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Analytic expressions in stochastic max-plus-linear
algebra and their application in model predictive
control

Ton J.J. van den Boom and Bart De Schutter Fellow, IEEE

Abstract—The class of max-plus-linear systems can model
discrete event systems with synchronization but no choice. Model
mismatch and/or disturbances can be characterized as stochastic
uncertainties. In stochastic max-plus-linear systems one often
needs to compute the expectation of a max-plus-scaling function
or the chance constraint of a max-plus-scaling function. The
algorithms available in literature are either computationally too
expensive or only give an approximation. In this paper we derive
an analytic expression for both the expectation and the chance
constraint of a max-plus-scaling function. Both can be written in
the form of a piece-wise polynomial function in the components of
the control variables. The analytic function can be derived offline
and can be evaluated online in a quick and efficient way. We
also show how the expressions can be used in a model predictive
control setting and show the efficiency of the proposed approach
with a worked example.

Index Terms—max-plus-linear systems, stochastic systems,
nonlinear predictive control, discrete-event systems

I. INTRODUCTION

Discrete-event models such as queuing systems, (extended)
state machines, formal language models, automata, temporal
logic models, generalized semi-Markov processes, Petri nets,
etc. are in general nonlinear in conventional algebra. However,
there exists an important class of discrete-event systems,
namely the max-plus-linear systems, for which the model is
linear in the max-plus algebra. The class of max-plus-linear
systems consists of discrete-event systems with synchroniza-
tion but no choice [2]. In stochastic discrete-event systems,
processing times and/or transportation times are stochastic
quantities, since in practice stochastic fluctuations in their
values can be caused, e.g. by machine failure or depreciation
[16]. To model this stochasticity in discrete-event systems
we will often use stochastic max-plus-linear expressions or
stochastic max-plus-scaling functions [2], [3], [11], [14], [16],
[17], [18].

To control stochastic max-plus-linear systems, one efficient
control approach is model predictive control (MPC) [13], [15],
[10], [22]. Note that, due to the fact that the uncertainty enters
the equations of the stochastic max-plus-linear expressions
in a multiplicative way [20], it is not straightforward to use
control techniques (e.g. residuation) other than MPC, and to
the authors’ best knowledge there is no literature on this
specific topic.

MPC is an online model-based approach, in which at each
event step an optimal control sequence is computed. This
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optimization is done over a finite sequence of events, and for
each event step, only the first sample of the optimal control
sequence will be applied to the system. For the next step, the
horizon will be shifted forward and a new optimal control
sequence will be computed.

In stochastic MPC an optimization problem has to be solved
at each event step. In stochastic systems, the objective function
defined in the MPC optimization problem usually consists of
an expected value of a stochastic max-plus-scaling function
[20], and is minimized subject to chance constraints. In
general, the expected value is computed using either numerical
integration or some available analytic approaches, which are
all very time-consuming. Hence, solving this optimization
problem creates a considerable computational complexity due
to the presence of the expected value.

In literature two approaches have been proposed to reduce
the computational burden of computing the expectation or the
chance constraint of a max-plus-scaling function. The first ap-
proach [21] considers a method based on variability expansion.
In particular, it has been shown that the computational load is
reduced if one decreases the level of ‘randomness’ in the sys-
tem. Three other methods use approximation of the expectation
and/or the chance constraints. In [9] the approximation of the
expectation is based on the raw moments of a random variable.
This results in a much lower computational complexity and a
much lower computation time while still guaranteeing a good
performance. In [18] the chance constraints are approximated
and substituted with a finite number of pointwise constraints at
independently generated scenarios of the uncertainties. In [23]
multivariate chance constraints are converted into univariate
chance constraints using Boole’s inequality or into linear
constraints on the inputs using Chebyshev’s inequality. The
chance constraints can then be computed efficiently.

The main contribution of this paper is that we derive analytic
expressions for the exact computation of the expectation and
chance constraint of a stochastic max-plus-scaling function.
We do this in a two-step algorithm: an offline computation of
the analytic expressions and an online use of these expressions
in e.g. MPC. The offline part only has to be done once. When
the analytic expressions have been derived, they can easily be
used in the computation of the MPC control law by means of
a fast evaluation of a piecewise polynomial function for every
event step. In this paper we have scaled up the algorithm from
small size problems in [20] to medium size problems.

This paper is organized as follows: Section II presents some
existing results on stochastic max-plus-scaling functions. In



Section III and IV we derive an analytic solutions to compute
the expected value and the chance constraint of max-plus-
scaling functions in the presence of a uniform distribution.
Section VI shows how the derived analytic expressions can be
used in model predictive control of max-plus-linear systems,
finishing with a small case study.

II. STOCHASTIC MAX-PLUS-SCALING FUNCTIONS

In this section we will give some background, define the
problem, and present a basic lemma on level sets.

A. Max-plus-linear systems and max-plus-scaling functions

First we give the basic definitions of the max-plus algebra
(2], [7].
Define ¢ = —oo and R, = R U {e}. The max-plus-algebraic
addition () and multiplication (®) are defined as x By =
max(z,y) and x ® y = x +y for any x,y € R., and

[A® Blij = a;; ® b; j = max(a;,j, b; ;)
n

for matrices A, B € R**™ and C' € R}*P.

Let w be in a bounded polyhedral set W = {w €
RP|C,w < d,,}. and let e be a uniformly distributed stochastic
variable with probability density function

ple) = {?)n

The domain £ for e is n-dimensional unit hypercube. Let o €
R™ A e R™*P T' ¢ R™"*" we W, e € £C R" Define
the Max-Plus-Scaling (MPS) function f : R? x R™ — R as
follows:

for |e;| <1, foralli=1,...,n

elsewhere

f(w,e) =max(a; + Ajw+Te) (2)
J

where A; and I'; stand for the jth row of A and I, respectively.
In [20] we introduced the following stochastic max-plus-
linear model:

2(k) = Ak) ® 2(k—1) @ B(k) ® u(k),
y(k) = C(k) ® z(k)

where the system matrices A(k) € RI=*"= B(k) € Rl=*"u,
and C(k) € RZ¥™" model the uncertainty (e.g. modeling
errors or disturbances) in the system. All entries of the system
matrices are assumed to be max-plus-scaling functions of an
uncertainty vector e(k), which gathers all uncertainties. The
vector e(k) is a stochastic variable.

Two stochastic quantities are important, namely the expec-
tation of f(w,e):

3

E[f(w,e)] = E[mjax(ozj +Ajw+T;e) 4)

where E[-] denotes the expectation, and the chance constraint
that f(w,e) is less than B, so

Plf(w,e) < B] = Pmax(a; + Ajw +Tje) < Bl (5)

where P[] denotes the probability and B € R is a constant.

In this paper we aim to

1) Find an analytic expression for the expectation
E[f(w,e)].

2) Find an analytic expression for the chance constraint
Plf(w,e) < B].

3) Use the derived expressions for the expectation and the
chance constraint in model predictive control (MPC) for
stochastic max-plus-linear systems.

B. Level sets

In this subsection we discuss level sets. We introduce a
variable z that can be either w or [ wl B ] .

Lemma 1: Let Z = {z € RP=|C,z < d,} be a bounded
polyhedral set, and consider for a fixed value z € Z the level
set P(z) = { e | A,z+ Ace < b} where A, € RI*™,
A, € R¥”*P= and b € RY9. Let S = {5,...,5.} be the
set of all n x ¢ matrices that consist of n rows of the ¢ X ¢
identity matrix such that the matrix Sy A, is invertible. For
any matrix S; € S we can define a matrix 7, € R(@)*4q
with the remaining rows of the ¢ x ¢ identity matrix. Define
for/ =1,...,L the vectors oy € R", g, € RY™"™ and matrices
70 € R™P= | B, € R(&*P= g follows:

or=(SeAe)'Seb , Fr=Ty(I—A(SeAc)"'Sp)A.
0= (S0 A) T SAL , gr=To(I — Ac(Se Ac)™ S0)b
Now let £ be such that z € Z; = {z|Fyz < g¢}. Then
v(z)=0or+ 12 (6)
is a vertex of ®(z).
The proof is in Appendix A.
Finally we give the definition of a simplex and the geometric

center of a polytope.
Definition 2: Consider k + 1 affinely independent! points

g, T1,...,Tr € R™. The simplex determined by them is given
by Co(z1,...,zn) ={Mx1+...+ X \pzn [N >0 M+ +
A =11}

Definition 3: Let v1,...,vn be the vertices of a polytope.
The geometric center vy, of the polytope is defined as vy, =

1/N Ziil Vi.

ITI. AN ANALYTIC EXPRESSION FOR E[f(w, €)]

Define h(f,w) = E[f(w,e)]. In this section we will derive
an analytic expression for h(f,w).
Consider for a fixed w € W the polyhedral sets

Qi(w)={ecl|f(we)=a;+ANw+Tje}
for j = 1,...,n. This means that for a given w and e € ®;(w)
the jth inequality in f(w,e) leads to the maximum; so
QJ+AJM+FJGZQ7+AZU}+FZB, V’L?/é] (7)

Define for each j the set Z; = {ij1,...,%jm-1} =
{1,2,3,...,m}\{;j}. and define matrices A/, ; € R("=1x7,

1Afﬁnely independent means that 1 — zo, ..., — o are independent.



AL ;e Rim=bxn bt e R™=L such that [b]s = a; — a4, .
[A’ jls = —A —ﬁ—Al_LS, and [A[ ;]s = —T —Q—I‘l_],s fori; s € Z;,
s = 1 ,m—1, where [M] denotes the sth row of a matrix

M. Deﬁne A.; € R A, i € RI*P and b; € R? as
follows:

A Ay b
Ae,j =| C. ) Aw,j = 0 ; bj =| de

Now condition (7) for all e € £ and a fixed w € W can be
replaced by finding all e € R™ and w € RP? such that

Ae,j & S bj - Aw,j w (8)

Note that ¢ > n. Let S; = {Sj1,...,S;,1,} be the set of all
n X q submatrices of the ¢ x ¢ identity matrix such that the
matrix S;, Ae ; is invertible. For any matrix S;, € S; the
remaining part of the ¢ x ¢ identity matrix will be denoted by
T; 0 € Rlem)xa,

Now define for / =1,..., Lj the vectors 0, € R", g; 0 €
R9™" and matrices 7; 0 € R"*P, I} , € R(T)*P according to
Lemma 1. Let ¢ be such that w € W;, = {w|Fj ,w < gj¢}.
Then we find that

vje(w) = oj0+ Tjew 9

is a vertex of ®;(w).

The next step in our algorithm is to divide the polytope
®,;(w) into K;(w) simplices Q; x(w), k = 1,...,K;(w).
We now use the following recursive procedure: We start by
considering each 2-dimensional face of the polytope. We select
the geometric center of the face and connect that to each of
the vertices of the given faces. In this way each 2-dimensional
face can be partitioned into simplices with 3 vertices. We
consider all 3-dimensional faces and construct 3-dimensional
simplices by connecting the geometric center of each of the
3-dimensional faces with all the vertices of the simplices of
the 2-dimensional subfaces of the given 3-dimensional face.
We continue in this way until the full n-dimensional polytope
®,;(w) has been divided into n-dimensional simplices. Note
that the geometric center of a polytope is a convex combination
of the vertices of that polytope. This means that the vertices of
the n-dimensional simplices are convex combinations of the
vertices of the polytope @, (w).

The partitioning of a 3-dimensional polytope into simplices
is illustrated in Fig. 1.

Consider one of the simplices € ,(w) and denote the
vertices of this simplex by ¥; 10,75 k,1,0j k2, * > Vjkn-
The simplex ;i(w) is now given by Q;i(w) =
CO(T)J'J€ 05 V5,15 V56,2, 5 Ujk n) Define

/ / a;j+Ajw+T; e) (e)dey - - - dey,

Then h(w) can be computed by

=3

j=1 k=

jk? f7

Kj(w)

hjwe(f (10)

=

Fig. 1. Partitioning of polytope @ (w) into simplices. The circles (O) denote
the geometric centers of the 2-dimensional faces, the bullet (®) denotes the
geometric centers of the 2-dimensional vertices.

The next step is to derive an expression for the terms
hjk(f,w) for all j, k, and w. For a fixed j and w € W,
let vjo(w), ¢ = 1,...,L; be the vertices of the polytope
®,;(w). The vertices ¥ ;(w), ¢ = 0,...,n of the simplex
Qp(w), ke {1,..., K;} will be convex combinations of the
vertices v ¢(w), £ = 1,...,L;. In other words there exist
parameters A, ; ¢ such that 7; 5 ;(w) = Ze 1 Nk, 0 Vg0 (W),
where A;; ., does not depend on w (because we used
geometric centers to construct the 51mphces) Now define
Uj,kl Z[ 1 jszJanHdT]kz—Zg 1 jzkajl Then
using (9) we find

Y

The following lemma gives an analytic expression for the
value hj i (f, w).

Uj ki (w) =04 kit TjkiW

Lemma 4: [19] Consider the simplex
Qj1(w) = Co(V)k,0(w), Vj k1 (W), -+, Vj,n(w))

with vertices that are affine in w according to (11), and

Uy

12)

?Cs

Define

_ T

%ﬁk (w)— 'U%Lk o(w)

0j 1.2(W) =05 4 (W) P

B =Vjko+ Z Vi ke we
—1

Vi (w)=
@ka o(w)

= 27" we have

6_,]1’:/6 n(w) -

then for a constant p(e

hjn(f,w / / aj+Ajw+T; e) (e)dey - -~ dey,
- d‘}fﬁ’f)! e ((n+ 1)ty +Am)

n
+ Z Lok + 1Tk w
1=0

Hence, h; ;(f,w) is an (n + 1)st order polynomial function
in w.



3,6) : = —0.0208w? + 0.375w? + 2.75w + 5.5

00) : h(w) =

€[—00,—8): h(w)=2w+6

€[-8 ) h(w) = 0.00208w3 + 0.05w? + 2.4w + 7.067
€ [o, 0 556) :  h(w) = 0.05w? + 2.4w 4 7.067

€[0.556,1) :  h(w) = 0.169w? — 0.231w? + 2.56w + 7.03
€1,1.5): h(w) = 0.167w> — 0.225w? + 2.55w + 7.4
€[1.5,1.78) :  h(w) = —0.167w3+1.275w? + 0.3w + 8.1648
€ [1.78,2) : h(w) = 1.52w3 — 7.72w? + 16.3w — 1.32
€1[2,2.67): h(w) = 0.0917w? — 0.275w? + 3.65w + 5.62
€ [2.67,3) : h(w) = —0.0208w? + 0.625w? + 1.25w + 7.75
€ [3, (w)

€ [6, (w)

TABLE I
THE FUNCTION h(w) FOR DIFFERENT RANGES OF w IN THE EXAMPLE OF
SECTION III. (FOR EASE OF NOTATION WE LIST ROUNDED VALUES FOR
THE PARAMETERS)

In the computation of the determinant of a matrix Vjj(w)
in Lemma 4 (and Lemma 6 in Section IV) we take sums and
products of entries of the matrix V; ,(w). Every entry is affine
in the control variable w and the determinant will thus be a
nth-order polynomial in the control variable w. Note that this
computation is in the offline part of the algorithm, so we only
have to do this once for every region.

Theorem 5: Given the function f as defined in (2). For a
fixed w € W, let sy, S2,...,S, be such that

we Wy s, forj=1,....n
where Wy ; ;. has been defined in Lemma 1. Define for w €
Wrisi J=1,...,m
hj(fa U)) = hj,5j (fa U)) (13)

Then for w € Wy ; 5, we find that h(f,w) = 327, hy(f,w)
is a piecewise (n + 1)st-order polynomial function in w.

Proof: This immediately follows from (10) combined with
Lemmas 1 and 4. o

Example

In this example we compute a piecewise polynomial expres-
sion for the following expression:

h(w) = E|max(642w+ez, 5+3w+5e; +5eg,
3+4w+eq, 1+5w+eq +€2)_
so for
6 2 0 1]
5 3 5 5
o= 3 , A= 4 , I'= 1 0 (14)
1 5 11

if the MPS function is written in the form (4).

We compute the vertices of the regions ®;(w) for j =
1,...,4. Fig. 2 shows these regions ®;(w) for different values
of w. The functions F ., g; %, Tj k. and 0;  can be computed
using Lemma 1, and with these values we can compute /1,
and using Theorem 5 we then compute /; and h. The resulting

w = -9 w = 0.27

) @)

o m o ) @

>
>
—->e2

3)

-—>el
w=1.9

-—>el -—>el

w=7

@)

—->g

-0.5 3)

-—-->el

Fig. 2. The regions ®;(w), j = 1,...,4 for different values of w in the
example of Section III. The vertices are denoted by small circles ( O ) .

function A is given in Table I. We clearly see that the function
h is a piecewise polynomial function in the variable w. In [19]
we have already proven that the function h is convex.

IV. AN ANALYTIC EXPRESSION FOR P[f(w,e) < B]

Define x(f,w,B) = P[f(w,e) < B]. In this section we
will derive an analytic expression for x(f,w, B). Introduce
the set Z =W x B, where B = [Bpin, Bmax) and the variable
z=[w" BT ]T . The set Z is now given by Z = {z €
RPFHYC, 2z < d,}, where

Cuw 0 dw
Cz = 0 -1 ) dz = _Bmin
0 1 Brax

To ease the notation in this section we will use x(f, z) instead
of x(f,w,B).
Let z € Z be fixed. The first step is to compute the set

O(z)={e| f(w,e) < B}. Now x(f, z) is given by
z):/--/p(e)del---den
D(2)

{e| f(w,e) < B}, let us consider

15)

To compute the set $(z) =

all e € £ such that
a+Aw+Te<BI, (16)

where T = [ 1 1 11" € RY. Define 4, € R7*™,
A, € R*®+D and b € R? as follows:

r A -1

—Q

C. 0 0 d,

A=| 0 |, A.=|Cyh 0| .b=| ds
0 0 -1 — Buin

0 0 -1 Binax

Now condition (16) for all e € £ can be replaced by finding

all e € R™ and w € RP such that
Ace<b— A,z (17)

Note that ¢ > n. Let S = {S1,...,Sr} be the set of all n x ¢
submatrices of the ¢ X ¢ identity matrix such that the matrix



S A. is invertible. For any matrix S, € S the remaining part
of the ¢ x ¢ identity matrix will be denoted by T, € R(@7) %4,

Now define for ¢ = 1,...,L the vectors o, € R",
g¢e € R4~ and matrices 7y € R™*(#+tD) | F, ¢ Rlen)*x(@+1)
according to Lemma 1. Let £ be such that z € 2, = {z|Fyz <
ge}. Then we find that

’Ug(Z)ZO’g+TgZ (18)

is a vertex of ®(z).

We now use the same recursive procedure as in the previous
section to divide the polytope ®(z) into K(z) simplices
Qu(z), k=1,...,K(2).

Consider one of the simplices Q4 (z) and denote the ver-
tices of this simplex by Uy, 0, Uk,1,Vk,2, " * , Uk,n. The simplex
Qk(z) is now given by:

O (2) = Co(Vp,0, Vk,1, Uk,2, -+ 5 Ukyn)

Define x(f,z) = |-/ p(e) dey - - - dey,. Then x(f,z) can
be computed by

K(z)

X(f,2) = xulfo2) (19)
k=1

The following lemma gives an analytic expression for the
value x(f, 2).

Lemma 6: Consider the simplex

Qk(z) = C()(l_)k’o(z), ﬁk’l(z), cee ,@k,n(z)) (20)

with vertices affine in z according to (11). Define

_ _ T
Uj]gl(z)_vgo('z)
Uy, 9(2) =V o(2) P
Vi(z)= ) =Vio + Z Vie,e e
=1

ol ()~ T 2)

Then xi(f,z) =[---[ p(e)dey - - - de,, = %@2_". Hence,
Qi (2)
Xk(f, z) is an nth-order polynomial function in z.

The proof immediately follows from Lemma 4 for a = 1,
A=0,and T" = 0.

Theorem 7: Let Z, be defined as in Lemma 1, and for a
fixed z € Z, let s be such that z € Z,. Then we find that

X<f= Z) = Xs(f7 Z)

is a piecewise nth-order polynomial function in z.

Proof: This immediately follows from (19) combined with
Lemmas 1 and 6. o

Properties of x(f,w, B): Recall that Z is a convex set. For
a quasi-concave function g : Z — R it holds that

g(Az1 + (1= A) z2) > min(g(21), g(22))
for any 21,29 € Z and \ € [0,1] [5].

Lemma 8:
Define the function ¢ : R — R:

qS(a){O for a <0

21
1 for a>0 @D

Let g : R — R be a concave function. Then ¢(g(z)) is quasi-
concave in z.

Proof: For a concave function g we have
gA 21 + (1= A) 22) > Ag(21) + (1 — N)g(22)

for any 21,22 € Z and X € [0,1].
Since ¢ is nondecreasing, this means that

6lgr 21 + (1= X) 22)) > B(Ag(e1) + (1 = Ng(=2)
> min (6(g(1)), 6(9(=2)) )

So ¢(g(+)) is a quasi-concave function. o

Lemma 9: Given the function f as defined in (2), let x, be
a fixed scalar with 0 < x, < 1. Then the constraint x(f, z) >
Xo 1S a convex set in z.
The proof is in Appendix B.

Example

In this example we compute a piecewise polynomial expres-
sion for the following expression:

x(f,w,B) = P[max(6+2w+eg,5+3w+561 +5eq,
3+dw+eq, 1+bw+te;tes) < B}

so for a, A, and I" as defined in (14) if the MPS function is
written in the form (5).

We compute the vertices of the region ®(w). Fig. 3 shows
these regions ®(w) for different values of w. The functions
Fy, g, Tk, and o} can be computed using Lemma 1, and
with these values we can compute X and using Theorem 5
we then compute x. The resulting function  is given in Table
II. We clearly see that the function x is a piecewise polynomial
function in the variable w.

wE [-00,-2.33):  x(f,w,B)=1
w € [-2.33,0.5) :  x(f,w, B) = 0.755 — 0.21w — 0.045w?
w € [0.5,1) : x(f,w, B) = 0.78 — 0.16w — 0.245w?
w € [1,1.1852) : x(f,w, B) = —0.62 + 2.64w — 1.645w?
w € [1.1825,1.5) :  x(f,w, B) = 4.5 — 6w + 2w?
w € [1.5,00) : x(f,w,B) =0

TABLE II

THE FUNCTION x(f, w, B) WITH FIXED B = 8 FOR DIFFERENT RANGES
OF w IN THE EXAMPLE OF SECTION IV (FOR EASE OF NOTATION WE LIST
ROUNDED VALUES FOR THE PARAMETERS)



w = -3 w = 0.9
o~ 1
N3]
0.5 .
T
-0.5
-1 -
-1 o] e 1 -1 o e 1
w=1.1 . w=1.4
o~ 1
N3]
0.5 . .
T
-0.5 -0.5 -0.5
-1 -1 -1
-1 o 61 1 -1 0] el 1 -1 o 61 1

Fig. 3. The regions ®(w) with fixed B = 8 for different values of w in the
example of Section IV.

V. MODEL PREDICTIVE CONTROL

Consider the stochastic max-plus-linear system (3). Define
the vectors

(k) = [ u”(k)
é(k) = [ e"(k)

)

e R" .

ul (k+N,—1) |"
T+ N, —1) "

In [20] we derived that y(k + j) is a max-plus-scaling
function in the variables x(k — 1), a(k), and é(k), and so we
can compute the expectation and chance constraint of y(k+ j)
using the techniques of the previous sections.

LetZ ={1,...,ny}and J = {0, ..., N,—1}. We introduce
the cost criterion J in the event period {k,...,k+ N, — 1}
as follows:

(Np—1)ny

i, e)| — A ug(k
Jmaxfo(.2)] Z; e (k)
where f; ; (4, €) = max(y;(k+7)—ri(k+7),0) is the tracking
error between the the reference signal r; and the ouput y;,
and the scalar variable A\ > 0 is fixed. Since the entries of the
vector y(k+j) are max-plus-scaling functions in @ and é, also
the functions f; ; will be max-plus-scaling functions in @ and

€.

J(k) =E (22)

The optimization of the cost function will usually be subject
to inequality chance constraints:

P | max (Fi(k)a(k) + Gi(k)j(k) — gi(k)) <0] = x0 (23)

where F;(k), Gi(k), and g;(k) refer to the ith row of F(k),
G(k), and g(k), respectively, and x.. is some fixed probability
level with 0 < x. < 1. Note that constraint (23) means that
the probability that the constraints are satisfied is greater than

or equal to x.. Furthermore the function max; (Fl(k)ﬁ(k) +

Gi(R)j(k) — gi(k))
€. Another important set of constraints are given by

is a max-plus-scaling function in @ and

Au(k+j) >0 forj=0,...,N,—1
A’u(k+j)=0 forj=Ne...,N,—1

(24)
(25)

where (24) reflects the fact that u(k) must be an increasing
sequence and (25) is the control horizon which gives u(k) a

constant rate beyond the control horizon.

The problem given by minimizing (22) subject to constraints
(24), (25) and (23) will be called the stochastic max-plus linear
MPC problem for event step k.

MPC uses a receding horizon principle. This means
that after computation of the optimal control sequence
u(k),...,u(k+ N, —1), only the first control sample u(k)
will be implemented, subsequently the horizon is shifted one
sample, and the optimization is restarted with new information
of the measurements.

Note that the stochastic max-plus linear MPC problem
results in an optimization problem with a convex cost func-
tion subject to constraints. If we assume that the mapping
y — G(k)y is a monotonically non-decreasing function of ¢
(this happens often in practice), constraint (23) will be convex,
which is taken from [8]. This means that the problem can
then be solved using fast and reliable convex optimization
algorithms.

Example

In this example we consider the production system of [20]
with two machines M; and M5 operating in batches. The raw
material in the kth cycle is fed to machine M; at time xq (k)
where preprocessing is done. Afterwards the intermediate
product is fed to machine M, at time xo(k) and finally the
finished product leaves the system at time y(k). More details
of the system are given in [20].

Consider the cost function (22) and inequality constraint

Plmax(y(k) —r(k),y(k + 1) —r(k+1)) <0] > xc (26)

We first solve the unconstrained MPC problem with cost
criterion (22) for N, = N, = 2, A = 0.2, x. = 0.98. Next we
solve the constrained MPC problem with cost criterion (22)
subject to constraint (26) for N, = N, = 2 and A = 0.2,
and x = 0.98. For comparison purposes we also consider
the residuation controller [4] where we assume the nominal
undisturbed max-plus-linear model to compute the optimal
input signal u(k).

The optimal input sequence is conTlputed fork=1,...,50
for the initial state #(0) = [ 18 4 | .In the experiments, the
true system is simulated for a uniformly distributed stochastic
variable e(k) for the given range. Figure 4 gives the difference
between the output date signal y and the due date signal . We
see that, as expected, the residuation controller cannot handle
the parameter variation. The unconstrained MPC controller
performs better but still the tracking error y(k) —r(k) is often
larger than zero. The constrained MPC controller with the
chance constraint leads to only one violation of the due-date
constraint (but that violation is due to the initial state, so it is
unavoidable anyway).

The simulation were done on a DELL Latitude 7480 com-
puter (Intel(R) Core(TM) 17-6600 CPU @2.6-2.8MHz) using
MATLAB R2017b and the MPC optimization in MATLAB
is done with a quasi-Newton algorithm (fminunc) for the
unconstrained case and an interior-point method (fmincon)
for the constrained case. If we compare the computation
time of the unconstrained MPC controller using the analytic



residuation
unconstrained
= constrained

Fig. 4. The difference y(k) — r(k) between the output date signal y and the
due date signal r for residuation, unconstrained MPC, and constrained MPC.

expression with the MPC controller derived in [20] we see
that the average computation time for the controller in [20]
was 51.9 seconds and for the new analytic controller it was
5.3 seconds, which is a factor 9.8 lower.

VI. COMPUTATIONAL COMPLEXITY

MPC of stochastic max-plus linear systems is often time
consuming because a straightforward evaluation of the
expectation of the cost function and the chance constraints are
computationally expensive. The analytic expressions for the
expectation and the chance constraint, derived in this paper,
can be computed offline as piecewise polynomial functions.
In the online operation of the model predictive controller
the computation can now be done very fast, efficiently and
precisely (as an approximation is not necessary).

The offline computation is certainly computationally expen-
sive and both computation time and necessary memory will
increase for high-order max-plus linear functions and longer
predictions horizons in MPC. Consider the computation of the
vertices of set ®;(w) (see Section III). Let VV be a hypercube,
then we find ¢ = m — 1 + 2n + 2p. Following Lemma 1
we find L. = Z possibilities to choose n out of ¢

equalities and so for the number of vertices of ®,(w) we
find L; < Lpax, where for all j = 1,...,m. From [12]
we learn that the number of simplices K; < K. where
Kpoax = LL?;X, where [¢] is the the ceiling function that
maps ¢ to the least integer greater than or equal to g. For the
expectation we have nep < mKyax simplices.

For the chance constraint we can use the same expression
to compute Ly and Ky ax using ¢ = m + 2n + 2p + 2 and
j = 1. For each simplex we easily derive the (n + 1)st order
(for the chance constraint an nth order) polynomial using
a parameterized expression for determinant of an n X n matrix.

Summarizing we find that the offline algorithm is in the

[q]
order of O | p - ( Z ) , where for the expectation we

have ¢ = m — 1 + 2n + 2p and © = m and for the chance
constraint we have g = m +2n +2p+ 2 and p = 1.
In the online part the expectation is represented by

Bjporn  if Mjiw < myjs

s () = @7

hjpor,  if Mjrw < mjp

for j = 1...,m and h(f,w) = >0, h;(f,w). (For the
chance constraints we have a similar representation.) This
means that the extensive computation of level sets and analytic
integrals is reduced to a simple evaluation of (27). The
complexity of the online part of the algorithm is characterized
by the number m K, of regions that form the analytic solution.
For MPC problems with a large prediction horizon, many
states and many disturbance inputs, this number L. may be
so high that in the online part of the algorithm the search
for the right function in (27) becomes too computationally
expensive. This problem is similar to the problem of explicit
MPC for conventional time-driven systems. Techniques to
obtain a drastic reduction of complexity are discussed in [1].
These techniques can also be used in our setting.

VII. CONCLUSIONS

We have presented an analytic piecewise polynomial func-
tion expression for both the expectation and the chance con-
straint of a max-plus-linear expression, where we assume that
the max-plus expression is affine in a control variable and
affine in a stochastic variable. We have shown how to apply
the resulting analytic expressions in stochastic max-plus linear
model predictive control. Using a case study we have shown
that the computation time in the online part has been reduced
with nearly a factor 10 with respect to the computation time
using the controller of [20].

In future research we will further improve the proposed
two-step algorithm. Hereby we can follow up on the results
achieved in explicit MPC (see [1]). Further we will compare
the method derived in this paper with approximate methods
[9], [18], [21], [23]. We will also consider simulation tech-
niques in combination with gradient estimation techniques like
infinitesimal perturbation techniques (IPA) [6]. Moreover, we
will measure the loss of precision by the approximation in
relation to the gain in computation speed.
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APPENDIX A: PROOF OF LEMMA 1

Proof: Let us consider the equation

Ace+ A, 2<D (28)

with e € £ and a fixed z € Z.

Now consider a vertex v, of the polyhedral set ®(z). The
matrix Sy will select constraints from (28) that are active for
ve, and Ty will select constraints from (28) that may be inactive

APPENDIX B: PROOF OF LEMMA LEM:CHICONVEX

Proof: Combining (15) and (21) we derive

w(fow.B) = [+ [o(B ~ max(a;+ Agu
&

+I‘je)) p(e)dey - - - dey,

Now we have with A\ + Ay = 1:

X(f, AMwi + Agwa, A1 By + /\232) =

:/ . /¢((>\1B1 + )\2B2) — Hl]aX(Oz]‘ +Aj ()\11[)1
&

+ )\2w2)+f‘je)) p(e)dey - --de, ,

Z/' . ./(p()\l(Bl — m]aX(Oéj +Ajw+Tje))
&

+ )\2(B2 — HlaX(Oéj+AjIU2+Fj€))) p(e) dey - --dey, ,
J

2/. . ~/min {QS(Bl — max(oj+Ajw; —l—Fje)) ,
P J

for vy. For v, to be a vertex of the polyhedral set ®(z), we
therefore have the following properties:

SpAcvg = Se(b— A, 2) (29)
Ty Acvg <Tp(b— A, 2) (30)
From (29) and from the fact that det(Sy A.) # 0 we derive
v = (SeAe)THSe(b— A 2) 31)
and substituting this in (30) we find
Ty Ac(SeAe) ™ Sp(b— A, 2) <Ty(b—A.z)  (32)

This means that (31) is a vertex if det(Sy A.) # 0 and if (32)
is satisfied.

<

(b(BQ — mlax(ai—i—Aiwg —&—Fie)) }p(e) dey - -de,

> min {/ : -/¢(Bl — mjax(aj-i—Ajwl +I‘je)>
&

-ple)dey - --dey ,

/. . /gb (32 - mzax(ai—FAin-FFw))
&

-ple)dey - --de, }
> min {X(f, Arwy + Agwe, M By + /\232) )

X(ﬁ Awy + Agwe, A1 By + )\232) }

where we used max(a; + b;) < maxa; + maxb; and
J J J

Jmin < min [. From the derivation we can conclude that
X(f,z) is a quasi-concave function in variable z.

From the fact that x(f, z) is quasi-concave we can conclude

that the constraint x(f,z) > x, is a convex set.

&



