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Abstract

This work studies logic-based distributed switching control for nonlinear agents in power-chained form, where logic-based
(switching) control arises from the online estimation of the control directions assumed to be unknown for all agents. Compared
to the state-of-the-art logic-based mechanisms, the challenge of power-chained dynamics is that in general asymptotic tracking
cannot be obtained, even for a single agent. To address this challenge, a new logic-based mechanism is proposed, which
is orchestrated by a dynamic boundary function. The boundary function is decreasing in-between switching instants and
monotonically increasing at the switching instants, depending on the jumps of an appropriately designed Lyapunov-like
function. To remove chattering (i.e. two or more switching instants occurring consecutively with zero dwell time), a dynamic
threshold is proposed, based on selecting the maximum values of the Lyapunov-like function before and after switching.

Key words: Logic-based switching, Distributed control, Dynamic boundary function, Unknown control directions

1 Introduction

Recent years have witnessed a tremendous progress in
the field of distributed control of nonlinear multi-agent sys-
tems [1, 2, 3, 4, 5, 6]. Such results can be categorized ac-
cording to two large families of nonlinear dynamics: strict-
feedback [1, 2, 3, 6, 7, 8] and pure-feedback [4, 5, 9] dynam-
ics. At the same time, another family of dynamics, namely
power-chained form, has been attracting great attention.
The reason is twofold: first, power-chained dynamics are a
generalization of strict-feedback and pure-feedback dynam-
ics since they include more general integrators (with pos-
itive odd-integer-powers) [10, 11, 12]; second, dynamics in
power-chained form can describe relevant classes of practical
systems such as dynamical boiler-turbine units [13], or hy-
draulic dynamics [14]. Besides, [10, 11, 12] have shown that
some classes of under-actuated, weakly coupled mechanical
systems with cubic force-deformation relations (nonlinear
spring forces) can also be captured by power-chained form. It
was shown that, even for a single agent, asymptotic tracking
for this class of dynamics is structurally impossible, even lo-
cally, because the linearized dynamics contain uncontrollable
modes whose eigenvalues are on the right half plane [10]. In
fact, the results in the literature for power-chained dynamics
achieve practical or semiglobal [10, 11, 12, 15, 16, 17, 18] sta-
bility, in place of asymptotic stability. This implies that dis-
tributed asymptotic tracking for power-chained dynamics, is
also structurally impossible in general. Furthermore, state-
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of-the-art results [15, 18] for power-chained dynamics rely
on the assumption that the agents’ control directions (i.e.
the signs of the control gain functions) are known a priori.
When such a priori knowledge is not available [2], a popu-
lar approach to tackle this challenge is continuous parameter
adaptation via Nussbaum functions [2, 19, 20, 21, 22, 23, 24],
which has been used also for distributed control of strict-
feedback or pure-feedback dynamics [2, 3, 4, 7, 8]. At the
same time, because it is well-recognized that Nussbaum-
based methods require additional complexity in the control
design and continuous parameter adaptation may lead to
large learning transients, several researchers have been en-
gaged in the problem of overcoming continuous parameter
adaptation by means of logic-based control [25, 26]. Notable
settings where logic-based adaptation was employed include
overcoming conventional continuous tuning of control pa-
rameters [27, 28, 29] and overcoming the conventional Nuss-
baum approach for strict-feedback dynamics [30, 31].

It is crucial to notice that the state-of-the-art logic-based
mechanisms in [30, 31] for strict-feedback systems rely on
monitor functions that monitor whether asymptotic track-
ing can be achieved (resulting in bounded energy of the
tracking error) [30] or whether finite-time stabilization can
be achieved (i.e. the tracking error converges to zero in fi-
nite time) [31]. Unfortunately, the same mechanism and
monitor functions cannot be adopted for agents in power-
chained form due to the aforementioned structural difficulty
in achieving asymptotic tracking, see also [11, Examples 2.1
and 2.2]. Therefore, a different logic-based mechanism must
be sought for distributed control of power-chained dynam-
ics. This motivates the research question in this work: is it
possible to design a new logic-based mechanism for multi-
agent systems in power-chained form with multiple unknown
control directions even when asymptotic tracking cannot be



structurally obtained?

This paper provides a positive answer to this question with
the following contributions:

i) To overcome the challenge that the exact value of the
Lyapunov function is unavailable for logic-based adaptation,
we propose a new Lyapunov-like function (cf. the discussion
in Remark 3).

ii) We formally exclude any chattering phenomena by
proposing a new dynamic threshold condition at the switch-
ing instants of the logic-based adaptation. It is worth notic-
ing that state-of-the-art switching mechanisms cannot for-
mally exclude chattering (cf. the discussion in Remark 4);

iii) To overcome the difficulty that no asymptotic track-
ing can be achieved for the power-chained form, we propose
a new dynamic boundary function, which is decreasing in-
between switching instants and possibly increasing at the
switching instants of the logic-based adaptation (cf. Fig. 1
and the discussion in Remark 5);

Notations: The sets R and R™ stand for the set of real num-
bers and the n-dimensional Euclidean space, respectively;
Noda denotes the set of positive odd integers; || - || refers to
either the Euclidean vector norm or the induced matrix 2-
norm. Vectors are denoted in bold script, such as x; ,,, Wi,m,
@im, Zim, di,s, and h;(-). For compactness and when-
ever unambiguous, some variable dependencies might be
dropped throughout this paper, e.g. ¢, ¥i,m, Si,m, Ti,m can be
used to represent ¢(21,%2), Yi,m(Xim), Si,m(Piym, Qiym—1),
7s,m (04,m, i,m—1), respectively.

2 Problem formulation and preliminaries

Let us first give some preliminaries on graph theory. The
communication topology among agents is described by a
directed graph ¥ £ (9,&), with ¥ £ {0,1,...,N} the
set of nodes (agents) and with & C 9 x ¥ the set of di-
rected edges between two distinct agents. A directed edge
(j,i) € & represents that agent ¢ can obtain information
from agent j. The neighbor set of agent i is denoted by
A5 = {jl|(j,i) € &}. Because agent 0 plays a special role
(leader), let us consider the subgraph defined by 4 £ (v, &)

with 9 £ {1,2..., N} the set of follower agents and & de-
fined accordingly. For this subgraph, let us define the ad-
jacency matrix 4 = [a;;] € RY*Y as follows: if (j,i) € &,
then a;; = 1, otherwise a;; = 0. The Laplacian matrix &

0 0
associated with ¢ is defined as . = PN with

—b L+ R
# = diag[b1,...,bn], where b; = 1 if the leader 0 € 45,
and b; = 0 otherwise. Moreover, b = [by,..., bN]T and
£ = D — A is the Laplacian matrix related to ¢ with
D = diag[d, ..., dn], where di = 3=, . aij.
Consider a multi-agent system whose agents have the fol-
lowing nonlinear dynamics

Xivm = Giom (Xim) + Viim (X )X o1
Xin; = Qin, (Yi,ni) + Yin, (Yi,ni)u?i,ni7 (1)
Yi = Xi,1,
fori=1,...,N,m=1,...,n; — 1, where n; is the dimen-
sion of system state X, = [Xi1,--- JXing )T € R™ and

Xim = [Xits- - Xim]T € R™. In (1), pi,m € Nogq are pos-
itive odd powers, and u; € R is the agent control input to

be designed. The functions ¢; m () and ¥; »(-) are unknown
locally Lipschitz continuous nonlinearities. The following as-
sumptions are considered.

Assumption 1 For each follower i, the signs of 1; m(+),
called the control directions, are unknown and there exist
known positive constants 1, ,,, and 1/12, " such that

< () < B (2)
fori=1,....N,m=1,...,n;.
Assumption 2 [6] The leader agent 0 is represented by a
leader output signal y,, which is continuous, bounded and
with bounded derivative; y. is available only to the subset of
follower agents ¢ such that agent 0 € .45, i.e. to those agents
directly connected to the leader according to directed graph
9.
Assumption 3 [6] The directed graph ¢ contains at least
one directed spanning tree with the leader as the root. This
implies that .Z + 4 is nonsingular.
Remark 1 The bounds in (2) are standardly assumed to
ensure controllability of the system [11, 15, 16, 17]; As-
sumptions 2-3 are also standard in literature. The peculiar
characteristic (and challenge) of (1) as compared to other
multi-agent system models proposed in the literature, are
the unknown multiple control directions in Assumption 1.
Although some works have addressed multi-agent systems
with unknown control directions [2, 3, 4, 7, 8], the dynamics
therein are in the form of strict-feedback systems.
Define the consensus tracking error for the i-th follower
as
§in = Z aij(yi — y5) +bi(yi — yr), (3)
JjeEN;
for ¢ = 1,...,N. After collecting & = [51,1,‘,.,£N,1}T €
RY, one has & = (Z + B)w, where w = § — 7, with
g=[y1,...,yn]" and G, = [yr,...,%]". Due to the nonsin-

gularity of .Z + 4, it holds that |w]|| < %, where

Omin(Z + A) is the minimum singular value of Z + 4.
We impose a prescribed performance [32] on the consensus
tracking error &;1 as §i,1(t) < &ia(t) <& (t) for t >0,

where Ei,l(t) = (pi,l — Pi,co) eXP(_Zth) + pi,00 and §i71(t) =
(p, | +pioc) €xp(—L; 1) — pi oo are the so-called performance

functions [32], where ;1 > 0 and [, ; > 0 denote the mini-
mum admissible convergence rates, p; oo > 0 is the maximum
allowable tracking error at steady state, p;, ; > pi,c > 0
and P < —pi,o0 < 0 respectively represent the maximum

and minimum bounds for &; 1 (0). The following transformed
consensus tracking error is then used for feedback:

§in(t) =€, ()
9ia(t) = In (gl(t)—gl(t)> . N

Note that ;1 is monotonically increasing w.r.t. & 1 and

that (4) implies that the consensus tracking error &1 is
within its imposed bounds provided ;1 is bounded [32].

Consensus tracking problem: Under dynamics (1) and
Assumptions 1-3, the goal is to design u; such that all closed-
loop signals are semi-globally ultimately uniformly bounded,
and the output of each follower agent ¢ can follow the leader
agent’s signal y, in spite of completely multiple unknown
control directions.

Practical tracking [11, eq. (2.10)] (i.e. the tracking error
converges to a residual set) will be sought, due to the fact



that asymptotic tracking cannot be realized in general for
dynamics (1) [11]. The following lemmas are instrumental in
solving the practical tracking problem.

Lemma 1 [10] For any z1,z2 € R, given positive integers
r1, r2 and any real-valued function ¢(-,-) > 0, it holds that

.
1] o] < L@uwﬁ_%hﬂ”+”

T2
=+

T ri4ro
. 5
r1+r2b(fﬂlaw2)\9€1| (5)
Lemma 2 [18] For any z1, z2 € R, and positive odd integer
p € Noad, it holds that

(1 + 22)? = r(z1,22)2} + s(x1, 22)2h (6)

where r(z1,22) € [[,ﬂ with r =1 —-§ and 7 = 1 4§,
and 6 = > 7_, Wik)!%lﬁ is a constant taking value

in (0, 1) for some appropriately small constant !, and where
[s(z1, z2)| < 5(6) with 5(6) = > 7_, ﬁik)!%r% a positive
constant for a given [.

3 Adaptive Switching Consensus Protocol

The control design solving the consensus tracking prob-
lem comprises a continuous input (i.e. acting in-between two
consecutive switching instants) and a switching mechanism
(acting at the switching instants) to tune online some param-
eters of the continuous input. In this section, we focus on the
continuous input, the design of which is well-established in
literature under the assumption that the control directions
are known [15].

After defining ;1 as in (4), and state errors

ﬁi,m:Xi,mfai,mfly m:27"'7ni7 (7)
the continuous control input comprises the so-called virtual

laws a;,m and the actual control u;, designed as
1

_ 1
Pi,1 Di.1 Pi,1 Di,1 Pi,1
ain = —hiaS 0 (kg +e 4t 911F T o) 8
i,1 7,1 i, 1 i,1

—1

Sig = 19?71‘1’1 [&,1% l(di +b;)(1— 51‘,1)] ,

1 1
7, Pimz 1P, Bivm \ Pr,m
Q4 om = 7h1,m%z’:nm (kz,m + Ei,l'm,m @i,mri;nm + Q,L;nm) o
9)
pi, -1
Sism =y [¥, (L= 8im)] (M =1,...,n)
U; = ai’n“ (51 mig — 07 (10)
A P, +31P; 3
&m:wML#W‘RxL&maq. ()
with p, = —Pit3 p = pi = max {Pim}
t,m Pi—Pi,m+37 Zim Pz m’ m=1,...,n; ’ ’

and where 0 < dim < 1, 0i;m > 0, €,m > 0, vi,m > 0 and
Bim > 0,(m = 1,...,n;) are design parameters. In (11),
©i.m is the estimate of ©;,, = Wi |Pim and Tipm =
lls,m ||, which comes from appropriately designed function
approximators (as detailed later on). Notice that the control
design (8)-(11) is not complete, since the terms k;., and
hi,m are to be designed: these terms are necessary to tackle
the multiple unknown control directions, and their design
will be addressed in Sect. 4 via a switching mechanism. The
rationale for the design (8)-(11) is given in the following
steps.

Step i,1 (1 = 1,...,
(1), (3), and (4) is

192‘,1 = li,léi,l +H;1=1lia(di + bi)wi,lejél

N): The time derivative of ;1 along

+Ei,17 (12)

where ;1 = 09;,1/0&1 > 0, Hix = (8191'1/3&,1)21',1 +
(81911/35 ) §, ppand By = lia(di+bi)gin —lin D 4, aij
X (i1 -H/)z,lxm )—b;yr + H;,1. Along the same veins as [33],

there exist some optimal weights W', and a linear-in-the-
parameter approximator W;'¢; 1(Z;,1) for | E; 1| such that

VTP < [W{fl%l(zz‘,l) +€¢,1(Zz‘,1)]
S ,lgiil-FS (glel + EL ; 61 11—\pb 1) + Wi,

where the last inequality uses Lemma 1. Furthermore, p;1 =

pi—Pi,1+3
191‘,1

€10+ Qi’lgi'ls‘jil’l with €;,1 > 0 and g;;1 > 0 being de-
sign constants, €;1(Z; 1) is the approximation error sat-
isfying ’€i71(Z7;,1)’ < &1 on a compact set Q;1, Zi1 =
LqT _

[Xi1, X 15e N> Xa.2.5€ A5 bitie, bithr] € Qi1, and i1 > 0 a
constant.

Remark 2 The continuous function |E; 1] in (12) embeds
the effect of graph connectivity, since |E; 1| depends on the
connectivity matrix a;; and b;. Note that, because the ac-
tivation function ¢;1(:) of the linear-in-the-parameter ap-
proximation relies on the neighboring states, standard uni-
versal approximation results [34] of linear-in-the-parameter
approximation still hold. Similar approximation ideas also
can be found in [5, 34, 35]. Simulation results in this paper
also validate this point (cf. Figs. 7 and 8).

Consider the Lyapunov function candidate

pi—pi,1+4
i1 1 ~o

+ O 13
pi—pi1+4 271 . (13)
— @11 According to Lemmas 1 and 2, it

Vii=

Where @@1 = 91‘,1

holds that
ﬁpz‘*Pi,1+3XPi,1 S 119171 Pi, 1+319P1 1 4 lﬁpz‘*Pi,1+3am,1
i i,2 — 5 1,1V i,1
i+3 +3 Pi—Pi,1+3 _Pi
(795,11 + 79?,12 ) +rind; 11 " a111 . (14)

Then, it follows from (12), (13), and (14) that the deriva-
tive of V; 1 with respect to time is

_ . . 6.0,
Vi <lia(di + )00y P ol by b | — %
+ 19101+3 (91%11 + 6:)11161 1PP1 1) + Ai + pin
i (977 + 075, (15)

where A;1 = lz‘yl(di + bi)n‘ 1’[9191 Pi1+3 pl I(Slgn(’l/h 1) —
hi,1) , @i = (di + bi)li11; 15i1, and we used the fact
that ;1 = sign(ts,1)|¥;:,1]. Substituting the virtual control
;1 (8) into (15) gives

"/;,1 <= (ki,l - wi,l)ﬂfflJrB
_ ©:10i1
Yi,1
Substituting the adaptive law ©, , (11) into (16) yields

+3 i+3
V ,1 < 7C7, 1191?1 +wi,1§f712 7,61 191 1911 +Azl+,ufz 1,
Where Ci,1 = k“l wWi,1-

i+3 Pi1 gy Pi1
+ 07 10l

+ w¢,119ff2+3 + Aj1 A+ pin- (]_6)

Stepi,m (i=1,...,N, m=2,...,n;—1) : It follows from
(1), (7), and (9) that the derivative of ¥; , is

Bism = imXs oy + Bim, (17)
m—1 00 m— i,
where Eim = ¢im — Zq 11 Tovia L (¢i,q + wi,qxij,l) -

O, m— 1 m— 1 80¢L m—1 __aa'i,vn—l .
Byr Z i 9 Zje{/t/i R (¢],1 +



'lpijX‘I;’jél). Referring to Step ¢, 1, there exist some optimal
weights W/",,, and a linear-in-the-parameter approximator
Wi @im(Zim) for |E;m| such that
i—Pi,m+3
ﬁimp ’ Eiym
i—Pi,m+3
<[ [Witmpim (Zim) + €im(Zim)|
i+3 Pi,m Pi,m Pi,m
Sﬁfv:; (Qz m +e z m @Z ””P ) +Mi,m,

—L m

—1 m ‘pb m

where pim =€, +0; " E " With €;,m > 0 and gi,m >
0 design constants al,m(Zzym) is the approximation error
satisfying |€i,m(Z¢,m)’ < Ei,m on a compact set Q; m, with

_ [= = aai,?nfl aai,?n—l aaiﬂnfl Bai,?n—l
Zim = [Xiwaj,m,’ Oxj,1 7 Oxin1 VT Oxiym—1) 90,

O m—1 a O m—1 b ]T Q
ey @Omn ! 67, 17-~~7®z,mfl7 Byr ; 0iYr jeN; € i,m

and &;,m > 0 a constant. Consider the Lyapunov function
candidate
Pi—Pi,m+4
Viom = Viym—1 + —© +
b b Pi — Dim +4

1
2'Yi,m
where ©;,p, = O;,m — O;,m. Following similar derivations as
in Step ¢, 1, the derivative of V; ,, with respect to time is

’ E :m pi+3 Zm
Vim < — =1 + @i,m¥; ymA+1 + =1 A

07, (18)

i pi+3
Ci,q¥; q

m B', ~
3 (50— 8) + hia), (19)
where ¢im = Ki;m — @Wim — Wi,m—1, Wi,m = Ei’mﬁ,m, and

Ai,m _ 19171 Pi m+3apz m(Slgn(wz m)
2,. .

Step i nl(z = 1,...,N) : For the last step, consider the
Lyapunov functlon candidate

Pi—Pin; +4 1

Di — Pin; +4  2%im,

where éznl = Oin, — éznl Along similar lines as the pre-
vious steps, it is possible to conclude that
52
,q - 92',(1))

v 7} :"1 ~ gpit3 } : ﬂuq
‘/z,ni < g=1 C’L,qﬂi’q + (
(21)

ng
+ § Miq + § A g,
q=1 q=1
_ ﬁzn Pi,n; +3um ng

with ¢in, = ki nl — Win;—1 and Ay p, i
(sign(vi,n;) — hing )|%in, |- For any constant 7; > 0, in light

Pig
of Lemma 1, we have 7,

= him)ri,m|Yiml, (m =

‘/i,ni = ‘/i,ni—l + é?’niy (20)

i+3 l+3 Pi—Pi,qt4

ﬁiq = i ! 191‘41 R
Thus, (21) can be upper bounded as

. ng

‘/i,ni < _gi‘/i,n,i + Ez + Zq:l Ai,q7

Piqg—1

— Pig + 4)Ciqn; et o=
iy Bio= D0i (Cigi + frig) +

where ¢; = min {’yi,qﬁi,q, (pi
1,...,N,q = 1,...

Zq 1 2/81#

The remalnlng problem is now the one of handling the
term 21", Ajg in (22) containing the signs of the control
directions, which are unknown in view of Assumption 1.
To tackle this term, a logic-based switching mechanism is
proposed in the next section to adapt online the estimates
hi,m of the multiple control directions.

4 Proposed Logic-based Design

Logic-based adaptation has been proposed in the literature
for different classes of systems [30, 31, 36]. Because logic-
based loops are switched systems [25, 37, 38], the concept of

)

Algorithm 1 Logic-Based Distributed Switching Con-
trol Mechanism for the ith Follower Agent

1: Initialize: Set tg < 0, o < 0, hi(to) — d;o, Vi(to) >
Ui oo(to) > 0 and V;(to) > Vin, (to). Select positive de-
sign parameters (p, .. and (x i =1,...,N, m =
1, ey NG

i,m?

D

For every time ¢, for every agent i, calculate \/}1”1 ),

gi(tﬂ'vt)z Vi(t)7 L’i(t(fat)7 and M(tﬂ'zt)'

3: while (Mi(t[,,t) > 0), do
4 Implement virtual control law (9), actual control
5: law (10), and parameter adaptation law (11).
6: h;(t) + d; ;
T lioo(t) = lisoo(to);
8: kim(t) < kim(to);
9: else
10: oo+ 1;
11: if o is equal to 2™
12: then o « 0;
13: end if
14: ty  t;
15 Vite) < max {Vin, (1), Vini(to) }s
16: h;(t) + d; o;
17: ez,oo(t ) — ez,oo(to'fl) + CZZ-YOQ;
18: &700( ) — Zi,oo(to‘);
19: kiom(to) = Kiym(to—1) + Cr; s
20: kim(t) < kim(to).

21: end while

solution is intended in the sense of Carathéodory [25, Sect.
1.2.1]. Also, the subsequent switching mechanism is designed
in such a way that chattering is avoided and the switching
stops in finite time. Therefore, phenomena such as sliding
mode or Zeno behavior, which are often a concern in switched
systems, are avoided.

4.1 Switching Mechanism

Time(sec)

Figure 1. The sketch of the proposed switching mechanism.

We adopt a similar notation to [30], where the vectors
d; . € R", whose elements are either 1 or —1, are used
to represent all possible combinations of n; control direc-
tions for each agent ¢. Accordingly, the switching sequence
o(+), taking values in 0,1,...,2" — 1, is a piecewise right-
continuous function [25, Chap.1], and goes through all such
possible combinations. For example, if n; = 2, we have four
possible combinations: dio = [-1,-1]7, dix = [-1,1]T
di> = [1,1]7, d; 3 = [1,—1]". The order according to which



the combinations are listed can be arbitrary, provided that
all combinations are listed without repetitions. The reader
can refer to [30] for more details on d; . Please notice that
each agent can exhibit its own switching sequence o (-): how-
ever, in the following we will simply use o(-) to avoid com-
plicating the notation. Define h;(t) = [hi,1,. . ., hin,]" with
him € {-1,1}, m = n;. Let us now define

Vi(t) = max {41- (te,t), Vi, (t)}, (23)
Li(to,t) = Li(to,t) — Vi(t), (24)

B A N
e mzz:l {pi —Pim +4 * 2%i,m i’m} (25)
and /; (t+,t) being a dynamic boundary function designed as
Ui(to,t) = (Vi(to) — liroo(to)) exp (= 0:i(t — o)) + Lioo(to),
where 0; > 0 is a design parameter. Let

M;(to,t) = Li(to,t) + ki (26)
where k; > 0 is a preselected constant.

with

We are now in a position to present the logic-based mech-
anism for updating h;(t), o(t), kim(t), m = 1,--- ,n,;, and
Ui 00 (t). After an initialization phase, the mechanism com-
prises a hold phase (i.e. o is kept constant) and an update
phase (i.e. o is switched to a new value).

Initialization: to < 0, g 0, hi(to) «— di,O, Vi(to) >
ﬁi,oo(to) > 0 and Vi(to) > Vti,ni (to).

Hold phase: Phase in-between consecutive switching in-
stants:

while M;(ts,t) > 0, (27)
do hi(t) « di o (28)
livoo(t)  £;) ( o) (29)

ki (t) < kim (to); (30)

end while

at the same time, implement virtual control law (9), actual
control law (10), and parameter adaptation law (11).

Update phase: Phase at the switching instant:

if M;(ts,t) <0, (31)
then o+ o+1; (32)
if o is equal to 27,
then o+ 0; (33)
end if
to + t; (34)
Vilte) < max {Vin (1), Vi, (ta) 5 (35)
hi(t) < dio; (36)
( o) & lico(to—1) 4+ Co; o0 (37)
oo (t) < Lioo(to); (38)
( o) & kim(to—1) 4 Cryoms (39)
() Ko (t); (40)
end if
with (¢, . > 0 and (g, ,, > 0 being design constants, m =

1,...,ni, 0 =1,2,..., and where t; denotes the value of .,
when (31) is satisfied but h;(ts), €i,00(to), and ki m(ts) have
not been updated yet, and t, represents the time instant
when (31) holds, and in the meantime, h;(ts), 4,00 (ts), and
kim(ts) also have been updated according to (36)-(40).

The rationale for the proposed mechanism is as follows: the
switching instants t,, o = 0, 1, ..., occur whenever condition
(31) is satisfied. The reset condition in (33) is necessary
when all combinations in d; , have been visited and thus it
is necessary to start from the first one. The logic condition
(35) circumvents the chattering phenomena at the switching
instants t,, as elaborated in Remark 4.

The unique challenges of using logic-based mechanisms
to handle multiple unknown control directions for power-
chained form are elaborated in the following remarks:
Remark 3 A crucial challenge of the proposed logic-based
switching is that the exact value of the Lyapunov function
Vi,m (18) is unavailable (as it contains the unknown constants
Oim In O;m = O;m — Oim). Therefore, the unavailable
Lyapunov function must be replaced by some estimate. To
pursue this, the Lyapunov-like function V; 5, (25) is proposed
and designed in such a way as to establish the boundedness
of the closed-loop signals (cf. appendix).

Remark 4 State-of-the-art logic-based mechanisms [30, 31,
39] cannot formally exclude chattering phenomena since they
adopt l;(to,te) = Vi(ts) = Vin, (ts) = Vi, (t5). More pre-
cisely, the update phase of [30, 31, 39] is designed as

if M; (ts,t) <O,
then te < t;
Vilts) < Vim, (t7);
Z(t) < diyg,

ki,m to') — ki,m(tofl) + Ck,;ﬁm;
end if

In view of the discussions in [28, Remark 2 and the analysis
after eq. (35)], it is theoretically possible for such mechanisms

to yield an increase V(to) = Vi, (to) > Vi, (t5) + ki =
li(to,to) + K, which indicates that M; (t-,t) < 0, leading to
a new switching instant immediately after the previous one.
This is because updating h;(t) and k;,., may result in in-
stantaneous changes in the tracking errors 9; ,,, according
o (7)-(10), which may lead to an increase of the value of the
Lyapunov functions (13), (18), and (20). This could make
the inequality (31) hold once more immediately after the
previous time instant. To solve such issue, we exclude chat-
tering phenomena by proposing a new dynamic threshold
condition (35) at the switching instants, based on selecting
the maximum values of the Lyapunov-like function before
and after switching.

Remark 5 State-of-the-art logic-based designs for strict-
feedback systems [30, 31, 39] rely on the fact that asymptotic
tracking can be obtained for this class of systems: there ex-
ists at least one d; -, o € {0,1,...,2™ — 1}, that leads to a
vanishing tracking error. Unfortunately, it is well known in
the literature that asymptotic tracking is impossible in gen-
eral for the class of nonlinear systems (1) [11]. Therefore,
the switching logic cannot rely on vanishing tracking errors.
To overcome the above difficulty, we propose a new moni-
tor function #;(-), which is decreasing in-between switching
instants and possibly increasing at switching instants. The
role of ¢;(-) is crucial to closed-loop stability through (23):
£;(+) is used to monitor the upper bound of the designed

Lyapunov-like function ‘A/“LI as shown in Fig. 1. The dis-
tinguishing feature of £;(-) is to allow V; ,, to increase by a
constant at every switching instant. Notice that the finite-
switching mechanism guarantees that ¢;(-) does not grow to



infinity and thus closed-loop stability can be obtained.
4.2 Main stability result

To analyze the stability of the closed-loop system, we con-
sider the global Lyapunov function

V= ZN:l Vin,, and V = 21\;1 Vi, (41)

Theorem 1 Under Assumptions 1-3, consider the closed-
loop system consisting of the nonlinear multi-agent dynam-
ics (1) in power-chained form and the logic-based switching
control mechanism in Algorithm 1. Then, there exist positive
design parameters 0i,m, €i,m, Yi,m, Bi,m, Ni,m, and ki m such
that:

o All closed-loop signals are semi-globally ultimately uni-
formly bounded and the prescribed performances of
&i1(t) are ensured, i.e., the inequality £, | (t) < &1(t) <

gi,l(t); i=1,...,N, holds.

e Switching stops in finite time and w(t) converges to the
compact set

o) :{wa)]w(t)mm <

. _ 2
s P2 [(e@i0-1)]
1) Zi:l [1+exp(5i,1)]2

1)N—1

(N2+N_

NT-N(N =

_ R B
where 951 = [(pi — pin +4) (li,co (o, ) + ki) | P Pin e
with o5 being a sufficiently large integer.

PROOF. See the appendix.

5 Simulation results

002D > 00

(a)

Figure 2. Two different communication topologies

To validate the effectiveness of the proposed control method,
two different communication topologies with one leader (la-
beled by 0) and three follower agents are considered as rep-
resented by the directed graph of Fig. 2. From Fig. 2-(a) and
2-(b), it can be seen that the signal of the leader is only ac-
cessible to follower 1 and follower 2, respectively. The follow-
ing parameter settings are kept the same for both topologies.
The leader output is y» = 6sin(0.5t) + 6 sin(¢) and the three
follower agents are described by the following dynamics:

X1,1 = 1.5cos(x1,1)x1,1 + 0.8X?,2,
Agent 1 <~ ) 5
X1,2 = Xx1,18in(x1,2) + (tanh(xi,1) +1.2)u]
X2,1 = 1.25x2,1 + 0.5x3 1 + 1.5x3 2,

Agent 2
{5@,2 = 0.75x2,2X3,1 + (sin(xz,1)? +0.75)u3

Xa.1 = 0.5(cos(xs,1) + x3,1) + 1.2x3 2,

Agent 3 ¢ ] 5
X3,2 = X3,18in(x3,2) + (| cos(xs,1)| + 0.2)u3‘

In our simulation, RBF NNs are used as linear-in-
the-parameter approximators to approximate |E; ;(Z;;)l,
i=1,2,3, 7 = 1,2, employing 64 nodes with centers evenly
spaced in [—1.5,1.5] x [-1.5,1.5] x [—1.5,1.5] x [—1.5,1.5] x
[-1.5,1.5] x [-1.5,1.5] x [-1.5,1.5] x [-1.5,1.5] X [-1.5, 1.5]
and widths equal to 2. The initial conditions are selected
as: X1,1(0) = 0.757 XLQ(O) = —1.75, X271(O) f 1.5, XQ’Q(O) =
—1. 5 X371(0) :A 1.75, X3,2(O/)\ = —1.2, @/}71(0) = 6.5,
@1 2(0) = 7.5, ©2,1(0) = 4, ©22(0) = 3, ©3,1(0) = 6.5,

O3 2(0) = 4.75, £1,6(0) = £2.00(0) = {3(0) = 0.5,
kl 1(0) = k21(0) = k3,1(0) = 6, k12(0) = k2,2(0) =

32(0) = 8. The design parameters are chosen as:
4’611 = Ck1,2 =1, Ck2,1 = gkz,z = CkS,l = Cks,z = L5,

€1,1 = €12 = €21 = €22 = €31 = €32 = 1, 01,1 = Q1,2 =
02,1 = Q22 = 03,1 = P32 = 1, V1,1 = Y2,1 = V3,1 = 1,
V1,2 Yo,2 = Y32 = 04, fi1 = P21 = P31 = 0.8,
Bi2 = P22 = P32 = 6.25, d11 = 621 = 031 = 0.25,
K1 = K2 = R3 = 0.3, 91 = 1.8, 02 = 1.25, 03 = 0.75,
Celoo = 452,00 = Qs,oo = 0.5, Bl,l = BQ,I = BB,I = —6,
Piai = Py = P31 = 8 Ly = Ly = l3; = 3
lii=1l1=131=4,and p1.co = pP2.00 = P3,00 = 0.95.

The simulation results are shown in Figs. 3-8. Fig. 3-
(a) and Fig. 5-(a) reveal that the tracking errors &; 1, ¢ =
1,2, 3, under the two topologies evolve within their respec-
tive bounds. Figs. 3-(b)-(c) and Figs. 5-(b)-(c) show that the
functions \A/i,ni, i = 1,2,3, under both topologies are upper
bounded by ¢;, i = 1,2, 3, respectively. It can be seen from
Figs. 4 and 6 that switching for both topologies stops in fi-
nite time and that the parameters k; ;, ¢ = 1,2,3, j = 1,2,
are updated synchronously with the control directions h;,j,
i=1,2,3, 5 =1,2. Figs. 7 and 8 show that the NN approx-
imators can achieve satisfactory approximation.

6 Conclusions

This work has proposed a logic-based switching mechanism
for distributed switching tracking control of nonlinear multi-
agent systems in power-chained form and with multiple un-
known control directions. A novel dynamic boundary func-
tion that is decreasing in-between switching instants and
possibly increasing at the switching instants has been de-
vised to tackle the issue that asymptotic tracking cannot be
achieved for such challenging nonlinear systems. An inter-
esting problem to be investigated in the future is to combine
logic-based update of the control directions with logic-based
updates of the parameters.

Appendix

Proof of Theorem 1. We provide the proof through two
stages. At stage 1, we show that the control goals of Theo-
rem 1 are guaranteed on the interval [0, +00) provided that
the switching stops in finite time. At stage 2, we show by
contradiction that indeed the switching stops in finite time.
Stage 1: Let [0,ts) be the maximum interval of the exis-
tence of the closed-loop solution, os be the final switching
index, and t,, < ts be the time instant when the final switch-
ing occurs. Combining (23), (26), (27), and the fact that
there is only a finite number of switchings, one can conclude
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Figure 3. Topology in Fig. 2-(a): (a) trajectories of the consensus tracking errors &1,1, £2,1, and &3,1; (b) trajectories of 17172
and ¢1; (c) trajectories of V22 and fo; (d) trajectories of V32 and £s.
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Figure 7. Topology in Fig. 2-(a): evolution of |E1,1], |E1,2|, |E2,1], |E2,2|, |Es,1], |Es,2|, and their NN approximations |E171|,
|Evol, [E2al, [Eaol, |Esal, [Es,ol-
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Figure 8. Topology in Fig. 2-(b): evolution of |E1 1],
|E 2], |E2,], s [Esals [Esel.

that after the final switching (i.e. for ¢ > ), it holds that
Li(toy,t) + ki >0, t € [to,,ts), which indicates that

‘7'2,"1'( ) Sél( 0s7t)+’€i7 te [tvsvts)' (42)
Thus, f/\;nl(), ¥i.m and élm(), i=1,...,Nym=1,...,n,,
are bounded due to the boundedness of ¢;(-) and x; on the
interval [ts,,ts). Furthermore, the virtual control laws o m,
m=1,...,n;, —1, ¢ =1,..., N and the actual control law
Ui, © = 1,..., N are bounded on [t,,ts) according to (8)-
(10). Thus, Xi,m, Oim, m = 1,...,n4, 5 = 1,...,N, are
bounded on [ts,, ts) arising from the fact that . (-), ©;,m, and
O;,m(+) are bounded on [ts,,ts). According to [40, Theorem
54, page. 476], no finite-time escape phenomena occurs, and
thus ts = +o0o0. As a result, one concludes that all closed-

loop signals are bounded on the entire time interval [0, +00).
Then, invoking (25) yields

1
t_li_'_moo [95,1] < [(pz —pi1+4) (b0 (to,) + F&z)] Pi=Pi1ta

"=
=91
which, in combination with the definition of 9; 1, gives

lim &1 (1) < 2 o0 €Xp(Pi,1) = pi,oo
t—+oo 1+ exp(¥in)

[41] with N =

After using a lower bound #

(NNl) e for omin (.,2” + 93) it follows that
N 2 ex 71 - 2
(N24+N-1)2% p”fl[i p‘%’”ﬂ;)]
i=1 exp(vi,1
Jim fle®] < NI-N(N — 1)N-1

We are now in a position to discuss the existence of a compact
set that makes the universal approximation ability valid,
provided that the switching stops in finite time.

Consider the initial conditions X; ,,(0) and ©4,m(0) > 0, for
i=1,...,Nom=1,...,n,, satisfying Y/}(Yl m(0), élm(O)) <
Yo with Yo = Z h with h; = maxae{o 1,05} &‘(tg,tg)
and consider the compact set

Qo = {(E,m(t), @i,m(t))‘v(ii,m,@i,m) <Y, t> 0}
(43)

where T = Yo + 3N | k. According to Algorithm 1, (41),
and (42), A; is bounded provided that the switching stops in
finite time, and that the inequality

V(Xim (1), Oim (1)) < T, (44)

holds true for all ¢ > 0 provided that \7(Yi,m (0),0im (0)) <
Yo holds true. Therefore, the existence of the compact set 2
makes the universal approximation ability of the linear-in-
the-parameter approximation valid since all state variables
involved are retained in g all the time.

0 s 10 15 0 3 10

. |E2.1], |Ea|, |Esa|, |Esz|, and their NN approximations |E 1],

Stage 2: At this stage, by seeking a contradiction, we prove
that there indeed exist a finite number of switchings. Let us
first suppose that there exist an infinite number of switch-

ings. Therefore, there surely exists a sufficiently large ¢, such
-1

Piq
that ’Y'L,qﬁi,q < (p»; — Pig + 4)C¢,q’l7i pits = 1,.. ,,N7q =
1,...,n, and such that

hi(t) = di,o, = [sign(¥in), - -, sign(tin,)]" (45)
on [tasytas+1)~ Thus7 Si = Fyiyqﬁiyq7q = 17 ce Mgyt =
1,...,N. It follows from (43) that (22) becomes

Vi < —<iVin, +E5i as Zq:l Aig=0, (46)

which, combined with (20) and the Gronwall inequality [11],
implies that

p;+3

9748 < (b = pim +4) (Vion, (0) + i /ci)] Pi=pim ¥

o

1>

’©1m| < \/Q’Yi,m (Vi (0) + Zi/<i) + Oiom = Aim (A7)

holds on [tey,te,+1) for i =1,... ,ni. Thus,

it follows from (1 ) that
\I’zmrzm"")/zmﬂzm zmﬁ’rzm (48)

Pz m

N, m=1,...

|®zm} < Yimer o

holds on [ts,,to.+1), where 1"1 m 1s the upper bound of i
according to [16, Lemma 2], for i =1,...,N, m =1,.

Recalling (20), (25), (46)-(48), we can obtain that
ei,méi,m
m=1 FYi,m
@'L,m@i,m _ Z”i §i912,m
Yi,m m=1 2’7i,7n
i 1Sk mél m ey =
+yo SmEim S < Vi + B (49)

where 2y = E; + > 7,

Vin () < —GVim, +E+ >

~ n;
< _gi‘/i,ni + Ez + Z 1
m=

A, .
zm l'ln+2 L ;mAi,m is an

Yi,m Yi,m

unknown positive constant. Hence, we have Vznl( ) <
i

on [t*7t05+1) where t* is the first time instant satisfying
17”11 (t*) = :— Then, one has that VZ n; < 0 holds when

‘A/Z ng :’ The fact that VZ n; (+) strictly decreases on the

time interval [to,,t") implies that no new switching occurs
on [te,,t") and that t* <t 41.

When t € [tgs,t*), we can guarantee 0 < 6; < ¢ by
choosing proper 7;q, and Biq, ¢ = 1,...,n;, according
to ¢ = YigBig,q = .,ni,4 = 1,..., N, which implies
that Vi, (t) < €i(t), on [to,,t"). When t € [t*,ts,11), the

condition #; o(t) > =t can be satisfied via a sufficiently

mo

2|
g



large o in view of (29) and (30). Hence, it holds that

Ving

(t) S Ki(tf"s?t)a vt € [t*at05+1)'

To summarize, we have that ‘Afzn1 (t) < li(to,,t) < li(tog,t)+
Ki, 0N [toy, to,+1), which means that switching condition (31)
can never be satisfied on the time interval [ts,,ts.+1). This
contradicts the assumption made in the beginning of stage
2. Thus, the proof is completed. H

References

(1]

2]

(3]

(4]

(5]

[6]

[7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

W. Wang, C. Wen, J. Huang, and J. Zhou. Adaptive con-
sensus of uncertain nonlinear systems with event triggered
communication and intermittent actuator faults. Automat-
ica, https://doi.org/10.1016/j. automatica.2019.108667.

G. Wang. Distributed control of higher-order nonlin-
ear multi-agent systems with unknown non-identical con-
trol directions under general directed graphs. Automatica,
https://doi.org/10.1016/j.automatica.2019.108559.

Z. Ding. Adaptive consensus output regulation of a class of
nonlinear systems with unknown high-frequency gain. Au-
tomatica, 51:348-355, 2015.

B. Fan, Q. Yang, S. Jagannathan, and Y. Sun. Output-
constrained control of nonaffine multi-agent systems with
partially unknown control directions. IEEE Transactions on
Automatic Control, 64(9):3936-3942, 2019.

S. Yoo. Distributed consensus tracking of a class of asyn-
chronously switched nonlinear multi-agent systems. Auto-
matica, 87:421-427, 2018.

W. Wang, C. Wen, and J. Huang. Distributed adaptive
asymptotically consensus tracking control of nonlinear multi-
agent systems with unknown parameters and uncertain dis-
turbances. Automatica, 77:133-142, 2017.

C. Chen, C. Wen, Z. Liu, K. Xie, Y. Zhang, and C. L. P.
Chen. Adaptive consensus of nonlinear multi-agent systems
with non-identical partially unknown control directions and
bounded modelling errors. IEEE Transactions on Automatic
Control, 62(9):4654-4659, 2017.

W. Chen, X. Li, W. Ren, and C. Wen. Adaptive consen-
sus of multi-agent systems with unknown identical control
directions based on a novel Nussbaum-type function. IEEE
Transactions on Automatic Control, 59(7):1887-1892, 2014.
Y. Wang and Y. Song. Fraction dynamic-surface-based neu-
roadaptive finite-time containment control of multiagent sys-
tems in nonaffine pure-feedback form. IEEE Transactions
on Neural Networks and Learning Systems, 28(3):678-689,
2017.

W. Lin and R. Pongvuthithum. Adaptive output track-
ing of inherently nonlinear systems with nonlinear param-
eterization. IEEE Transactions on Automatic Control,
48(10):1737-1745, 2003.

C. Qian and W. Lin. Practical output tracking of nonlinear
systems with uncontrollable unstable linearization. IEEE
Transactions on Automatic Control, 47(1):21-35, 2002.

W. Lin, R. Pongvuthithum, and C. Qian. Control of high-
order nonholonomic systems in power chained form using
discontinuous feedback. IEEE Transactions on Automatic
Control, 47(1):108-115, 2002.

C. C. Chen and G. S. Chen. A new approach to stabilization
of high-order nonlinear systems with an asymmetric output
constraint. International Journal of Robust and Nonlinear
Control, 30(2):756-775, 2020.

N. D. Manring and R. C. Fales. Hydraulic Control Systems.
New York, USA: John Wiley, 2019.

C. Shi, Z. Liu, X. Dong, and Y. Chen. A novel error-
compensation control for a class of high-order nonlinear sys-
tems with input delay. IEEE Transactions on Neural Net-
works and Learning Systems, 29(9):4077-4087, 2018.

[16]

(17]

18]

[20]

21]

(22]

[25]

[26]

27)

(28]

29]

(33]

(34]

(35]

(36]

X. Zhao, P. Shi, X. Zheng, and J. Zhang. Intelligent track-
ing control for a class of uncertain high-order nonlinear sys-
tems. IEEE Transactions on Neural Networks and Learning
Systems, 27(9):1976-1982, 2016.

X. Zhao, X. Wang, G. Zong, and X. Zheng. Adaptive neural
tracking control for switched high-order stochastic nonlinear
systems. IEEE Transactions on Cybernetics, 47(10):3088—
3099, 2017.

M. Lv, W. Yu, J. Cao, and S. Baldi. A separation-
based methodology to consensus tracking of switched high-
order nonlinear multi-agent systems. IEEE Transactions
on Neural Networks and Learning Systems, DOI: 10.1109/
TNNLS.2021.3070824.

R. D. Nussbaum. Some remarks on a conjecture in parameter
adaptive control. Systems & Control Letters, 3(5):243-246,
1983.

Z. Chen. Nussbaum functions in adaptive control with time-
varying unknown control coefficients. Automatica, 102:72—
79, 2019.

X. Ye and J. Jiang. Adaptive nonlinear design without a
priori knowledge of control directions. IEEE Transactions
on Automatic Control, 43(11):1617-1621, 1998.

M. Lv, W. Yu, J. Cao, and S. Baldi. Consensus in high-power
multiagent systems with mixed unknown control directions
via hybrid Nussbaum-based control. IEEE Transactions on
Cybernetics, DOI: 10.1109/TCYB.2020.3028171.

Z. Ding and X. Ye. A flat-zone modification for robust
adaptive control of nonlinear output feedback systems with
unknown high-frequency gains. IEEE Transactions on Au-
tomatic Control, 47(2):358-363, 2002.

J. Huang, W. Wang, C. Wen, and J. Zhou. Adaptive control
of a class of strict-feedback time-varying nonlinear systems
with unknown control coefficients. Automatica, 93:98-105,
2018.

D. Liberzon. Switching in Systems and Control. Boston:
Birkhauser, 2003.

J. P. Hespanha, D. Liberzon, and A. S. Morse. Overcoming
the limitations of adaptive control by means of logic-based
switching. Systems & Control Letters, 49(1):49-65, 2003.
D. Angeli and E. Mosca. Adaptive switching supervisory
control of nonlinear systems with no prior knowledge of noise
bounds. Automatica, 40(3):449-457, 2004.

X. Ye. Switching adaptive output-feedback control of nonlin-
early parametrized systems. Automatica, 41:983-989, 2005.
X. Ye. Global adaptive control of nonlinearly parametrized
systems. IEEE Transactions on Automatic Control,
48(1):169-173, 2003.

C. Huang and C. Yu. Tuning function design for nonlin-
ear adaptive control systems with multiple unknown control
directions. Automatica, 89:259-265, 2018.

J. Wu, W. Chen, and J. Li. Global finite-time adaptive
stabilization for nonlinear systems with multiple unknown
control directions. Automatica, 69:298-307, 2016.

C. P. Bechlioulis and G. A. Rovithakis. A low-complexity
global approximation-free control scheme with prescribed
performance for unknown pure feedback systems. Automat-
ica, 50:1217-1226, 2014.

S. Yoo. Distributed consensus tracking for multiple uncertain
nonlinear strict-feedback systems under a directed graph.
IEEE Transactions on Neural Networks and Learning Sys-
tems, 24(4):666-672, 2013.

S. E. Ferik, A. Qureshi, and F. L. Lewis. Neuro-adaptive
cooperative tracking control of unknown higher-order affine
nonlinear systems. Automatica, 50:798-808, 2014.

S. J. Yoo. Distributed adaptive containment control of uncer-
tain nonlinear multi-agent systems in strict-feedback form.
Automatica, 49:2145-2153, 2013.

T. R. Oliveria, A. J. Peixoto, and H. Liu. Sliding mode con-



37)

(38]

39]

[40]

[41]

trol of uncertain multivariable nonlinear systems with un-
known control directions via switching and monitoring func-
tion. IEEE Transactions on Automatic Control, 55(4):1028—
1034, 2010.

M. S. Branicky. Multiple Lyapunov functions and other anal-
ysis tools for switched and hybrid systems. IEEE Transac-
tions on Automatic Control, 43(3):475-482, 1998.

W. Zhang, M. S. Branicky, and S. M. Phillips. Stability of
networked control systems. IEEE Control Systems Maga-
zine, 21(1):84-99, 2001.

Q. Cui, J. Huang, and T. Gao. Adaptive leaderless consen-
sus control of uncertain multi-agent systems with unknown
control directions. International Journal of Robust and Non-
linear Control, 30:6229-6240, 2020.

E. D. Sontag. Mathematical Control Theory. London, U.K.:
Springer, 1998.

Y. Hong and C. Pan. A lower bound for the smallest singular
value. Linear Algebra and its Applications, 172:27-32, 1992.

10



