saturated, and over-saturated. In addition to that, we distinguish different groups of
vehicles that may be observed for each traffic scenario. Hence, compared with the macro-
scopic model proposed by Lin et al. (2013), we build up a mesoscopic framework that
takes into account more details than a macroscopic one. Moreover, we define a (possibly
virtual) representative vehicle that should reflect an average behavior for all the vehicles
in a group. In summary, our proposed framework provides more details compared with
the previous work, while it still guarantees a trade-off between high accuracy and low
computation time.

The rest of the paper is organized as follows; noting that the mesoscopic interfacing
and integrating framework introduced in this paper is applicable to different flow and
emission models, Section 2 discusses, as an example for the flow and emission models that
may be integrated using the proposed framework, the S-model and VT-micro. In Sec-
tion 3, we give general formulations to compute the emissions using instantaneous speed
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and acceleration of the vehicles for different traffic behaviors in urban traffic networks.
Sections 4, 5, and 6 present formulations for adapting the equations given in Section 3
for different urban traffic scenarios (i.e., under-saturated, saturated, and over-saturated
scenarios). Section 7 presents the results of some test examples. The traffic simulation
software SUMO is used to extract the traffic states. The instantaneous emissions per
vehicle are computed by VT-micro. The results are compared with the emissions found
via the new mesoscopic integrated flow-emission model. Section 8 concludes the work and
gives topics for future work.

Contributions of the paper

The main contributions of the paper include:

1. We give a general framework for emission models including formulations for com-
puting the instantaneous emissions for different traffic behaviors observed in a traffic
network (e.g., uniform speed, accelerating, decelerating, etc.), applying microscopic
models that use speed and/or acceleration of vehicles.

2. For urban traffic networks, we distinguish different possible traffic scenarios (includ-
ing under-saturated, saturated, and over-saturated) within a mesoscopic structure.
Then we separate different groups of vehicles that may be observed for each scenario.
The distinction is based on the traffic behavior each group of vehicles show within
the network. Time-speed curves are extracted for different groups of vehicles for
each traffic scenario, where the curve represents the average behavior of the vehicles
in that group for a (possibly virtual) representative vehicle.

3. We extract the formulas that compute the time spent and the emissions of the rep-
resentative vehicle of each group, which, multiplied by the total number of vehicles
within the group, gives the total time spent and the total emissions of the vehicles
in that group.

2 Flow and emission model basis

The interfacing and integrating framework proposed in this paper results in a mesoscopic
flow and emission model, where the proposed integrating approach is applicable to any
macroscopic flow model that updates at every simulation time step the total number of
vehicles observed in a link and the number of vehicles waiting in the queue in a link, and
also any microscopic emission model that computes the emissions and/or fuel consumption
of the vehicles in a network based on their individual instantaneous speed and acceleration.
In this section, as one possible option, we describe the macroscopic urban traffic flow
model, S-model (Lin et al., 2012) for computation of flow, and the microscopic emission
model VT-micro (Ahn et al., 1999) for computation of emissions and fuel consumption.

The S-model is a nonlinear macroscopic urban traffic flow model that updates the
total number of vehicles, nu,d(kd), on a link (u, d) between an upstream intersection u
and a downstream intersection d, and also the number of vehicles, qu,d(kd), standing in a
queue on the link at every simulation time step kd by

nu,d(kd + 1) = nu,d(kd) +
(

αenter,l
u,d (kd)− αleave,l

u,d (kd)
)

cd, (1)

qu,d(kd) =
∑

o∈O(u,d)

qu,d,o(kd), (2)
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with

qu,d,o(kd + 1) = qu,d,o(kd) +
(

αarrive,q
u,d,o (kd)− αleave,l

u,d,o (kd)
)

cd, (3)

where the definition of the notations given in the update equations are as follows1 :
- cd, the cycle time of the downstream intersection d, which is considered as the
simulation sampling time for link (u, d),

- αenter,l
u,d (kd), the average entering flow rate for link (u, d) during [kdcd, (kd + 1)cd).

- αleave,l
u,d (kd), the average exiting flow rate for link (u, d) during [kdcd, (kd + 1)cd).

- qu,d,o(kd), the number of those vehicles standing in the queue of link (u, d) that
intend to turn towards the node o.

- αarrive,q
u,d,o (kd), the average value of the arriving flow rate at the tail of the waiting

queue during [kdcd, (kd + 1)cd) that intend to turn towards the node o (note that in
case the queue has fully been resolved, this quantity will be defined as the average
value of the arriving flow rate at the end of the link instead of the queue).

- αleave,l
u,d,o (kd), the average value of the leaving flow rate during [kdcd, (kd + 1)cd) corre-

sponding to the traffic sub-stream that intends to turn towards the node o.
VT-micro is a microscopic model that computes the instantaneous emissions of differ-

ent substances such as CO, HC, and NOx, and also the fuel consumption of vehicles based
on their individual speed and acceleration. Suppose that for vehicle i, the observed values
of the instantaneous speed and acceleration at time instant t are denoted by vi(t) and
ai(t), respectively. First, we construct two vectors ṽ(t) and ã(t) of dimension 4, which
are defined by

ṽi(t) =
[

1 vi(t) vi
2(t) vi

3(t)
]⊤

,

ãi(t) =
[

1 ai(t) ai
2(t) ai

3(t)
]⊤

.
(4)

The instantaneous emission of the substance e by vehicle i at time instant t is

Ee,i(t) = exp
(

ṽ⊤

i (t) · Pe · ãi(t)
)

, (5)

where Pe are 4×4 matrices, which are given by Zegeye (2011), for computing the emissions
in [kg/s] or the fuel consumption in [l/s].

3 General framework for emission models

In this section, we integrate the S-model with an available microscopic emission model that
produces instantaneous emissions Ee,i,u,d(kd) of substance e for vehicle i on link (u, d). In
the end, we will see that the developed mesoscopic integrated model can admit any urban
traffic flow model that produces the number of vehicles and the queue lengths on different
links, and any microscopic emission model that computes the instantaneous emissions at
time step k as a function of instantaneous speeds and accelerations of vehicles, i.e.,

Ee,i,u,d(kd) = Ee,i (vi(kd), ai(kd)) , (6)

with e ∈ E, and E the set including fuel consumption and polluting substances that are
taken into account by the model.

To use (6), we need to extract vi(k) and ai(k) from the urban traffic flow model
for groups of vehicles (traffic streams) that show a similar behavior. We first categorize
different driving behaviors observed in urban traffic networks for different traffic scenarios.

1The superscript “l” stands for link, and the superscript “q” stands for queue.
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3.1 Traffic behaviors for urban networks

We simplify the possible driving behaviors that might be observed for vehicles in parts of
the simulation time slot and in different urban traffic scenarios via the following categories:

1. Free-flow behavior, for which the traffic stream moves with the free-flow speed
vfreeu,d on link (u, d), and afreeu,d = 0.

2. Idling behavior, for which the traffic stream is waiting in a queue; we assume that
the vehicles have a constant speed vidlingu,d , and aidlingu,d = 0.

3. Decelerating behavior, for which the traffic stream decreases its speed from
vb1u,d to vb2u,d with a constant deceleration adecu,d , with b1 ∈ {free,middle} and b2 ∈
{middle, idling}, and b1 6= b2.

4. Accelerating behavior, for which the traffic stream increases its speed from
vb2u,d to vb1u,d with a constant acceleration2 aaccu,d, with b1 ∈ {free,middle} and b2 ∈
{middle, idling}, and b1 6= b2.

5. Nonstop behavior, for which the traffic stream that has had a free-flow behavior
during the current cycle, faces a green light at the end of the cycle. For a nonstop
traffic behavior, two different reactions by the drivers might be observed:

• In case the number of vehicles on the road is relatively low, as the traffic stream
approaches the green light it might increase its speed from vfreeu,d to vfree+u,d by a
constant acceleration aaccu,d. This situation actually indicates that the ratio of

the arriving flow at the end of the link, αarrive,q
u,d (kd), and the saturated average

leaving flow, µu,d, is less than or equal to a predefined threshold, λu,d. Hence,

αarrive,q
u,d (kd)

µu,d

≤ λu,d,

with λu,d a threshold in [0, 1]. The parameter λu,d can be determined via offline
model identification using real-life data sets or data from a traffic microsimu-
lator (Paz et al., 2015).

• In case the number of vehicles on the road is relatively high, as the traffic
stream approaches the green light it might decrease its speed from vfreeu,d to

vfree−u,d by a constant deceleration adecu,d . Mathematically, this situation can be
formulated by

αarrive,q
u,d (kd)

µu,d

> λu,d.

In the following section, we formulate the instantaneous emissions for each of the
above behaviors, using the microscopic emission model given by (6). Note that since the
nature of a nonstop behavior is either an accelerating or a decelerating behavior, we do
not distinguish the nonstop behavior from the accelerating/decelerating behaviors in the
following discussions.

2The acceleration and deceleration in this paper will adopt signed numbers, i.e., adecu,d < 0 and aaccu,d > 0.
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3.2 Emissions for different traffic behaviors

• Total emissions of e ∈ E caused by free-flow behavior on link (u, d) within the
interval Ifreeu,d (kd), with I

free
u,d (kd) the union of all sub-intervals of [kdcd, (kd + 1)cd), for

which at least one vehicle on the link shows a free-flow behavior, is given by3:

Ēfree
e,u,d(kd) =

N free
u,d

(kd)
∑

j=1

(

nfree,j
u,d (kd)T

free,j
u,d (kd)

)

· Ee

(

vfreeu,d , 0
)

, (7)

where N free
u,d (kd) denotes the number of all sub-intervals I

free,j
u,d (kd) of [kdcd, (kd +

1)cd), during which free-flow behavior is observed (i.e., Ifreeu,d (kd) =
⋃

j I
free,j
u,d (kd)),

and nfree,j
u,d (kd) is the total number of vehicles that show a free-flow behavior within

I
free,j
u,d (kd), and T free,j

u,d (kd) is the length of Ifree,ju,d (kd).

• Total emissions of e ∈ E caused by idling behavior on link (u, d) within the interval
I
idling
u,d (kd), with I

idling
u,d (kd) the union of all sub-intervals of [kdcd, (kd+1)cd), for which

at least one vehicle on the link shows an idling behavior, is given by:

Ē idling
e,u,d (kd) =

N
idling
u,d

(kd)
∑

j=1

(

nidling,j
u,d (kd)T

idling,j
u,d (kd)

)

· Ee

(

vidlingu,d , 0
)

, (8)

where N idling
u,d (kd) denotes the number of all sub-intervals I

idling,j
u,d (kd) of [kdcd, (kd +

1)cd), during which idling behavior is observed, and nidling,j
u,d (kd) is the total number

of vehicles that show an idling behavior within I
idling,j
u,d (kd), and T idling,j

u,d (kd) is the

length of Iidling,ju,d (kd).

• Total emissions of e ∈ E caused by decelerating behavior on link (u, d) within the
interval Idecu,d(kd), with I

dec
u,d(kd) the union of all sub-intervals of [kdcd, (kd + 1)cd), for

which at least one vehicle on the link shows a decelerating behavior, is given by:

Ēdec
e,u,d(kd) =

Ndec
u,d

(kd)
∑

j=1

ndec,j
u,d (kd) ·

∫

I
dec,j
u,d

(kd)

Ee

(

v(t), adecu,d

)

· dt, (9)

where Ndec
u,d (kd) denotes the number of all sub-intervals Idec,ju,d (kd) of [kdcd, (kd+1)cd),

during which a decelerating behavior is observed (i.e., I
dec
u,d(kd) =

⋃

j I
dec,j
u,d (kd)),

ndec,j
u,d (kd) is the number of vehicles that show a decelerating behavior within I

dec,j
u,d (kd),

and T dec,j
u,d (kd) is the length of Idec,ju,d (kd). Suppose that:

I
dec,j
u,d (kd) =

[

tb1,ju,d , t
b2,j
u,d

]

, j ∈ {1, . . . , Ndec
u,d (kd)},

then by changing the variable of integral from time t to speed v (knowing that

3To ease the notation, the subscript i is eliminated from (7) and following equations in this section.
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dv = adecu,d · dt), we obtain:

Ēdec
e,u,d(kd) =

Ndec
u,d

(kd)
∑

j=1

ndec,j
u,d (kd) ·

t
b2,j
u,d
∫

t
b1,j
u,d

Ee

(

v(t), adecu,d

)

· dt

=

Ndec
u,d

(kd)
∑

j=1

ndec,j
u,d (kd)

adecu,d

·

v
b2,j
u,d
∫

v
b1,j
u,d

Ee

(

v, adecu,d

)

· dv,

(10)

with vb1u,d and vb2u,d the speed of the decelerating vehicles in I
dec,j
u,d (kd) at, respectively,

tb1u,d and tb2u,d, and with {b1 = free ∧ b2 = middle} ∨ {b1 = middle ∧ b2 = idling} ∨
{b1 = free ∧ b2 = idling} ∨ {b1 = free ∧ b2 = nonstop : heavy}.

• Total emissions caused by accelerating behavior on link (u, d) can be computed using
a similar approach as we used for the decelerating behavior.

In the next sections (4, 5, and 6), we consider the following three traffic scenarios that
might happen in an urban traffic network:

• under-saturated scenario,

• saturated scenario,

• over-saturated scenario.

For each of the above scenarios, we distinguish different groups of vehicles based on the
traffic behaviors observed (see Section 3.1 for potential traffic behaviors). The traffic
behavior of each group of vehicles is then illustrated via a time-speed curve, where this
curve represents the behavior of a single representative vehicle, which shows the average
collective behavior of that group. We define this average behavior as follows; since vehi-
cles in each group will enter the link at different time instants, the starting time of the
average time-speed curve is considered as the mid-point of the starting times of the curves
corresponding to the first and the last vehicle in that group. Therefore, the time-speed
curve corresponding to the representative vehicle illustrates the average time spent on
a specific behavior that might be observed for each vehicle in that group. Later on, by
computing the total number of vehicles in each group, i.e., the number of vehicles that
will more or less follow the average time-speed behavior of the representative vehicles, we
can find an estimate of the total emission of the vehicles in that group.

For the sake of simplicity, we suppose that all vehicles waiting in a queue will instan-
taneously react to the traffic light as it turns green, and there will be no delay for the
following vehicles to imitate the speed of the leading vehicles. Therefore, for the vehicles
that idle in front of a red light, after the light turns green the time-speed curves will
overlap. Vehicles in each group will show the same combination of behaviors given in
Section 3.1. For the representative vehicle, the time duration of each of these behaviors is
considered to be the average of the time durations with that specific behavior for the first
and the last vehicle in that group. For extracting the equations given in the following
sections, the following lemma might be used, which is trivial to prove:

Lemma 3.1. For a particle that starts moving with the initial speed “v0” with a constant
acceleration “a” the displacement, ∆x(t), after t time units is

∆x(t) =
1

2
at2 + v0t.
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vfree+u,d

vfreeu,d

vfree−u,d

vmiddle,usat
u,d

vidlingu,d

cd

Red+Yellow phase Green phase

gu,d(kd)cd − gu,d(kd)

speed

time

Group 1
Group 2
Group 3
Group 4

t0 t1

t

Figure 1: Traffic behaviors on link (u, d) within one cycle for the under-saturated urban
traffic scenario

4 Flow-emission model for under-saturated scenario

The under-saturated scenario is observed when the demand (i.e., the number of vehicles
waiting in the queue and the number of the arriving vehicles at the tail of the queue) is
less than the number of vehicles that can be discharged by the saturated average leaving
flow rate in one cycle. Hence, for the under-saturated scenario, the queue within the link
will be completely dissolved during one cycle. Mathematically,

qu,d(kd) + cd · α
arrive,q
u,d (kd) ≤

∑

o∈Ou,d

βu,d,o · µu,d · gu,d,o(kd). (11)

Suppose that each cycle starts by a red phase; then the vehicles observed within one cycle
with an under-saturated condition are divided into the following four groups:

Group 1: composed of those vehicles that are already in the link standing in a queue at
the beginning of the cycle (see the blue curve in Figure 1 for the average behavior
of this group); they idle with a constant speed vidlingu,d from the beginning of the cycle
till the traffic light turns green (at t1 in Figure 1); then they accelerate4 with aaccu,d

and move ahead till they leave the link. Looking at the average behavior of the
representative vehicle of group 1 (the blue curve in Figure 1), the time instant at
which the representative vehicle starts to accelerate is to the right of the instant
t1. This is because when the traffic light turns green, the vehicles in the queue can
accelerate only one-by-one, i.e., the first vehicle in the queue starts to accelerate at
t1, while the other vehicles can accelerate only when the rest of the vehicles in the
queue front of them have already accelerated (also see Figure 2(a), which represents
the time-speed curve of the first and the last vehicle of group 1). As shown in
Figure 1, this group of vehicles might also show a free-flow behavior at the end
before they leave the link.

4For the sake of simplicity in the notations, for all the three scenarios under-saturated, saturated, and
over-saturated, we have used the same acceleration aaccu,d and deceleration adecu,d. This can easily be extended

by considering different acceleration rates aacc,usatu,d , aacc,satu,d , and a
acc,osat

u,d , and different deceleration rates

a
dec,usat

u,d , adec,satu,d , and a
dec,osat

u,d for different traffic scenarios.

9



Group 2: composed of those vehicles that arrive at the tail of the waiting queue in the
current cycle, after they decelerate from vfreeu,d to vidlingu,d . They idle for a while together
with the waiting queue, and then start to accelerate as the traffic light turns green.
The average behavior of this group is shown by the red time-speed curve in Figure 1.

Group 3: composed of those vehicles that arrive at the tail of the waiting queue in the
current cycle, when the queue has already started to move. The representative of
this group will decelerate with adecu,d to the speed vmiddle,usat

u,d , which is larger than the

idling speed. For vmiddle,usat
u,d we have

vmiddle,usat
u,d =

vfreeu,d + vidlingu,d

2
. (12)

The green curve in Figure 1 shows the average behavior of this group. These vehicles
might show a free-flow behavior at the end of their trip in the link.

Group 4: composed of those vehicles that arrive in the link with vfreeu,d , and continue
moving ahead with this speed until they approach the end of the link and show a
nonstop behavior (see the black curve in Figure 1 for the average behavior of this
group).

We first give the formulas that represent the emission model corresponding to the
urban under-saturated scenario. Then we explain in more detail how the time-speed
curves and the following formulas are obtained. For the number of vehicles in each group,
we have

nG1,usat
u,d (kd) = qu,d(kd), (13)

nG2,usat
u,d (kd) = αarrive,q

u,d (kd) · T
arrive,G2,usat
u,d (kd), (14)

nG3,usat
u,d (kd) = αarrive,q

u,d (kd) · T
arrive,G3,usat
u,d (kd), (15)

nG4,usat
u,d (kd) = nusat

u,d (kd)−
3
∑

i=1

nGi,usat
u,d (kd), (16)

with

T arrive,G2,usat
u,d (kd) =

µu,d

µu,d − αarrive,q
u,d (kd)

(

cd − gu,d(kd) +
nG1,usat
u,d (kd)

µu,d

− τG2,usat
u,d (kd)

)

,

(17)

T arrive,G3,usat
u,d (kd) = τG2,usat

u,d (kd) +
vfreeu,d − vidlingu,d

aaccu,d

, (18)

where τG2,usat
u,d (kd) is the average time duration that vehicles in group 2 take to reach the

tail of the waiting queue in front of them from the time they enter the link. To compute
τG2,usat
u,d (kd) within the time interval [kdcd, (kd + 1)cd), we assume that all vehicles will

enter link (u, d) with vfreeu,d . If there are already some vehicles in front of them that are

idling with vidlingu,d in a waiting queue, these vehicles should decelerate with adecu,d after a

while in order to reach vidlingu,d as they approach the waiting queue. The total traveled

distance by these vehicles until they reach the tail of the queue is
(Cu,d−qave

u,d
(kd))lveh

N lane
u,d

with

Cu,d the capacity of link (u, d), qaveu,d(kd) the average queue length on link (u, d) during

10



[kdcd, (kd + 1)cd), l
veh the average vehicle length, and N lane

u,d the number of lanes on link
(u, d). Then from Lemma 3.1 we can write

(

Cu,d − qaveu,d(kd)
)

lveh

N lane
u,d

= vfreeu,d · T free
u,d (kd) +

1

2
adecu,d

(

vidlingu,d − vfreeu,d

adecu,d

)2

+ vfreeu,d

(

vidlingu,d − vfreeu,d

adecu,d

)

,

(19)
which gives an expression for T free. Knowing that

τG2,usat
u,d (kd) = T free

u,d (kd) +
vidlingu,d − vfreeu,d

adecu,d

, (20)

τG2,usat
u,d (kd) for q

G2,ave
u,d (kd) = nG1,usat

u,d (kd) is given by5

τG2,usat
u,d (kd) =

(

Cu,d − nG1,usat
u,d (kd)

)

lveh

N lane
u,d vfreeu,d

−

(

vidlingu,d − vfreeu,d

)2

2adecu,dv
free
u,d

. (21)

In order to compute the emissions for the under-saturated scenario, we need to find the
number of the vehicles that show each of the driving behaviors “free”, “idling”, “deceler-
ating”, “accelerating”, and “non-stop”, and also the time duration of the free and idling
behaviors during one cycle. Next, we will present these variables for the under-saturated
urban traffic scenario.

• The number of vehicles in each of the groups 1-4 that show a free-flow behavior
within one cycle is

nfree,G1,usat
u,d (kd) = nG1,usat

u,d (kd),

nfree,G2,usat
u,d (kd) = nG2,usat

u,d (kd),

nfree,G3,usat
u,d (kd) = nG3,usat

u,d (kd),

nfree,G4,usat
u,d (kd) = nG4,usat

u,d (kd),

(22)

and the average time duration that a vehicle in each of the groups spends showing
the free-flow behavior is

T free,G1,usat
u,d (kd) =

(

nG1,usat
u,d (kd) + 0.5nG2,usat

u,d (kd)
)

lveh

N lane
u,d vfreeu,d

−

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

,

T free,G2,usat
u,d (kd) = τG2,usat

u,d (kd)−
vidlingu,d − vfreeu,d

adecu,d

+ T free,G1,usat
u,d (kd),

T free,G3,usat
u,d (kd) =

Cu,dl
veh

N lane
u,d vfreeu,a

+
(

vfreeu,d − vidlingu,d

) aaccu,d − adecu,d

2adecu,da
acc
u,d

,

T free,G4,usat
u,d (kd) =

nG4,usat
u,d (kd)

αarrive,q
u,d (kd)

− T nonstop
u,d (kd),

(23)
with

T nonstop
u,d (kd) =











vfree+
u,d

−vfree
u,d

aacc
u,d

, if
α
arrive,q
u,d

(k)

µu,d
≤ λu,d,

vfree
u,d

−vfree−
u,d

adec
u,d

, if
α
arrive,q
u,d

(k)

µu,d
> λu,d,

(24)

and λu,d defined in Section 3.1 as a threshold in [0, 1] found based on historical traffic
data for detecting a heavy and light traffic condition in a link.

5Note that based on the definitions given above for different groups of vehicles, the queue in front of
the vehicles in group 2 is formed by the vehicles in group 1 (also see Figure 1).
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• The number of vehicles that show an idling behavior within one cycle is

nidling,G1,usat
u,d (kd) = nG1,usat

u,d (kd),

nidling,G2,usat
u,d (kd) = nG2,usat

u,d (kd),

nidling,G3,usat
u,d (kd) = 0,

nidling,G4,usat
u,d (kd) = 0,

(25)

and the average time duration that a vehicle in each of the groups spends showing
the idling behavior is

T idling,G1,usat
u,d (kd) = cd − gu,d(kd) +

nG1,usat
u,d (kd)
2µu,d

,

T idling,G2,usat
u,d (kd) = T idling,G1,usat

u,d (kd)− τG2,usat
u,d (kd),

T idling,G3,usat
u,d (kd) = 0,

T idling,G4,usat
u,d (kd) = 0.

(26)

• The number of vehicles that show a decelerating behavior within one cycle is

ndec,G1,usat
u,d (kd) = 0,

ndec,G2,usat
u,d (kd) = nG2,usat

u,d (kd),

ndec,G3,usat
u,d (kd) = nG3,usat

u,d (kd),

ndec,G4,usat
u,d (kd) =

{

0, for light traffic,

nG4,usat
u,d (kd), for heavy traffic,

(27)

and the average time duration that a vehicle spends showing the decelerating be-
havior is

T dec,G1,usat
u,d (kd) = 0,

T dec,G2,usat
u,d (kd) =

vidlingu,d − vfreeu,d

adecu,d

,

T dec,G3,usat
u,d (kd) =

vmiddle,usat
u,d − vfreeu,d

adecu,d

,

T dec,G4,usat
u,d (kd) =

{

0, for light traffic,
vfree−
u,d

−vfree
u,d

adec
u,d

, for heavy traffic.

(28)

• The number of vehicles that show an accelerating behavior within one cycle is

nacc,G1,usat
u,d (kd) = nG2,usat

u,d (kd),

nacc,G2,usat
u,d (kd) = nG2,usat

u,d (kd),

nacc,G3,usat
u,d (kd) = nG3,usat

u,d (kd),

nacc,G4,usat
u,d (kd) =

{

nG4,usat
u,d (kd), for light traffic,

0, for heavy traffic,

(29)

and the average time duration that a vehicle spends showing the accelerating be-
havior is

T acc,G1,usat
u,d (kd) =

vfreeu,d − vidlingu,d

aaccu,d
,

T acc,G2,usat
u,d (kd) =

vfreeu,d − vidlingu,d

aaccu,d
,

T acc,G3,usat
u,d (kd) =

vfreeu,d − vmiddle,usat
u,d

aaccu,d
,

T acc,G4,usat
u,d (kd) =

{

vfree+
u,d

−vfree
u,d

aacc
u,d

, for light traffic,

0, for heavy traffic.

(30)
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Here we explain in more detail how the time-speed curves represented in Figure 1 and
correspondingly the given equations for the under-saturated scenario are obtained. Since
for the under-saturated scenario all vehicles that are initially waiting in the queue will
have enough time to leave the link within one cycle, we consider them as one group, and
illustrate the behavior of the representative of this group (shown in blue in Figure 1) as
the average of the time-speed curves of the first and the last vehicle in the group.

In Figure 2(a), the time-speed curves of the first, the last, and the representative
vehicle in group 1 are shown. The blue (solid) curve in this figure, which demonstrates
the behavior of the representative vehicle, is the same as the blue curve in Figure 1. The
first vehicle of group 1 will immediately start to accelerate as the traffic light turns green
at t1 (see Figure 2(a)). After its speed reaches vfreeu,d , this vehicle might move with vfreeu,d

(depending on the length of the link, the free-flow speed, the acceleration, etc.) for a
while before it leaves the link. The last vehicle of group 1 will start to accelerate only
after all other vehicles in group 1 have done so.

Since for the under-saturated scenario, the leaving rate of the vehicles in the queue is
the saturated leaving flow rate (i.e., µu,d), we can write

tacc,G1,usat
last (kd)− tacc,G1,usat

first (kd) =
nG1,usat
u,d (kd)

µu,d

, (31)

where tacc,usat,G1

first (kd) and tacc,usat,G1

last (kd) denote, respectively, the time instant the first and
the last vehicle in group 1 start to accelerate. Hence, the idling times of the first and the
last vehicle in group 1 are

T idling,G1,usat
first (kd) = cd − gu,d(kd), (32)

T idling,G1,usat
last (kd) = cd − gu,d(kd) +

nG1,usat
u,d (kd)

µu,d

. (33)

The idling time of the representative vehicle of group 1 for the under-saturated scenario
is the average of the idling times of the first and the last vehicle (see the first equation of
(26)), i.e.,

T idling,G1,usat
rep (kd) = cd − gu,d(kd) +

nG1,usat
u,d (kd)

2µu,d

. (34)

Figure 2(b) illustrates the time-speed curves of the first, the last, and the representative
vehicle in group 2 of the under-saturated scenario, where the red curve (corresponding to
the representative vehicle of group 2) is identical with the red (solid) curve in Figure 1.
Similar to the vehicles in group 1, a free-flow behavior might or might not be observed
at the end of the trip for vehicles in group 2. After the traffic light turns green, vehicles
in group 2 will start to accelerate with a delay; the first vehicle will accelerate just after
the last vehicle in group 1 does (i.e., at tacc,G1,usat

last (kd) in Figure 2(a), which is the same
as tacc,G2,usat

first (kd) in Figure 2(b)). The last vehicle of group 2 will move ahead such that it

starts to accelerate immediately after it reaches vidlingu,d (see Figure 2(b)). Note that since

the next arriving vehicle decelerates to a speed higher than vidlingu,d (i.e., it does not idle at
all), it will be put in a separate group, i.e., group 3 discussed later.

All vehicles in group 2 become a part of the waiting queue before they start to accel-
erate, and they will also leave the link with rate µu,d. The total travel time of the first
vehicle in group 2 is composed of the following terms:
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(a) Traffic behaviors for the first, last, and representative vehicle in group 1
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(b) Traffic behaviors for the first, last, and representative vehicle in group 2
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(c) Traffic behaviors for the first, last, and representative vehicle in group 3

Figure 2: Traffic behavior of different groups for under-saturated urban traffic scenario
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• free-flow (start) + decelerating:

τG2,usat
u,d (kd), (35)

where τG2,usat
u,d (kd) is the average time duration for the vehicles in group 2 to reach

the tail of the waiting queue from the instant they enter the link (see Figure 2(b)).
Note that the time period of the free-flow behavior (at start) alone is

τG2,usat
u,d (kd)−

vidlingu,d − vfreeu,d

adecu,d

; (36)

• idling (see Figure 2(b)):

T idling,G1,usat
last (kd)− τG2,usat

u,d (kd); (37)

• accelerating:
vfreeu,d − vidlingu,d

aaccu,d

; (38)

• free-flow (end):

nG1,usat
u,d (kd)l

veh

N lane
u,d vfreeu,d

−

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

. (39)

We should notice that the number of the vehicles in front of the first vehicle in group 2 is

nG1,usat
u,d (kd) when the traffic light turns green. This means that a distance of

nG1,usat
u,d (kd)l

veh

N lane
u,d

should be traveled by the first vehicle of this group to cross the traffic light (partly by the
constant acceleration aaccu,d and partly by the constant speed vfreeu,d ). From Lemma 3.1, we
obtain

nG1,sat
u,d (kd)l

veh

N lane
u,d

= vfreeu,d · T free
first +

aaccu,d

2

(

vfreeu,d − vidlingu,d

aaccu,d

)2

+ vidlingu,d

(

vfreeu,d − vidlingu,d

aaccu,d

)

, (40)

which reduces to (39).
Similarly, we can find the total travel time of the last vehicle of group 2, which is the

same as for the first vehicle (resulting in the second equations of (26), (28), and (30))
except that it does not include the idling time, and that the free-flow (end) time duration
using Lemma 3.1 is6

(

nG1,usat
u,d (kd) + nG2,usat

u,d (kd)
)

lveh

N lane
u,d vfreeu,d

−

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

. (41)

Therefore, for the representative vehicle of group 2, the time duration of the free-flow
behavior at the end of its presence in the link (see the first two equations of (23)) is:

(

nG1,usat
u,d (kd) + 0.5nG2,usat

u,d (kd)
)

lveh

N lane
u,d vfreeu,d

−

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

. (42)

6Note that the number of the vehicles in front of the last vehicle in group 2 is nG1,usat

u,d (kd)+n
G2,usat

u,d (kd)
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Note that for the sake of simplicity, we assume that the average time duration of the
free-flow behavior at the end of the trip for the vehicles in group 1 and 2 are the same
(see the first two equations of (23)).

Finally, for the vehicles in group 2 we can write

αarrive,q
u,d (kd)T

arrive,G2,usat
u,d (kd) = µu,dT

leave,G2,usat
u,d (kd), (43)

where T arrive,G2,usat
u,d (kd) is the time duration during which vehicles in group 2 reach the tail

of the queue, and T leave,G2,usat
u,d (kd) is the time duration during which vehicles in group 2

leave the link. Moreover, from Figure 2(b) we have

T arrive,G2,usat
u,d (kd) + T total,G2,usat

last (kd) = T leave,G2,usat
u,d (kd) + T total,G2,usat

first (kd), (44)

which results in (17) given in Section 4. Note that from (11), αarrive,q
u,d (kd) < µu,d, and

hence the denominator of (17) will never become zero.
The second group of the arriving vehicles are put in group 3 of the under-saturated

scenario. They are different from vehicles in group 2 in the sense that they will also
decelerate, but to speed values larger than vidlingu,d (since the queue composed of groups 1
and 2 has already started to move and there is no need anymore for the arriving vehicles to
idle). Figure 2(c) shows the time-speed curves of the first, the last, and the representative
vehicle in group 3. Comparing this figure with Figure 1, the green curves, i.e., the time-
speed curves of the representative vehicle in group 3, are the same.

The first vehicle in group 3 arrives just after the last vehicle in group 2 (see Figure 2(c)).
In the limit, the time-speed curves of the last vehicle in group 2 and the first vehicle in
group 3 become exactly the same (compare Figures 2(b) and 2(c)). The next arriving
vehicles will show the same behavior as the first vehicle, but each of them decelerates
to a speed (we call it the transition speed) that is in general larger than the speed of
the previous vehicle (i.e., the transition speed increases gradually for successive vehicles).
The time-speed curve corresponding to the last vehicle in group 3 becomes a straight line
in the limit (see Figure 2(c)). Note that point “P” in this figure separates groups 3 and
4 w.r.t. the arrival times. Point “Q” is the starting point of the time-speed curve of the
last vehicle in group 3. The transition speed corresponding to the representative vehicle
in group 3, i.e., the middle speed vmiddle,usat

u,d is the mean value of the transition speed of

the first vehicles (i.e., vidlingu,d ) and the last vehicle (i.e., vfreeu,d ). Therefore, we obtain (12).
Moreover, since the vehicles in group 3 will not idle at all during the entire cycle, the

leaving flow rate for them is the same as their arriving flow rate, i.e.,

αleave,l,G3

u,d (kd) = αarrive,l,G3

u,d (kd). (45)

From Figure 2(c), we can write

αarrive,q
u,d (kd)T

arrive,G3,usat
u,d (kd) = αleave,l

u,d (kd)T
leave,G3,usat
u,d (kd), (46)

which in combination with (45) gives

T arrive,G3,usat
u,d (kd) = T leave,G3,usat

u,d (kd), (47)

In addition, from (47) and Figure 2(c), we obtain

T total,G3,usat
last (kd) = T total,G3,usat

first (kd). (48)
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The last vehicle in group 3 travels through the entire link with a constant speed of
vfreeu,d . Hence,

TG3,usat
last (kd) =

Cu,dl
veh

N lane
u,d vfreeu,d

, (49)

where
Cu,dl

veh

N lane
u,d

is the total length of the link. For the first vehicle in group 3 we have:

T total,G3,usat
first (kd) =

vidlingu,d − vfreeu,d

adecu,d

+
vfreeu,d − vidlingu,d

aaccu,d

+ T free,G3,usat
first (kd), (50)

and from (48) and (49), we finally have

T free,G3,usat
first (kd) =

Cu,dl
veh

N lane
u,d vfreeu,d

−
vidlingu,d − vfreeu,d

adecu,d

−
vfreeu,d − vidlingu,d

aaccu,d

, (51)

which is indeed the third equation of (23). Assuming that αarrive,q
u,d (kd) is large enough,

points P and Q will coincide. Therefore, (18) will be obtained.
The rest of the equations of the under-saturated model that are not explained in detail

explicitly can easily be obtained with a similar approach (also see Figure 1).

5 Flow-emission model for saturated scenario

The saturated scenario is observed when the demand is larger than the number of vehicles
that can be discharged by the saturated average leaving flow rate in one cycle. For the
saturated traffic scenario, the initial queue in the link will completely be dissolved during
one cycle, but a new queue will be formed by a part of the arriving vehicles (i.e., not all
the arriving vehicles in a saturated traffic scenario can leave the link during the green
phase). Mathematically,

qu,d(kd) ≤
∑

o∈Ou,d

βu,d,o · µu,d · gu,d,o(kd) < qu,d(kd) + cd · α
arrive,q
u,d (kd). (52)

For a saturated urban traffic scenario, the average leaving flow rate during the entire cycle
is the saturated leaving flow rate, µu,d. Two cases are possible, i.e., αarrive,q

u,d (kd) < µu,d

and αarrive,q
u,d (kd) ≥ µu,d, which result in different model equations. We first develop the

model for case 1, i.e., αarrive,q
u,d (kd) < µu,d, and later we extend the model for case 2, i.e.,

αarrive,q
u,d (kd) ≥ µu,d.

5.1 Case 1: αarrive,q

u,d (kd) < µu,d

For the sake of simplicity, we avoid to repeat “case 1” in this section. First, we give the
equations, and then we explain how the equations are obtained. Some of the equations
may not be explained explicitly, as they can be easily found with a similar approach as
for the under-saturated scenario considering Figure 4. The vehicles observed during one
cycle are divided into the following three groups:

Group 1: composed of those vehicles that are already in the link standing in a queue at
the beginning of the cycle (see the blue curve in Figure 3 for the average behavior of
this group); the average behavior of this group is identical to that of the first group
for an under-saturated scenario (see Section 4).
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cd

Red+Yellow Greenspeed

time
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Group 2
Group 3

gu,d(kd)cd − gu,d(kd)
t0 t1

Figure 3: Traffic behaviors on link (u, d) within one cycle for the saturated urban traffic
scenario, case 1: αarrive,q

u,d (kd) < µu,d

Group 2: composed of those vehicles that arrive at the tail of the waiting queue during
the current cycle after they decelerate from vfreeu,d to vidlingu,d . They idle for a while
behind the initial queue, and then accelerate just after the queue in front of them
has been dissolved. They finally leave the link during the current cycle (see the red
curve in Figure 3 for the average behavior of this group). The observed behavior
for this group of vehicles, is the same as the observed behavior for group 2 in the
under-saturated scenario.

Group 3: composed of those vehicles that arrive at the tail of the queue in the current
cycle, when the queue in front of them has already started to move. Therefore,
they should first decelerate from vfreeu,d to a speed value larger than vidlingu,d , i.e., to

vmiddle,sat,1
u,d (kd) (see the green curve in Figure 3 for the average behavior of this
group). Then, with the moving traffic they also accelerate to reach the speed
vmiddle,sat,2
u,d (kd), when they notice that there is not enough time to reach and pass the

traffic light, and they decelerate again to reach vidlingu,d by the time the traffic light

turns red. The values of vmiddle,sat,1
u,d (kd) and vmiddle,sat,2

u,d are computed by

vmiddle,sat,1
u,d (kd) =

vidlingu,d + vmiddle,sat,2
u,d (kd)

2
, (53)

vmiddle,sat,2
u,d (kd) = vidlingu,d +

nG3,sat
u,d (kd)

αarrive,q
u,d (kd)

·
aaccu,da

dec
u,d

adecu,d − aaccu,d

. (54)
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For the number of vehicles in each of the groups, we have

nG1,sat
u,d (kd) = qu,d(kd), (55)

nG2,sat
u,d (kd) = min

{

nsat
u,d(kd)− nG1,sat

u,d (kd),max

{

αarrive,q
u,d (kd) · T

arrive,G2,sat
u,d (kd),

nsat
u,d(kd)− nG1,sat

u,d (kd)− αarrive,q
u,d (kd)

(

vfreeu,d − vidlingu,d

)

(

1

aaccu,d

−
1

adecu,d

)}}

,

(56)

nG3,sat
u,d (kd) = nsat

u,d(kd)−
2
∑

i=1

nGi,sat
u,d (kd), (57)

with T arrive,G2,sat
u,d (kd) computed by

T arrive,G2,sat
u,d (kd) =

N lane
u,d vfreeu,d

N lane
u,d vfreeu,d + αarrive,q

u,d (kd)l
veh

·






cd −

nG1,sat
u,d (kd)l

veh

N lane
u,d vfreeu,d

+

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2vfreeu,d a
acc
u,d

− τG2,sat
u,d (kd)






,

(58)

and τG2,sat
u,d (kd) computed similarly to τG2,usat

u,d (kd) by (21).
The number of vehicles in each group that show a specific behavior, and also the time

duration that each vehicle shows the behavior are given next. These values can be used
to compute the emissions in the saturated scenario using the equations introduced in
Section 3.2.

• For the free-flow behavior, we have

nfree,G1,sat
u,d (kd) = nG1,sat

u,d (kd),

nfree,G2,sat
u,d (kd) = nG2,sat

u,d (kd),

nfree,G3,sat
u,d (kd) = nG3,sat

u,d (kd),

(59)

and

T free,G1,sat
u,d (kd) =

(

nG1,sat
u,d (kd) + 0.5nG2,sat

u,d (kd)
)

lveh

vfreeu,d

−

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

,

T free,G2,sat
u,d (kd) = τG2,sat

u,d (kd)−
vidlingu,d − vfreeu,d

adecu,d

+ T free,G1,sat
u,d (kd),

T free,G3,sat
u,d (kd) = τG3,sat

u,d (kd)−
vmiddle,sat,1
u,d (kd)− vfreeu,d

adecu,d

,

(60)

with τG3,sat
u,d (kd) computed by7

τG3,sat
u,d (kd) =

Cu,d − nG1,usat
u,d (kd)− nG2,usat

u,d (kd)

N lane
u,d vfreeu,d

lveh −

(

vmiddle,sat,1
u,d (kd)− vfreeu,d

)2

2adecu,dv
free
u,d

.

(61)
7Note that the number of vehicles already in the queue in front of group 3 is nG1,usat

u,d (kd)+n
G2,usat

u,d (kd),

and the queue is already moving forward with v
middle,sat,1

u,d (kd).
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• For the idling behavior, we have

nidling,G1,sat
u,d (kd) = nG1,sat

u,d (kd),

nidling,G2,sat
u,d (kd) = nG2,sat

u,d (kd),

nidling,G3,sat
u,d (kd) = 0,

(62)

and

T idling,G1,sat
u,d (kd) = cd − gu,d(kd) +

0.5nG1,sat
u,d (kd)
µu,d

,

T idling,G2,sat
u,d (kd) = T idling,G1,sat

u,d (kd)− τG2,sat
u,d (kd),

T idling,G3,sat
u,d (kd) = 0.

(63)

• For the decelerating behavior, we have

ndec,G1,sat
u,d (kd) = 0,

ndec,G2,sat
u,d (kd) = nG2,sat

u,d (kd),

ndec,G3,sat
u,d (kd) = nG3,sat

u,d (kd),

(64)

and
T dec,G1,sat
u,d (kd) = 0,

T dec,G2,sat
u,d (kd) =

vidlingu,d − vfreeu,d

adecu,d

,

T dec,G3,sat
u,d (kd) =

vmiddle,sat,1
u,d (kd)− vfreeu,d

adecu,d

+
vidlingu,d − vmiddle,sat,2

u,d (kd)

adecu,d

.

(65)

• For the accelerating behavior, we have

nacc,G1,sat
u,d (kd) = nG1,sat

u,d (kd),

nacc,G2,sat
u,d (kd) = nG2,sat

u,d (kd),

nacc,G3,sat
u,d (kd) = nG3,sat

u,d (kd),

(66)

and

T acc,G1,sat
u,d (kd) =

vfreeu,d − vidlingu,d

aaccu,d
,

T acc,G2,sat
u,d (kd) =

vfreeu,d − vidlingu,d

aaccu,d
,

T acc,G3,sat
u,d (kd) =

vmiddle,sat,2
u,d (kd)− vmiddle,sat,1

u,d (kd)
aaccu,d

.

(67)

Now, we explain in more details how the equations presented above are obtained.
Since αarrive,q

u,d (kd) < µu,d, i.e., the arriving flow of the vehicles is less than the leaving
flow rates, the temporal distance between the arrival times of two successive vehicles in
group 2 should be less than the temporal distance between the leaving times. This implies
that for each vehicle in group 2 compared with its predecessor, the length of the idling
behavior will be reduced in the time-speed curve. Figure 4(a), illustrating the time-speed
curves of the first, last, and representative vehicle of group 2, is obtained based on this
fact. From this figure, the arrival time of the vehicles in group 2 (i.e., the time period
between the arrival instant of the first and the last vehicle) for the saturated scenario is

T arrive,G2,sat
u,d (kd) = cd − T total,G2,sat

last (kd). (68)
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(b) Traffic behaviors for the first, last, and representative vehicle in group 3

Figure 4: Traffic behavior of different groups for saturated urban traffic scenario, case 1

Moreover, for the last vehicle in group 2, from Lemma 3.1 for the accelerating and for the
free-flow behavior at the end, we can write

(

nG1,sat
u,d (kd) + nG2,sat

u,d (kd)
)

lveh

N lane
u,d

= vfreeu,d · T free,end+

aaccu,d

2

(

vfreeu,d − vidlingu,d

aaccu,d

)2

+ vidlingu,d

(

vfreeu,d − vidlingu,d

aaccu,d

)

,

(69)

from which T free,end is found. Moreover,

T total,G2,sat
last (kd) = τG2,sat

u,d (kd) +
vfreeu,d − vidlingu,d

aaccu,d

+ T free,end, (70)

and
nG2,sat
u,d (kd) = αarrive,q

u,d (kd)T
arrive,G2,sat
u,d (kd). (71)
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By substituting (70) into (68) and (71) into the expression for T free,end resulted by (69),
(58) is obtained.

Next, we explain how (53) and (54) are obtained. We consider the time-speed curves
of the first, the last, and the representative vehicle in group 3 (see Figure 4(b)). Since
vmiddle,sat,1
u,d (kd) corresponds to the average behavior of group 3, we consider it as the average

of vidlingu,d corresponding to the first vehicle and vmiddle,sat,2
u,d (kd) corresponding to the last

vehicle (see (53)). For vmiddle,sat,2
u,d (kd), we start by

nsat
u,d(kd) =

3
∑

i=1

nGi,sat
u,d (kd), (72)

where nsat
u,d(kd) is computed by the flow model. We can write

T arrive,G3,sat
u,d (kd) =

nG3,sat
u,d (kd)

αarrive,q
u,d (kd)

. (73)

Moreover, from Figure 4(b) we have

T arrive,G3,sat
u,d (kd) =

vmiddle,sat,2
u,d (kd)− vidlingu,d

aaccu,d

+
vidlingu,d − vmiddle,sat,2

u,d (kd)

adecu,d

=
(

vmiddle,sat,2
u,d (kd)− vidlingu,d

)

(

1

aaccu,d

−
1

adecu,d

)

.

(74)

Therefore, we obtain (54), i.e.,

vmiddle,sat,2
u,d (kd) = vidlingu,d +

nG3,sat
u,d (kd)

αarrive,q
u,d (kd)

(

aaccu,da
dec
u,d

adecu,d − aaccu,d

)

. (75)

However, there is no guarantee yet that vmiddle,sat,2
u,d (kd) given by (75) does never exceed

vfreeu,d . Defining nG2,sat
u,d (kd) by (56) provides us with this guarantee, since vmiddle,sat,2

u,d (kd) ≤

vfreeu,d implies that

(

vmiddle,sat,2
u,d (kd)− vidlingu,d

)

(

1

aaccu,d

−
1

adecu,d

)

≤
(

vfreeu,d − vidlingu,d

)

(

1

aaccu,d

−
1

adecu,d

)

, (76)

with the left-hand side of (76) equal to T arrive,G3,sat
u,d (kd) (see (74)). Hence, from (73) we

obtain

nG3,sat
u,d (kd) ≤ αarrive,q

u,d (kd)
(

vfreeu,d − vidlingu,d

)

(

1

aaccu,d

−
1

adecu,d

)

. (77)

Finally, from (72) and (77) we obtain (56). Moreover, (56) together with (72) results in
(77); (77) yields (76), which itself implies that vmiddle,sat,2

u,d (kd) ≤ vfreeu,d should hold.

5.2 Case 2: αarrive,q

u,d (kd) ≥ µu,d

For the second case of the saturated urban traffic scenario, i.e., for αarrive,q
u,d (kd) ≥ µu,d, the

vehicles observed during one cycle are divided into four groups:
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Figure 5: Traffic behaviors on link (u, d) within one cycle for the saturated urban traffic
scenario, case 2: αarrive,q

u,d (kd) ≥ µu,d

Group 1: composed of those vehicles that are already in the link standing in a queue at
the beginning of the cycle (see the blue curve in Figure 5 for the average behavior
of this group); the average behavior of this group is exactly similar to that of the
first group for case 1 of the saturated scenario (see Section 5.1).

Group 2: composed of those vehicles that arrive at the tail of the waiting queue during
the current cycle after they decelerate from vfreeu,d to vidlingu,d . They idle for a while
behind the initial queue, and then accelerate just after the queue in front of them
has been dissolved. They finally leave the link during the current cycle (see the red
curve in Figure 5 for the average behavior of this group). The observed behavior for
this group of vehicles is similar to the observed behavior for group 2 for case 1 of
the saturated scenario (see Section 5.1), except that for the same queue number and
green time values, the representative vehicle of group 2 shows an idling behavior for
a longer period compared with case 1 (compare Figures 3 and 5).

Group 3: composed of those vehicles that should decelerate after a while as they ap-
proach the idling queue in front of them consisting of the vehicles in group 1 and
group 2 (see the green curve in Figure 5 for the average behavior of this group).
They reach vidlingu,d , idle for a while, and then accelerate to reach vmiddle,sat,2

u,d (kd) when
they notice that there is not enough time to reach and pass the traffic light. Hence,
they decelerate to vidlingu,d . The value of vmiddle,sat,2

u,d is given by

vmiddle,sat,2
u,d (kd) = vidlingu,d +

aaccu,da
dec
u,d

adecu,d − aaccu,d

·

(

cd −
nG2,sat
u,d (kd) + nG3,sat

u,d (kd)

αarrive,q
u,d (kd)

−

Cu,d − nG1,sat
u,d (kd)− nG2,sat

u,d (kd)− nG3,sat
u,d (kd)

N lane
u,d vfreeu,d

lveh +

(

vfreeu,d − vidlingu,d

)2

2aaccu,dv
free
u,d

)

.

(78)

Group 4: composed of those vehicles that arrive at the tail of the queue consisting of the
vehicles in groups 1, 2, and 3, when the queue has already started to move forward
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(see the black curve in Figure 5 for the average behavior of vehicles in group 4).
Hence, as they approach the moving queue they decelerate to reach vmiddle,sat,1

u,d (kd)
given by

vmiddle,sat,1
u,d (kd) =

vidlingu,d + vmiddle,sat,2
u,d (kd)

2
. (79)

Then they accelerate with the queue until they reach vmiddle,sat,2
u,d (kd). At this mo-

ment, since the vehicles in group 3 in front of them start to decelerate, the vehicles
in group 4 will follow the same behavior and decelerate to vidlingu,d .

For the number of vehicles in each of the groups, we have

nG1,sat
u,d (kd) = qu,d(kd), (80)

nG2,sat
u,d (kd) = min

{

αarrive,q
u,d (kd) · T

arrive,G2,sat
u,d (kd), n

sat
u,d(kd)− nG1,sat

u,d (kd)
}

, (81)

nG3,sat
u,d (kd) = min

{

αarrive,q
u,d (kd) · T

arrive,G3,sat
u,d (kd),

(

vfreeu,d

)2
−
(

vidlingu,d

)2

lveh
N lane

u,d

(

1

aaccu,d

−
1

adecu,d

)

− nG1,sat
u,d (kd)− nG2,sat

u,d (kd)

}

,

(82)

nG4,sat
u,d (kd) = nsat

u,d(kd)−
3
∑

i=1

nGi,sat
u,d (kd), (83)

with T arrive,G2,sat
u,d (kd) and T arrive,G3,sat

u,d (kd) computed by

T arrive,G2,sat
u,d (kd) =

N lane
u,d vfreeu,d

2αarrive,q
u,d (kd)

µu,d

N lane
u,d vfreeu,d + αarrive,q

u,d (kd)l
veh

·






gu,d(kd)−

nG1,sat
u,d (kd)l

veh

N lane
u,d vfreeu,d

−

(

vfreeu,d − vidlingu,d

)2

2vfreeu,d a
acc
u,d






,

(84)

T arrive,G3,sat
u,d (kd) =

(

vmiddle,sat,2
u,d (kd)

)2

−
(

vidlingu,d

)2

αarrive,q
u,d (kd)l

veh
N lane

u,d

(

1

aaccu,d

−
1

adecu,d

)

− T arrive,G2,sat
u,d (kd)−

nG1,sat
u,d (kd)

αarrive,q
u,d (kd)

,

(85)

and τG2,sat
u,d (kd) by (21). Note that we should use the minimum function in (81) and (82)

to make sure that the number of vehicles is positive and also that vmiddle,sat,2
u,d (kd) does not

exceed vfreeu,d (for more details we refer the readers to the explanations given in Section 5.1
for case 1).

The number of vehicles in each group that show a specific behavior and the time
duration of each behavior for case 2 of the urban saturated scenario is given next:
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• For the free-flow behavior, we have

nfree,G1,sat
u,d (kd) = nG1,sat

u,d (kd),

nfree,G2,sat
u,d (kd) = nG2,sat

u,d (kd),

nfree,G3,sat
u,d (kd) = nG3,sat

u,d (kd),

nfree,G4,sat
u,d (kd) = nG4,sat

u,d (kd),

(86)

and

T free,G1,sat
u,d (kd) =

(

nG1,sat
u,d (kd) + 0.5nG2,sat

u,d (kd)
)

lveh

vfreeu,d

−

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

,

T free,G2,sat
u,d (kd) = τG2,sat

u,d (kd)−
vidlingu,d − vfreeu,d

adecu,d

+ T free,G1,sat
u,d (kd),

T free,G3,sat
u,d (kd) = τG3,sat

u,d (kd)−
vidlingu,d − vfreeu,d

adecu,d

,

T free,G4,sat
u,d (kd) = τG4,sat

u,d (kd)−
vmiddle,sat,1
u,d (kd)− vfreeu,d

adecu,d

,

(87)

with τG3,sat
u,d (kd) computed by(61).

• For the idling behavior, we have

nidling,G1,sat
u,d (kd) = nG1,sat

u,d (kd),

nidling,G2,sat
u,d (kd) = nG2,sat

u,d (kd),

nidling,G3,sat
u,d (kd) = nG3,sat

u,d (kd),

nidling,G4,sat
u,d (kd) = 0,

(88)

and

T idling,G1,sat
u,d (kd) = cd − gu,d(kd) +

0.5nG1,sat
u,d (kd)
µu,d

,

T idling,G2,sat
u,d (kd) = cd − gu,d(kd) +

nG1,sat
u,d (kd)
µu,d

− τG2,sat
u,d (kd)+

0.5nidling,G2,sat
u,d (kd)

(

1
µu,d

− 1
αarrive,q
u,d (kd)

)

,

T idling,G3,sat
u,d (kd) = 0.5

(

cd − gu,d(kd) +
nG1,sat
u,d (kd)
µu,d

− τG2,sat
u,d (kd)+

nidling,G2,sat
u,d (kd)

(

1
µu,d

− 1
αarrive,q
u,d (kd)

))

,

T idling,G4,sat
u,d (kd) = 0.

(89)

• For the decelerating behavior, we have

ndec,G1,sat
u,d (kd) = 0,

ndec,G2,sat
u,d (kd) = nG2,sat

u,d (kd),

ndec,G3,sat
u,d (kd) = nG3,sat

u,d (kd),

ndec,G4,sat
u,d (kd) = nG4,sat

u,d (kd),

(90)
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and

T dec,G1,sat
u,d (kd) = 0,

T dec,G2,sat
u,d (kd) =

vidlingu,d − vfreeu,d

adecu,d

,

T acc,G3,sat
u,d (kd) =

vidlingu,d (kd)− vfreeu,d (kd)

adecu,d

+
vidlingu,d (kd)− vmiddle,sat,2

u,d (kd)

adecu,d

,

T dec,G4,sat
u,d (kd) =

vmiddle,sat,1
u,d (kd)− vfreeu,d

adecu,d

+
vidlingu,d − vmiddle,sat,2

u,d (kd)

adecu,d

.

(91)

• For the accelerating behavior, we have

nacc,G1,sat
u,d (kd) = nG1,sat

u,d (kd),

nacc,G2,sat
u,d (kd) = nG2,sat

u,d (kd),

nacc,G3,sat
u,d (kd) = nG3,sat

u,d (kd),

nacc,G4,sat
u,d (kd) = nG4,sat

u,d (kd),

(92)

and

T acc,G1,sat
u,d (kd) =

vfreeu,d − vidlingu,d

aaccu,d
,

T acc,G2,sat
u,d (kd) =

vfreeu,d − vidlingu,d

aaccu,d
,

T acc,G3,sat
u,d (kd) =

vidlingu,d (kd)− vmiddle,sat,2
u,d (kd)

aaccu,d
,

T acc,G4,sat
u,d (kd) =

vmiddle,sat,2
u,d (kd)− vmiddle,sat,1

u,d (kd)
aaccu,d

.

(93)

Next we explain in more details how the equations given in this section are derived
considering the time-speed curves of each group of vehicles for case 2 of the saturated
scenario. Figure 6 illustrates the time-speed curves of the first, last, and representative
vehicle in groups 2, 3, and 4 for case 2 of the saturated urban traffic scenario (the time-
speed curves of the vehicles in group 1 are not shown, since they are the same as for
case 1). Since for case 2 we have αarrive,q

u,d (kd) ≥ µu,d, the temporal distance between the
starting point of the time-speed curves of every two successive vehicles in group 2 should
be greater than or equal to the temporal distance between the endpoints of the curves.
This implies that the idling time of a vehicle in group 2 compared with its predecessor
increases.

For the first vehicle in group 2 (see Figure 6(a)), the time-speed curve includes the
below-mentioned behaviors for the given time durations:

• free-flow (start) + decelerating:
τG2,sat
u,d (kd), (94)

where τG2,sat
u,d (kd) is computed by (21).

• idling (the idling time of the first vehicle in group 2 is in the limit equal to the idling
time of the last vehicle in group 1 minus τG2,sat

u,d (kd)):

cd − gu,d(kd) +
nG1,sat
u,d (kd)

µu,d

− τG2,sat
u,d (kd); (95)
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• accelerating:
vfreeu,d − vidlingu,d

aaccu,d

; (96)

• free-flow (end)8:

nG1,sat
u,d (kd)

N lane
u,d vfreeu,d

lveh −

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

. (97)

Similarly, for the last vehicle in group 2, we can see that the time duration of each behavior
is the same as for the first vehicle, except for the idling and for the free-flow behavior at
the end, where we have

• idling:

cd − gu,d(kd) +
nG1,sat
u,d (kd)

µu,d

− τG2,sat
u,d (kd) + nG2,sat

u,d (kd)

(

1

µu,d

−
1

αarrive,q
u,d (kd)

)

. (98)

Note that the last term in (98) shows that for case 2, the idling time of the vehicles
in group 2 increases gradually for each two successive vehicles. To obtain this term,
from the fact that the leaving flow rate of the vehicles in a saturated urban traffic
scenario is µu,d, we can write

αarrive,q
u,d (kd) =

nG2,sat
u,d (kd)

T arrive,G2,sat
u,d (kd)

, (99)

and

µu,d =
nG2,sat
u,d (kd)

T leave,G2,sat
u,d (kd)

. (100)

with T leave,G2,sat
u,d (kd) the time duration that vehicles in group 2 need to leave the link

(see Figure 6(a)). Moreover, the difference between T arrive,G2,sat
u,d (kd) and T leave,G2,sat

u,d (kd)
shows the excess time that the last vehicle in group 2 spends idling within the queue
w.r.t. the first vehicle. Therefore, the last term in (98) is obtained.

• free-flow (end):

(

nG1,sat
u,d (kd) + nG2,sat

u,d (kd)
)

N lane
u,d vfreeu,d

lveh −

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

. (101)

Now we can also find an expression for T arrive,G2,sat
u,d (kd), T

arrive,G3,sat
u,d (kd), and vmiddle,sat,2

u,d (kd).

From Figures 6(a) for T arrive,G2,sat
u,d (kd) we can write

T arrive,G2,sat
u,d (kd) = cd − T total,G2,sat

last (kd). (102)

8The number of vehicles in front of the first vehicle in group 1 is considered to be equal to n
G1,sat

u,d (kd).
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Hence,

T arrive,G2,sat
u,d (kd) =cd − τG2,sat

u,d (kd)− cd + gu,d(kd)−

nG2,sat
u,d (kd)

µu,d

+ τG2,sat
u,d (kd)− nG2,sat

u,d (kd)

(

1

µu,d

−
1

αarrive,q
u,d (kd)

)

−

vfreeu,d − vidlingu,d

aaccu,d

−

(

nG1,sat
u,d (kd) + nG2,sat

u,d (kd)
)

N lane
u,d vfreeu,d

lveh +

(

vfreeu,d

)2
−
(

vidlingu,d

)2

2aaccu,dv
free
u,d

,

(103)
with

nG2,sat
u,d (kd) = αarrive,q

u,d (kd) · T
arrive,G2,sat
u,d (kd). (104)

From (102), (103), and (104), (84) is found.
From Figures 6(a), 6(b), and 6(c), we have

T arrive,G2,sat
u,d (kd) + T arrive,G3,sat

u,d (kd) + T first,G4,sat
u,d (kd) = cd. (105)

Moreover, the first vehicle of group 4 should travel a distance of
Cu,d · l

veh

N lane
u,d

in total during

the current cycle. Hence, from Lemma 3.1 we can write

(

nG1,sat
u,d (kd) + nG2,sat

u,d (kd) + nG3,sat
u,d (kd)

) lveh

N lane
u,d

=

1

2
aaccu,d

(

vmiddle,sat,2
u,d (kd)− vidlingu,d

aaccu,d

)2

+ vidlingu,d

(

vmiddle,sat,2
u,d (kd)− vidlingu,d

aaccu,d

)

+

1

2
adecu,d

(

vidlingu,d − vmiddle,sat,2
u,d (kd)

adecu,d

)2

+ vmiddle,sat,2
u,d (kd)

(

vidlingu,d − vmiddle,sat,2
u,d (kd)

adecu,d

)

.

(106)
Substituting nG2,sat

u,d (kd) by (104) and nG3,sat
u,d (kd) by

nG3,sat
u,d (kd) = αarrive,q

u,d (kd) · T
arrive,G3,sat
u,d (kd), (107)

we obtain (85).
Since for the first vehicle in group 4, we have

T first,G4,sat
u,d (kd) = τG4,sat

u,d (kd) +
(

vmiddle,sat,2
u,d (kd)− vidlingu,d

)

(

1

aaccu,d

−
1

adecu,d

)

, (108)

with τG4,sat
u,d (kd) found similar to τG2,sat

u,d (kd) by

τG4,sat
u,d (kd) =

(

Cu,d − nG1,sat
u,d (kd)− nG2,sat

u,d (kd)− nG3,sat
u,d (kd)

)

lveh

N lane
u,d vfreeu,d

−

(

vidlingu,d − vfreeu,d

)2

2adecu,dv
free
u,d

,

(109)

from (105)-(109), (78) is obtained.
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Figure 7: Traffic behaviors on link (u, d) within one cycle for the over-saturated urban
traffic scenario

6 Flow-emission model for over-saturated scenario

For the over-saturated urban traffic scenario, not all the vehicles that are initially in the
queue can leave the link within one cycle. Mathematically,

∑

o∈Ou,d

βu,d,o · µu,d · gu,d,o(kd) < qu,d(kd). (110)

Therefore, for this scenario we divide the vehicles that are observed in a link in the
following three groups:

Group 1: composed of those vehicles in the queue that can leave the link during the
current cycle (see the blue curve in Figure 7 for the average behavior of this group).

Group 2: composed of those vehicles in the queue that do not have enough time during
the current cycle to pass through the traffic light (see the dark blue curve in Figure 7
for the average behavior of this group). These vehicles first accelerate as soon as
the last vehicle in the queue in front of them composed of group 1 starts to move
forward. However, since there is not enough time left for them to leave the link,
after they reach vmiddle,osat

u,d (kd) they decelerate to vidlingu,d and stop in front of the red
light for at least another cycle time. We set

vmiddle,osat
u,d (kd) = vidlingu,d + T leave,osat,G1

u,d (kd)
adecu,d − aaccu,d

2adecu,da
acc
u,d

, (111)

with

T leave,osat,G1

u,d (kd) =
µu,dl

vehgu,d(kd)

2vfreeu,d + µu,dl
veh

+

(

vfreeu,d − vidlingu,d

)2

aaccu,d

(

2vfreeu,d + µu,dlveh
) . (112)

Group 3: composed of the vehicles that arrive at the tail of the queue during the current
cycle. These vehicles first decelerate and then idle for the rest of the cycle (see the
red curve in Figure 7 for the average behavior of this group).
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The leaving flow rate of the vehicles for the over-saturated scenario is the saturated
leaving flow rate, µu,d. Hence, for the number of vehicles in each of these three groups,
we can write

nG1,osat
u,d (kd) = µu,d

(

gu,d(kd)− T leave,osat,G1

u,d (kd)
)

, (113)

nG2,osat
u,d (kd) = qu,d(kd)− nG1,osat

u,d (kd), (114)

nG3,osat
u,d (kd) = nosat

u,d (kd)−
2
∑

i=1

nGi,osat
u,d (kd). (115)

Next, we find the number of vehicles in each group that show a specific behavior, and also
the time duration that each vehicle shows the behavior.

• For the free-flow behavior, we have

nfree,G1,osat
u,d (kd) = nG1,osat

u,d (kd),

nfree,G2,osat
u,d (kd) = 0,

nfree,G3,osat
u,d (kd) = nG3,osat

u,d (kd),

(116)

and similarly to the under-saturated scenario,

T free,G1,osat
u,d (kd) =

µu,dl
vehgu,d(kd)

2vfreeu,d + µu,dl
veh −

(

vfreeu,d − vidlingu,d

)(

µu,dl
veh + vfreeu,d + vidlingu,d

)

aacc
u,d(2vfreeu,d

+µu,dl
veh)

,

T free,G2,osat
u,d (kd) = 0,

T free,G3,osat
u,d (kd) = τG3,osat

u,d (kd)−
vidlingu,d − vfreeu,d

adecu,d

,

(117)
with

τG3,osat
u,d (kd) =

(

Cu,d − nG1,osat
u,d (kd)− nG2,osat

u,d (kd)
)

lveh

N lane
u,d vfreeu,d

. (118)

• For the idling behavior, we have

nidling,G1,osat
u,d (kd) = nG1,osat

u,d (kd),

nidling,G2,osat
u,d (kd) = nG2,osat

u,d (kd),

nidling,G3,osat
u,d (kd) = nG3,osat

u,d (kd),

(119)

and

T idling,G1,osat
u,d (kd) = cd − gu,d(kd) +

nG1,osat
u,d (kd)
2µu,d

,

T idling,G2,osat
u,d (kd) = cd −

vfreeu,d − vidlingu,d

aaccu,d
,

T idling,G3,osat
u,d (kd) =

cd − τG3,osat
u,d (kd)
2 .

(120)

• For the decelerating behavior, we have

ndec,G1,osat
u,d (kd) = 0,

ndec,G2,osat
u,d (kd) = nG2,osat

u,d (kd),

ndec,G3,osat
u,d (kd) = nG3,osat

u,d (kd),

(121)
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and
T dec,G1,osat
u,d (kd) = 0,

T dec,G2,osat
u,d (kd) =

vidlingu,d − vmiddle,osat
u,d (kd)

adecu,d

,

T dec,G3,osat
u,d (kd) =

vidlingu,d − vfreeu,d

adecu,d

.

(122)

• For the accelerating behavior, we have

nacc,G1,osat
u,d (kd) = nG2,osat

u,d (kd),

nacc,G2,osat
u,d (kd) = nG3,osat

u,d (kd),

nacc,G3,osat
u,d (kd) = 0,

(123)

and

T acc,G1,osat
u,d (kd) =

vfreeu,d − vidlingu,d

aaccu,d
,

T acc,G2,osat
u,d (kd) =

vmiddle,osat
u,d (kd)− vidlingu,d

aaccu,d
,

T acc,G3,osat
u,d (kd) = 0.

(124)

Now we explain in more detail how the main equations given in this section are ob-
tained. Figure 8 illustrates the time-speed curves of the first, last, and representative
vehicle of groups 2 and 3 for the over-saturated urban scenario. The dashed line on the
left-hand side in Figure 8(a) shows the time-speed curve of the first vehicle in group 1,
and the dashed line on the right-hand side in this figure shows the time-speed curve of
the last vehicle in group 1 that can still accelerate and leave the link. However, the next
vehicle in the queue (i.e., the first vehicle in group 2) is the first vehicle in the queue that
should necessarily decelerate after its speed reaches vmiddle,first

u,d (kd), so that it can stop in
front of the red light at the end of the cycle.

Next, we compute T leave,osat,G1

u,d (kd) (i.e., the time duration that each vehicle in group 1

needs after idling to leave the link), T free,G1

u,d (kd) (i.e., the time duration of the free-flow

behavior for each vehicle in group 1), vmiddle,first
u,d (kd) corresponding to the first vehicle of

group 2, and vmiddle,osat
u,d (kd) corresponding to the representative vehicle of group 2. For

the sake of simplicity, we assume that the traveled distance to the end of the link for all
vehicles in group 1 is the same and is equal to 0.5nG1,osat

u,d (kd)l
veh (i.e., we assume to have

a vertical queue composed of vehicles in group 1).
For the last vehicle in group 1 that will show an accelerating and (possibly a free-flow

behavior at the end), using Lemma 3.1 we obtain

nG1,osat
u,d (kd)l

veh

2
=

1

2
aaccu,d

(

vfreeu,d − vidlingu,d

aaccu,d

)2

+ vidlingu,d

(

vfreeu,d − vidlingu,d

aaccu,d

)

+ vfreeu,d · T free,G1

u,d (kd).

(125)
Moreover, since the leaving flow rate of group 1 in the over-saturated scenario is µu,d, we
can write

nG1,osat
u,d (kd) = µu,d

(

gu,d(kd)− T leave,G1,osat
u,d (kd)

)

, (126)

32



vfreeu,d

vidlingu,d

vmiddle,osat
u,d (kd)

T leave,G1,osat
u,d (kd)

T free,G1

u,d (kd)

fi
rs
t
ve
h
ic
le

last vehicle re
p
re
se
nt
at
iv
e

ve
h
ic
le

speed

time

Red+Yellow Green

gu,d(kd)

(a) Traffic behaviors for the first, last, and representative vehicle in group 2

vfreeu,d

vidlingu,d

fi
rst

v
eh

icle

la
st

v
eh

icle

rep
resen

ta
tiv

e
v
eh

icle
speed

time

τ
G3,osat

u,d (kd)

cd

(b) Traffic behaviors for the first, last, and representative vehicle in group 3

Figure 8: Traffic behavior of different groups for over-saturated urban traffic scenario

where gu,d(kd) − T leave,G1,osat
u,d (kd) denotes the temporal distance between the two dashed

curves in Figure 8(a). Additionally, from this figure we have

T leave,G1,osat
u,d (kd) =

vfreeu,d − vidlingu,d

aaccu,d

+ T free,G1

u,d (kd), (127)

where from (125), (126), and (127) we obtain

T leave,G1,osat
u,d (kd) =

µu,dl
vehgu,d(kd)

2vfreeu,d + µu,dl
veh

+

(

vfreeu,d − vidlingu,d

)2

aaccu,d

(

2vfreeu,d + µu,dlveh
) , (128)

and

T free,G1

u,d (kd) =
µu,dl

vehgu,d(kd)

2vfreeu,d + µu,dl
veh

−

(

vfreeu,d − vidlingu,d

)(

µu,dl
veh + vfreeu,d + vidlingu,d

)

aaccu,d

(

2vfreeu,d + µu,dlveh
) . (129)
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For vmiddle,osat
u,d (kd), from the time-speed curve of the first vehicle (see Figure 8(a)), we

can write

T leave,G1,osat
u,d (kd) =

vmiddle,first
u,d (kd)− vidlingu,d

aaccu,d

+
vidlingu,d − vmiddle,first

u,d (kd)

adecu,d

, (130)

which gives

vmiddle,first
u,d (kd) = vidlingu,d + T leave,G1,osat

u,d (kd)
adecu,d − aaccu,d

adecu,da
acc
u,d

, (131)

and since vmiddle,osat
u,d (kd) is the mean value of vmiddle,first

u,d (kd) and vidlingu,d , we obtain

vmiddle,osat
u,d (kd) = vidlingu,d + T leave,G1,osat

u,d (kd)
adecu,d − aaccu,d

2adecu,da
acc
u,d

. (132)

Figure 8(b) shows the time-speed curves of the first, last, and representative vehicle of
group 3 in the over-saturated scenario. From this figure the free-flow, decelerating, and
idling time durations of the representative vehicle are obtained as follows:

• free-flow:

τG3,osat
u,d (kd)−

vidlingu,d − vfreeu,d

adecu,d

; (133)

• decelerating:
vidlingu,d − vfreeu,d

adecu,d

; (134)

• idling:

τG3,osat
u,d (kd)−

cd − τG3,osat
u,d (kd)

2
, (135)

where τG3,osat
u,d (kd) is given by (118).

7 Test example

In this section, we present some results of a simulation-based case study to evaluate the
performance of the proposed mesoscopic integrated flow-emission model. As an evalua-
tion platform, we use the traffic microsimulator SUMO (Simulation of Urban MObility)
(Krajzewicz et al., 2002, 2012), which is an open-source microscopic traffic flow simulator
(continuous-space and discrete-time) developed by the Institute for Transportation Re-
search, German Aerospace Centre (Deutsches Zentrum für Luft- und Raumfahrt, DLR).
Since its initial release in 2002, SUMO has evolved into a reliable and versatile plat-
form that provides full-featured simulation and analysis tools for traffic networks (see
(Krajzewicz et al., 2012) for more details). Moreover, a remote traffic control interface,
called “TraCI” (Wegener et al., 2008), is available, which provides an interface between
SUMO and different programming languages including MATLAB for various online run-
ning, analysis and control scenarios.

The focus of this paper and the presented case study in this section is on the interface
of the macroscopic flow models and microscopic emission models. For this test example,
in order to assess the accuracy of the interface, we use SUMO and VT-micro to generate
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Figure 9: Urban traffic network used for the test example.

both the microscopic and the mesoscopic data. More specifically, for evaluation of the
mesoscopic integrated flow-emission model developed via the integrating and interfacing
approach proposed in this paper, the urban traffic network represented in Figure 9, which
includes 11 single-lane links of length 500 m, four entrances, three exits, and three traffic
lights is considered. The entering flows to the network are denoted by αenter

i , i = 1, 2, 3, 4,
and the turning rates (i.e., the percentage of vehicles on a link that intend to turn to a
specific downstream link) β1, β2, β3, and β4 are assumed to be 0.4, 0.6, 0.4, and 0.6. Note
that β1 and β2 are the turning rates for the vehicles on link 3 to, respectively, link 4 and
link 5, and that β3 and β4 are the turning rates for the vehicles on link 9 to, respectively,
link 6 and link 8 (see Figure 9).

The traffic network shown in Figure 9 was modeled in SUMO, where the measurements
obtained from SUMO were coupled with the microscopic emission model, VT-micro ex-
plained in Section 2. VT-micro is selected here because it can provide the instantaneous
emissions of CO, HC, and NOx based on both the speed and the acceleration of individ-
ual vehicles in the traffic network. Before we start to implement the proposed model, we
should identify the parameters of the model by solving an offline identification optimiza-
tion problem. For identifying the parameters and for computation of the emissions by the
proposed mesoscopic integrated flow-emission model, VT-micro was used to compute (6).
An extensive data set was collected by running various traffic scenarios in SUMO. The de-
mand profiles, the cycle time and the green times of the traffic lights, and the turning rates
of the links are the inputs. The data that should be collected includes the total number of
vehicles on each link within the network and the number of vehicles waiting in the queue
on each link. The total emissions of CO, HC, and NOx computed by VT-micro based on
the flow data captured by SUMO are the outputs. Moreover, the set of parameters that
should be identified include the traffic parameters, in particular, the free-flow and the
idling speed, the acceleration and deceleration, the link capacities, the saturated leaving
flow rates (i.e., the maximum possible discharge rates) of the links, and the average vehicle
length in the network. Then an optimization problem was formulated that minimizes the
relative error of the produced emissions via the proposed model w.r.t. the computed emis-
sions by SUMO and VT-micro, with the parameter vector considered as the optimization
variable. We used the “lsqnonlin” solver with the “trust-region-reflective” algorithm in
MATLAB to find the parameters. The parameter values found via model identification
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Table 1: Identified traffic parameters for the emissions of CO using SUMO.

vfree [m/s] vidling [m/s] aacc [m/s2] adec [m/s2] C [veh] µ [veh/s] lveh [m]
11.8 0.1 1.60 -1.80 14.3 0.9 5.4

Table 2: Identified traffic parameters for the emissions of HC using SUMO.

vfree [m/s] vidling [m/s] aacc [m/s2] adec [m/s2] C [veh] µ [veh/s] lveh [m]
16.9 0.1 1.99 -1.25 71.6 4.9 3.5

Table 3: Identified traffic parameters for the emissions of NOx using SUMO.

vfree [m/s] vidling [m/s] aacc [m/s2] adec [m/s2] C [veh] µ [veh/s] lveh [m]
13.8 0.1 1.36 -1.05 62.7 3.8 5.7

for the emissions of CO, HC, and NOx are given 9 in Tables 1, 2, and 3.
Remark. Note that the identified values of the traffic parameters may differ from their

real physical values as a result of the assumptions and simplifications made for developing
the mathematical model. In particular, in addition to the dynamic variables such as the
speeds and the acceleration and deceleration, we should also identify other parameters
such as the link capacities to minimize the mismatch between the two mesoscopic and
microscopic models.

To evaluate the performance of the proposed model, new traffic scenarios that are
different from those used for model identification were simulated in SUMO. The total
number of vehicles in each link and the number of vehicles standing in the queue in each
link were extracted from SUMO. Then for each link, the average value of the total number
of vehicles and the average value of the queue length were computed per model time step
(i.e., per cycle time of the traffic lights, which is 60 s in our simulations).

Figures 10(a) and 10(b) show the demand profiles (i.e., αenter
i , i = 1, 2, 3, 4) for two

different traffic scenarios, where the first scenario corresponds to a lower demand and the
second scenario corresponds to a higher demand. Note that for this scenario the green
times of the three traffic lights shown in Figure 9 are assumed to be 30 s. For these two
cases, we could model the three cases (under-saturated, saturated, and over-saturated) in
the entering and middle links of the network shown in Figure 9. The instantaneous speed
and the instantaneous acceleration profiles of the individual vehicles within the network
were extracted from SUMO for the two given cases, and the emissions of CO, HC, and NOx

produced by each vehicle were computed using VT-micro. Summing up these individual
values, the total emissions of CO, HC, and NOx by the vehicles for the entire simulated
period were obtained. These results were used as a reference point for evaluation of the
emission values computed via the proposed mesoscopic flow-emission model using the
parameter values given in Tables 1, 2, and 3 for, respectively, the emissions of CO, the
emissions of HC, and the emissions of NOx, and for the same input vector (including the
demand at the entrances, the green time of the traffic lights, the total number of vehicles
on each link, etc.).

Figures 11(a), 12(a), and 13(a) show the relative error in percentage of the instanta-
neous emissions of CO, HC, and NOx as a function of the time step for case 1 for the
entire network computed by the proposed integrated flow-emission model w.r.t. the in-

9To identify the parameters of the model for the case study, we have considered the same acceleration
and deceleration rates for the under-saturated, saturated, and over-saturated traffic scenarios (in order to
reduce the number of parameters that should be determined via the identification optimization problem).
However, since this optimization problem is solved offline, one can consider different acceleration and
deceleration rates that may possibly result in more accurate results.
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(a) Demand profiles (case 1) for a 1-hour simulation (the green times are 30 s).
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(b) Demand profiles (case 2) for a 1-hour simulation (the green times are 30 s).

Figure 10: Demand profiles for the case study (case 1: low demand, case 2: high demand).
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(a) Relative errors (%) of the instantaneous CO emissions computed for
demand profiles of case 1 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.
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(b) Relative errors (%) of the accumulative CO emissions computed for
demand profiles of case 1 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.

Figure 11: Results for CO emissions for case 1.
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(a) Relative errors (%) of the instantaneous HC emissions computed for
demand profiles of case 1 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.
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(b) Relative errors (%) of the accumulative HC emissions computed for
demand profiles of case 1 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.

Figure 12: Results for HC emissions for case 1.
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(a) Relative errors (%) of the instantaneous NOx emissions computed for
demand profiles of case 1 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.
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(b) Relative errors (%) of the accumulative NOx emissions computed for
demand profiles of case 1 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.

Figure 13: Results for NOx emissions for case 1.
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(a) Relative errors (%) of the instantaneous CO emissions computed for
demand profiles of case 2 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.
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(b) Relative errors (%) of the accumulative CO emissions computed for
demand profiles of case 2 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.

Figure 14: Results for CO emissions for case 2.
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(a) Relative errors (%) of the instantaneous HC emissions computed for
demand profiles of case 2 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.
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(b) Relative errors (%) of the accumulative HC emissions computed for
demand profiles of case 2 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.

Figure 15: Results for HC emissions for case 2.
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(a) Relative errors (%) of the instantaneous NOx emissions computed for
demand profiles of case 2 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.
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(b) Relative errors (%) of the accumulative NOx emissions computed for
demand profiles of case 2 using the integrating and interfacing approach
proposed in this paper and by the combined SUMO and VT-micro model.

Figure 16: Results for NOx emissions for case 2.
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stantaneous emissions captured from SUMO combined with VT-micro versus time for one
hour of simulation. This relative error for the pollutant θ ∈ {CO,HC,NOx} is defined by

erelθ =

∣

∣TEmodel
θ − TEmicrosimulator

θ

∣

∣

TEmicrosimulator
θ

. (136)

Table 4 summarizes the results of the simulations for the instantaneous emissions. From
this table, the relative error of the instantaneous emissions of CO has a mean value of
0.152 %, a standard deviation of 0.149, and a maximum of 0.593 %. The mean value, the
standard deviation, and the maximum value of the instantaneous emissions of HC are,
respectively, 0.226 %, 0.189, and 0.884 %. For the instantaneous emissions of NOx, the
mean value of the relative error is 0.226 %, the standard deviation of the relative error is
0.223, and its maximum value is 1.13 %.

Figures 11(b), 12(b), and 13(b) show the relative error in percentage of the accumula-
tive total emissions of CO, HC, and NOx (which is the sum of the instantaneous emissions
from the first time step till the current time step) for case 1 w.r.t. the emissions computed
via SUMO and VT-micro. From these figures, Table 5 was extracted, which shows that
the relative error of the accumulative emissions of CO during a 1-hour simulation does
not exceed 2 %, where this relative error has a mean value and a standard deviation of,
respectively, 0.483 % and 0.368. For the accumulative total emissions of HC, the mean
value and the standard deviation of the relative error are, respectively, 0.848 % and 0.617,
while the relative error is always less than 2.5 %. Finally, from Figure 13(b), for the ac-
cumulative total emissions of NOx, the mean value is 0.887 %, the standard deviation
is 0.617, and the relative error does not go higher than 2.5 %. These results prove the
excellent accuracy provided by the mesoscopic integrated flow-emission model, which is
based on the integrating and interfacing approach proposed in this paper.

Moreover, the results corresponding to case 2 are shown in Figures 14(a), 15(a), and
16(a), which illustrate the relative error in percentage of the instantaneous emissions of
CO, HC, and NOx as a function of the time step, and also in Figures 14(b), 15(b), and
16(b), which show the relative error in percentage of the accumulative total emissions of
CO, HC, and NOx. These results are summarized in Tables 6 and 7, where we can see
that the relative error of the instantaneous emissions of CO, HC, and NOx is less than,
respectively, 3.233 %, 5.310 %, and 2.778 %. Additionally, the standard deviations of
the relative errors are always less than 1.6. For the relative error of the accumulative
emissions of CO, HC, and NOx, the relative error does not exceed 2.3 %, the mean value
of the relative error is less than 1.4 %, and the standard deviation is below 0.32.

8 Conclusions and future work

In this paper, we have proposed a general framework to integrate and interface traffic
flow and emission models. Using the proposed approach, a mesoscopic integrated flow-
emission traffic model is generated, which considers an aggregated behavior for groups
of vehicles instead of considering the behavior of individual vehicles, and that provides
a high accuracy and a low computation time. The proposed approach can integrate any
traffic flow model that updates the total number of vehicles in the links and the number
of vehicles in the queues on the links at every model time step, and any microscopic
emission model that takes into account the individual speed and acceleration of vehicles
in the network.

The resulting mesoscopic integrated flow-emission models are, on the one hand, fast
enough for real-time computations due to their mesoscopic nature. On the other hand, the
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Table 4: Mean and standard deviation of the relative error of the instantaneous emissions
for case 1 (low demand).

mean of the standard deviation of maximum of the
relative error (%) the relative error relative error (%)

TECO 0.152 0.149 0.593
TEHC 0.226 0.189 0.884
TENOx 0.226 0.223 1.130

Table 5: Mean and standard deviation of the relative error of the accumulative emissions
for case 1 (low demand).

mean of the standard deviation of maximum of the
relative error (%) the relative error relative error (%)

TECO 0.483 0.368 1.776
TEHC 0.848 0.617 2.260
TENOx 0.887 0.525 2.226

Table 6: Mean and standard deviation of the relative error of the instantaneous emissions
for case 2 (high demand).

mean of the standard deviation of maximum of the
relative error (%) the relative error relative error (%)

TECO 1.303 0.772 3.233
TEHC 2.036 1.542 5.310
TENOx 1.255 0.746 2.778

Table 7: Mean and standard deviation of the relative error of the accumulative emissions
for case 2 (high demand).

mean of the standard deviation of maximum of the
relative error (%) the relative error relative error (%)

TECO 1.377 0.154 2.273
TEHC 0.810 0.313 1.322
TENOx 0.566 0.209 1.481

resulting models provide a high level of accuracy for computation of the total emissions
and the total fuel consumption of the vehicles compared with microscopic traffic models,
based on the results of a case study presented in this paper. The results of the case study
show that the relative error (in percentage) of the instantaneous total emissions of the
vehicles computed by the mesoscopic integrated flow-emission model generated via the
proposed approach w.r.t. the instantaneous total emissions found via the microsimulation
traffic software SUMO and the microscopic emission model VT-micro does not exceed
5.3 % for CO, HC, and NOx. Moreover, the mean value and the standard deviation of the
relative error are, respectively, less than 2 % and 1.6 for CO, HC, and NOx. Moreover, the
relative error (%) of the accumulative total emissions of the vehicles for the mesoscopic
integrated flow-emission model w.r.t. SUMO and VT-micro does not exceed 2.3 % for CO,
HC, and NOx. The mean value of the relative error is less than 1.4 %, and the standard
deviation is less than 0.7.
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As a topic for future work, due to the resulting low computation time and high ac-
curacy, the proposed integrating and interfacing approach can be used to generate meso-
scopic integrated flow-emission models appropriate for (real-time) model-based traffic ap-
plications. An important potential application for the resulting mesoscopic model is to
use it as the internal prediction model of a model-predictive controller that may have dif-
ferent control purposes, such as reduction of the traffic congestion and emissions via traffic
signal control, route guidance, etc. More extensive assessment of the proposed integrat-
ing and interfacing approach can be done for further set-ups, scenarios, and traffic signal
control strategies. An extensive and in-depth sensitivity analysis of the results produced
by the model w.r.t. the parameters used in the model is another topic for future work.
Moreover, we will also consider combinations of other macroscopic traffic flow models and
microscopic emission models. In addition to that, further investigation and research on
different levels of aggregation for urban traffic flow models and traffic emission models is
of interest.
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