Delft University of Technology

Delft Center for Systems and Control

Technical report 23-001

Adaptive prescribed performance
asymptotic tracking for high-order
odd-rational-power nonlinear systems™

M. Lv, B. De Schutter, J. Cao, and S. Baldi

If you want to cite this report, please use the following reference instead:
M. Lv, B. De Schutter, J. Cao, and S. Baldi, “Adaptive prescribed performance
asymptotic tracking for high-order odd-rational-power nonlinear systems,” IEEE
Transactions on Automatic Control, vol. 68, no. 2, pp. 1047-1053, Feb. 2023.
doi:10.1109/TAC.2022.3147271

Delft Center for Systems and Control
Delft University of Technology
Mekelweg 2, 2628 CD Delft

The Netherlands

phone: +31-15-278.24.73 (secretary)
URL: https://www.dcsc.tudelft.nl

* This report can also be downloaded via https://pub.bartdeschutter.org/abs/23_001.html


https://doi.org/10.1109/TAC.2022.3147271
https://www.dcsc.tudelft.nl
https://pub.bartdeschutter.org/abs/23_001.html

Adaptive Prescribed Performance Asymptotic Tracking for
High-Order Odd-Rational-Power Nonlinear Systems

Maolong Lv, Bart De Schutter, Fellow, IEEE, Jinde Cao, Fellow, IEEE, Simone Baldi, Senior
Member, IEEE

Abstract— Practical tracking results have been reported in the
literature for high-order odd-rational-power nonlinear dynamics (a
chain of integrators whose power is the ratio of odd integers).
Asymptotic tracking remains an open problem for such dynamics.
This note gives a positive answer to this problem in the framework
of prescribed performance control (PPC), without approximation
structures (neural networks, fuzzy logic, etc.) being involved in the
control design. The unknown system uncertainties are first trans-
formed to unknown but bounded terms using barrier Lyapunov
functions, and then these terms are compensated by appropriate
adaptation laws. A method is also proposed to extract the control
terms in a linear-like fashion during the control design which over-
comes the difficulty that virtual or actual control signals appear in
a non-affine manner. A practical poppet valve system is used to
validate the effectiveness of the theoretical findings.

Index Terms— High-order odd-rational-power non-
linear systems, Asymptotic tracking, Prescribed per-
formance control.

[. INTRODUCTION

Over the last decade, high-order nonlinear dynamics have
been attracting great attention. The reason is twofold: first,
high-order nonlinear dynamics generalize strict-feedback and
pure-feedback dynamics by including more general integrators
(with odd integer powers [1]-[3] or ratios of odd integer
powers [4]-[11]) in the dynamics; second, high-order nonlin-
ear dynamics appear in some practical systems such as in
dynamical boiler-turbine units [12], in classes of hydraulic
dynamics [13], or in classes of under-actuated, weakly coupled
mechanical systems [1]-[2]. It is well documented in the liter-
ature that high-order nonlinear systems are intrinsically more
challenging than strict-feedback and pure-feedback systems,
as feedback linearization and backstepping methods fail to
work [1]-[2]. A parametric nonlinear adaptive control method-
ology called adding-one-power-integrator technique, originally
proposed in [2], has been successfully applied in stabilizing
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high-order nonlinear systems [3]-[11]. In the following, let us
distinguish and refer to such high-order nonlinear dynamics
as high-order odd-integer-power and high-order odd-rational-
power nonlinear systems (with high-order odd-integer power
being a special case of high-order odd-rational-power).

For high-order odd-rational-power nonlinear systems, both
stabilization to zero [5]-[12] and output tracking [3]-[4] have
been studied. It is worth remarking that, while stabilization
(regulation to zero) can be obtained at the price of impos-
ing growth conditions on the system nonlinearities [5]-[12],
no asymptotic tracking results have been reported for these
dynamics. All reported results achieve practical tracking in a
residual set, either by imposing the aforementioned growth
conditions [3]-[4] (see also recent works considering ratio-
nal or irrationals powers [14]-[15]), or by removing growth
conditions via the use of universal approximators (e.g. neural
networks) [16]. Therefore, two open problems appear for
high-order odd-rational-power nonlinear systems: asymptotic
tracking is the first one, and avoiding the use of universal
approximators is the second one.

The main contribution of this note is to give positive
answers to these problems. To this purpose, the unknown
system uncertainties are first transformed to some unknown but
bounded terms via barrier Lyapunov functions and then these
terms are compensated by designing appropriate adaptation
laws. To overcome the difficulty that virtual and actual control
signals of odd-rational-power dynamics appear in a non-affine
manner and cannot be designed directly, the proposed design
is achieved in combination with a newly proposed lemma that
allows to deal with the control terms in a “linear-like” fashion.
Because the proposed solution is given in the prescribed
performance control (PPC) framework, as a further evidence
of effectiveness, we show that the proposed result is in line
with the-state-of-the-art on PPC, since it can also handle the
recently studied problem of input quantization [17].

This paper is organized as follows: the problem formulation
and some useful lemmas are given in Section 2. Sections 3
and 4 present the proposed prescribed performance quantized
control scheme and asymptotic tracking analysis, respectively.
Simulation results are provided in Section 5 and Section 6
draws the conclusions.

Notations: The notations adopted throughout this paper are
standard: R3¢ denotes the set of non-negative real numbers,
R represents the Euclidean space with dimension %, and
Roaq 2 { g ’ p and ¢ are positive odd integers}. The symbol
“ £ 7 means “equal by definition”. Similarly to [10], we define
the notation [o]” £ |o|7sign(c), Vo € R. For compact-



ness and whenever unambiguous, some variable dependencies
might be dropped, e.g. &, u;, and 9; can be used to denote
e(x1,xe), ¥i(x1,22), and p;(x1, 22), respectively.

[l. PRELIMINARIES

Let us consider the following uncertain odd-rational-power
nonlinear system with input quantization:
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where y € R is the system output; © € R and Q(u) € R are
the control input (to be designed) and the quantized control
input; &; = [21,...,2;)7 € R’ is an intermediate state,
with the full state being ,. We assume that % € Roga,
i = 1,...,n, are known odd-rational-powers. The system
nonlinearities ¢;(-,-) : R" x R>o — R are locally Lipschitz
in &;. The control-gain functions ¥;(-,-) : R* x R>o — R are
locally Lipschitz in &; and are either strictly positive or strictly
negative, and their signs are assumed to be known. Without
loss of generality, in the following we assume sign(v;) = 1,
i =1,...,n.In line with [18]-[20], we assume that there exist
continuous and non-negative functions ¢;() : R* — Rxq, i =
1,...,n, such that |(Z)(:ii,t)‘ < (51(531), v (.’ii,t) € R? XREO.

Assumption 1 [19]: The desired trajectory y,(-) is known
and bounded, and ¢,(-) is bounded but its bound is not
necessarily known.

Remark 1: Assumption 1 implies that only the desired
trajectory (none of its derivatives) can be used for control
design.

Remark 2: System (1) generalizes the classes of systems
considered in literature for PPC: more specifically, (1) reduces
to the strict-feedback classes of [17]-[20] when »; = 1,
i =1,...,n, while it reduces to the high-order integer-power
classes of [1]-[3] when ¢; =l and p; #1,i=1,...,n

Let us consider the asymmetric hysteresis quantizer (2)
originally proposed in [21] (see Remark 3 for the details of
this choice). As typical in literature (cf. [22]), we denote such
quantizer simply as Q(u), even though the quantizer formally

constants o4, o— € (0,1) determine the quantization density,
i.e., the larger o4 and p_, the coarser the quantizer.

Remark 3: The interest in considering an asymmetric hys-
teresis quantizer is that it generalizes the uniform quantizer
[21], logarithmic quantizer [21], and symmetric hysteresis
quantizer [22], while its hysteresis property is of paramount
importance in guaranteeing the absence of chattering and Zeno
behavior. These issues have been thoroughly discussed in [17,
Remark 8 and Lemma A.1] and are not further discussed here
due to space limitations.

In line with [21], let us decompose (2) as

Q(u) = s(u)u + d(u), 3)

where ¢(u) = % and d(u) = 0 when Q(u) # 0, and ¢(u) =
1 and d(u) = —u when Q(u) = 0.

Before presenting the proposed prescribed performance
quantized control design, the following lemmas are useful for
deriving the main results.

Lemma 1 [21]: The control coefficient ¢(u) and input
quantization error d(u) in (3) are such that

¢ < ¢(u) < Gmax, and |d(u)| < d, 4)

where ¢ . = 1—max{o;,0_}, Gmax = 1 + max{oy,0_}
and d_ ma’X{len7 |Vm1n|}

Lemma 2 [10]: Suppose ¢ € Road, then for any z; € R
and xo € R, it holds that

D
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Lemma 3 [23]-[27]: The following inequality holds for any
n > 0 and for any 7 € R:

h2
— <.
Vh? +n?
Lemma 4 [1]: For any x1, x5 € R, any positive integers

b1, be and any real-valued function 0(-,-) with e(z1,22) > 0,
it holds that

0 < || - (6)
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Lemma 5: For any x1, 22 € R and positive odd integers p
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where 19({1,‘1,3?2) C [1 — &max{l + €277 '}] with € =
Py Tk Ek a constant that can be made to take value in
(0, 1) by selecting some appropriately small positive constant
e, and where p(xq,x9) satisfies |p(zq,22)] < © with © =

max{1l + w, 2P~ 1}andw—zp1pp Z

constants that are independent of z; and zs.
Proof. See appendix. B

=P ..
g?—F positive

[Il. ADAPTIVE PRESCRIBED PERFORMANCE
CONTROL DESIGN

Let us begin the control design by defining the state errors
[17]:

el(t) = ml(t) - yr(t)’ )
€Z‘(t) = l‘i(ﬁ) — Ozifl(t), (10)

where «;_; denotes a virtual control law whose design will
be explained later. Define the normalized error variables

ei(t)

wi(t)’
where k;(t) = (Ki,0 — Fi,00)eXP(—tit) + Kioos @ = 1,...,m,
is the so-called prescribed performance function [28], where
Kio > 0, Kioe > 0, and ¢; > 0 are design constants, and
|61(0)‘ < Ki,0-

The goal is to design a control u for (1) such that the system
output y asymptotically tracks the reference signal y,., while
having e; satisfying the prescribed performance. Since existing
literature [21] and [23] has shown that asymptotic tracking
can be realized for some classes of dynamics in the presence
of input quantization, we set an asymptotic tracking goal for
dynamics (1) in our paper.

Hereafter is the proposed design for the virtual control
laws and for the actual control law. The motivation behind
this design is explained via the stability analysis in Sect. IV.
Specifically, we devise the virtual and actual control laws as
follows:

1=2,...,n,

Gilt) = Y

45

= CiTOi=s Pi
-4, b kl'@—l—# ,i=1,...,n—1,
w? + o%(t)

Q; =
(12)
= oe:(ci,i-,t), (13)
w= -t 00 kg, + —mnEn (14)
w2 + o2(t)
2 0% (Cor Ens t), (15)

(f ng)g, U; = max {1+¢;,2P "'} with € being

an arbitrary constant taking value in (0,1), k; > 0, and ¢; > 0
are design constants. The terms =; in (12) and (14) are updated
by adaptation laws given by

where w; =

Yiw
w? + o2(t)

[1D)-

2B, t) >0, i=1,...,n. (16)

~

with initial conditions = = =;(0) > 0, where v; > 0 is
a design constant, and o(-) is a positive integrable function

~
—
—

satisfying fo 7)dr < & < oo and |&(t)] < o* for Vt > 0
with constants & > 0 and o* > 0.

Remark 4: Common forms adopted in the literature for the
positive integrable function o(-) include wexp(—At) as in
[23]-[26], and +t2” as in [20], [27], with design constants
w >0, A >0, and ¢+ > 0. The numerical simulations in these
works typically select small values for A and ¢, yielding a slow
decay rate of o(+). This helps avoiding numerical integration
problems that might arise when o(-) becomes smaller and
smaller.

IV. ASYMPTOTIC TRACKING ANALYSIS

We summarize the main results of this paper in the following
Theorem 1.

Theorem 1: Let Assumption 1 hold. Consider the closed-
loop odd-rational-power nonlinear system (1) with hysteresis
quantizer (2), control laws (12)-(15), and adaptation law (16).
Then, it holds that:

o The state errors e;(t), 1 =1,...,
ki (t) for all t > 0;
o The output tracking error e (t) = y(t) — y.(t) satisfies
e1(t) = 0 as t — 4o0;
o All closed-loop signals remain bounded.
PROOF: (Time dependence will be kept only for the func-
tions ; and y,, and will be otherwise omitted whenever un-

n, are such that |e;(t)| <

ambiguous). It follows from (9)-(11) that the states z1,...,z,
can be rewritten as
z1 =GR (t) +y () £ xa (G, t), (17)
Ti = Czﬂl(t) + (o751 é Xi(gi—la <iat)7 1= 23 s, N (18)

Differentiating the normalized errors (; in (11) with respect
to time and using (12)-(16) and the dynamics in (1) gives

: 1 no .
G =61 (e t) + 00, D = () — i (G
K1(t)
éﬁl(clac27517t)7 (19)
. 1 _ B Bi oo, Oaf_,
i = i(Xi» t i(Xai )X — ——— — i
C K,»L(t) |:¢ (X ) + w (X )XH—I ot aCi—l ﬁ 1
80[*71’:‘
— Ls = — ki (1) G
g - n
éﬁi(cla "7Ci+1751a"'75’b7t)7 7’:2’ n 1 (20)
: 1 _ o Jay_y
Cn —m {¢n (Xna ) + ¢n(X )(Q(u)) (9t
oo, oo 1 A
n— =~ En - "{n t n
0 15 LoE, (t)e ]
:Bn(gla'"7CnaElv"',E'nat)v (21)
where x; = [x1,---,xi]%, i = 1,...,n. For compactness,
let us define € = [(1,...,Cn, 21, - 7En]T and let us rewrite

(16) and (19)-(21) in the form of
E=B(&1) = (G En1),. .
B (Cns-- -

[

7/8i(éia"'a i)a"'a
T
n)a6n+l (Clat)w"aﬂZn (Cnat):| ) (22)

[1])
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where EZ = [Ch...?Ci}T, = [Eh... = ]T, 1= 2,...7’)’L.
Define the open set O¢ = O¢ 1 X - - ~><@§,i XX Og p x R
with O¢;, = (—1,1), i = 1,. It is straightforward to
verify that £(0) = [¢1(0),..., Cn( ), Ei o E%]T C O¢ due
to |e;(0)| < k;0. Note that B(-,-) : O¢ x Ry — R*™*1 s
piecewise continuous in ¢ and locally Lipschitz in O¢; ¢; and
1; are piecewise continuous in ¢ and locally Lipschitz in &;,
and y,.(-), and k;(-) are bounded and differentiable. Then, it
follows from Theorem 54 of [29] that there exists a unique
maximal solution £(-) of (22) on the time interval [0, Tyjax),
where Tmax < 400 is chosen such that £(t) € ©¢ for all
t € [0, Tmax)- In what follows, we first suppose Tmax < +00,
and eventually we prove by a contradiction that 7,,,, must be
extended to +oo0.

Let us consider the barrier Lyapunov function candidates

2
_@

2(1-¢2)° 27
which are positive deﬁniAte and continuously differentiable over
Og¢, where E; = E; — 5;, 9; > 0, E; are unknown constants
whose specific expressions are given after (30), and =; is the
estimate of =;. Consider the following induction steps on the
time interval [0, Tiax)-

Step 0: Note from (17) that ag = y,(t), &y, and 2, are
bounded on [0, Timax) as a result of (1, k1(t), yr(¢), and 9,.(t)
being bounded on [0, Tyax)-

Step i (¢ € {1,...,n —1}): Consider that at step i — 1 we
have shown z1(-),...,2;—1, @;—1, and &;_1(+) to be bounded
on [0, Timax ). From (18) we further have that x;(-) is bounded
on [0, Timax). Then, it follows from (1), (10), (18), and (20)
that the time derivative of L; is

@
o~

022, i=1 n (23)

geeey

L Z;U(;) [@(ﬂf‘i, t) + Vi@, t) (eir1 + i) W ki(t)Gi
- di—l} - l_CiQiEiEi; € 10, Tmax), (24)
Applying Lemma 5 to :c;l gives
xil = [Vi(eir1, i)l + pileirr, i)el’, | a , (25

where ¢;(-,-) and p;(-,-) are some real-valued functions
satisfying 1—€; < ¥;(-,-) < max {14¢;, 2P~ '} with ¢; being
an arbitrary constant taking value in (0,1), and |p;(+, )| < Uy,
with v; > 0 being a constant which is independent of e;
and «;.

The following inequality results from applying Lemma 2 to
(25):

@ 1
Lig1 —

<2'7%

i

L .
(Dileiy1, op)af) fri(€it, i)ely

S Ei7 te [07 7.max) (26)

where E; > 0 is an upper bound of Ei(ei+17ai) = 21_7'

W which is bounded due to the boundedness

Mz(eerla az) 7,+1 ‘
of ui(eit1,a;), and e;41(t) on [0, Tmax ). Hence, it follows that

Pi

xzq—ib-l (19 (eH-lvaZ) )q’ +€ Ela te [Omiax) (27)

for some function ¢; C (—1,1). Substituting the virtual control
law «; (12) and (27) into (24) yields

Ciwi(iiat)w2:z
Ki(t) /@ + o?(t)
t € [0, Tmax), (28)

Li <|Fy(t)] || — ki Hi(t) e} —

1 ~ A
—Ci0i=i=,
7

where |F;(t)] £ L Ud)z &, t)| + |dia | + |G (2, 1) | B +

ki (t)
|/~;Z QH and H;(t) = w(w(f) ,i=1,...,

using the fact that |(;(t)] < 1 for all ¢ € [0, Tmax), ¢ =
1,...,n,and that y,.(-), k;(+), 5 (+), 21 (), . - ., x4, and &1 (-
are bounded on [0, Tyyax), We have from the Extreme Value
Theorem that there exist unknown constants ; > 0, 1/} > 0,
F, >0, F, >0, H, >0, and H; > 0 such that

Y. < i) <ahiy By < Fi() < Fiy, Hy < Hi(-) < H;
(29)

n—1. Furthermore,

on [0, Tiax). Substituting (29) and adaptation law (16) into
(28) results in

cihi (T, t)w?E;
ki(t)/@? 4+ o2(t)
2'—' 2=
ci0;w; 2 Ci0i T =
+ (1543 22 _ 7,21 i 21 ’ te [O,Tmax)
V@ +02(t) @2 +o2(t)

L <— kiH,@? + F; |o;| —

(30)

Note from (16) that Zi(t) > 0, Vt > 0. After defining o; =

P, _
= and &Z; =
Ki,0 P:Q

E.i < —klﬂlwf + Fid(t),

, and applying Lemma 3 to (30) results in
t € [0, Tmax)- 31
Integrating (31) over [0,t) leads to

t
ﬁz(t)+/ klﬂzwf(s)ds S »CZ(O)—FFZ& é gi7 te [O,Tmax),
0

which, combined with (23), implies that

Ciz N Ci&é? <
——— < Li(t) <6, and —— < Ly(t) < 0; (33)
2(1—¢2) 27

Yt € [0, Tmax)- Solving (33) results in
V84 +1-1 85, +1— 1
|<z S é \/ + 1, te [O7Tmax) (34)
~ ~ 2 161
| <EZrom 4+ 2% € [0, Timax)- (35)
C?,Qz

Note that (34) implies the boundedness of w;, which together
with (35) ensures the boundedness of «; and x;11 on [0, Tinax)
according to (12) and (10), respectively. Then, it can be derived
that the time derivative of w; can be bounded by

42 +1 _oagm
=1 S e |:|¢z<wz7 O 4+ V0 o |+ il s
ki(t) [1 - ¢2)
+ ‘di71| + |"£Z(t)Cz|:|7 te [0; 7—ma»x)- (36)
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Fig. 1: Numerical Example: (a) Evolution of y, y,, and e;; (b) Evolution of the actual control signal u and the quantized

control signal Q(u); (c) Evolution of Z; and =s.

Invoking (12), (36), and the boundedness of w;, the time
derivative of virtual control law «; can be bounded by

= T
ciZq| ]
@} + o3(t)

3
(@} +02)?

¢iZioi)

(w? +0?)?

ciéiwia|d| ]

(@? +02)*
(37)

.o=1
|l S%%m <kiwi| +
3

Ci%‘|w?|

+hi|oi| + o7 1o

for t € [0, Tmax),

where r; = —qi;p’i.
Step n: Following the same vein as Step ¢, we can obtain
the derivative of £,, as

- TWn 1 Pn —
Ly :m [¢7L(m7u ) + d’n(mm )(ﬂﬁb" G an (u)uq" + ETLE")
- "Qn(t)gn - dn711| - CHQZ/:‘TI:‘TL7 t S [07 dex)y

(38)
_ -
where the function £,, C (—1,1),and E,, = 2 ~n ‘,undpn an

Substituting actual control « as in (14) into (38) yields

Ly <|En(t)|wn| — knHy(t)w? —

n

Ko (1) w%+02(t)
1 = &

— —CnOn=nSn, S [OaTmax)a (39)
where  [Fu(t)] 2 [len@a )]+ fan]
|memﬁmnmhmm@:@%%
Similarly to the analysis after (28), there exist unknown

constantswn>0¢ >0, F, >0 F, >0, H, >0, and

H,, > 0 such that
(40)

on [0, Tmax). Substituting (40) and adaptation law (16) into
(39) and conducting the same steps as (31)-(35), it is possible

to obtain the following results:

Cl<c e \/ VR, 411 +1—1

7 te [OaTmax)
(41)
= Sk A= 29,0,
Z.| <E; 25, 4+ 2 € [0, Timax) (42)
CnOn
where 6,, = £,,(0) + F,,¢ and =,, = Cf - with ¢, = ==

Consequently, one can obtain that (, € [f fn,Cn] -
(—1,1). Following reasonings similar to (36)-(37), the bound-
edness of u, and u can be achieved on the time interval
[0, Tmax)- Therefore, all closed-loop signals, including states
z; in (18), ¢ = 1,...,n, intermediate control laws «; and
their derivatives ¢;, @ = 1,...,n — 1, and actual control «
have been proved bounded for all ¢ € [0, Tynax). Moreover,
from the above analysis, one can conclude that there exists a
compact set OF = [~ (1, 1] X+ X [=Cny Gu] xR C O
such that the maximal solution of (22) satisfies £(t) € @Zf
for all ¢ € [0, Timax). This contradicts the argument of [29,
pp- 481 Proposition C. 3.6] (i.e. there exists a time instant
t* € [0, Tmax) such that £(t*) ¢ 92), which implies that
Tmax = +00. Therefore, all closed-loop signals are bounded
and £(t) € ©f U O for all t > 0, and |e; ()] < (1),
¢ = 1,...,n, holds for all ¢ > 0. In addition, it can be
concluded from (32) and (37) that fot ki H,w?(s)ds < 0
holds and |co1| is bounded, respectively. This implies that
lim;_, 4 o1 (t) = 0 according to Barbalat lemma [24], which
eventually implies lim;,4o0e1(¢f) = 0. This completes the
proof. H

Remark 5: Barrier Lyapunov functions have been exten-
sively used in existing literature [30]-[34] for the constraints
satisfaction, whereas the barrier Lyapunov function (23) in our
design serves to transform the unknown system nonlinearities
in (1) to some unknown but bounded terms (cf. (29) and (40)).
Then, these terms are compensated by appropriate adaptation
laws (cf. (30)-(31)) without imposing growth conditions on
system nonlinearities (such as [4, Assumption 2], [5, Assump-
tion 2], [6, Assumption 2], [7, Assumption 2], [8, Assumption
1], [9, Assumption 1], [10, Assumption 1], [11, Assumption
1], [14, Assumption 3], and [15, Assumptions 1 and 3]) and
without universal approximators.



TABLE |: MACA for three different sets of initial conditions

Signal

2(0) um Qu)m | um — Q(u)m
1.25,0.25] 78631 | 2.4767 10.3%64
2.75,—1.75 2.9743 2.5132 10.4611
—3.25,3.95 30124 | 2.6650 10.3465

Remark 6: The main innovation of Lemma 5 is to allow
handling the control terms in a linear-like manner (cf. (27)
and (38)). With this tool, Theorem 1 shows that prescribed
performance asymptotic tracking can be achieved for the
challenging class of dynamics (1).

V. SIMULATIONS

A. Numerical Example: To illustrate the validity of the
proposed control method, consider the following dynamics:

&y = 2.52% cos(xy) + (1.5 + sin(;vl))xég,
iy = 1.25sin(z122) + (2.5 — cos(z172))Q(u),  (43)
Yy =,

with desired trajectory y,.(t) = sin(¢) + sin(0.5¢) and initial
conditions [x1(0), z2(0)]T = [1.25,0.25]7. We select the pre-
scribed performance functions «;(t) = (4 — 0.35) exp(—t) +
0.35, i = 1,2, the quantizer parameters v}, = 0.025,
Vpin = —0.035, o4 = 0.2 and po_ = 0.25, and the design
parameters k; = 1.5, ke = 2.5, ¢; = 3, co = 3.5, y1 = 1.75,
Yo = 1.5, € = 0.275, and €5 = 0.A75. The illitial conditions
of adaptive parameters are set as =;(0) = Z3(0) = 0. The
positive function o(-) is chosen as o(t) = m. The
simulation results are shown in Fig. 1. Fig. 1-(a) reveals
that the system output y can track the desired trajectory y,
asymptotically, while ensuring that output tracking error e;
strictly evolves within the prescribed performance interval
(—k1(t),k1(t)) all the time. Fig. 1-(b) depicts the evolution
of the actual control signal u and of the quantized control
Q(u). Notably, asymptotic tracking is achieved in spite of
quantized information. Compared with bounded tracking sim-
ulations for similar dynamics, e.g. [35], the output of the
quantizer of Fig. 1-(b) seems to require higher bandwidth.
This is expected since asymptotic tracking results for other
input-quantized dynamics, e.g. strict-feedback dynamics [21]
and [23] have shown that asymptotic tracking may require
faster inputs. Fig. 1-(c) shows the evolution of adaptation
parameters =; and Z,. To further investigate the influence
of the adopted hysteresis quantizer, the mean absolute control
actions (MACA) = fOT |u| and = fOT |Q(u)| for three different
sets of initial conditions have been given in Table I where uy;
and Q(u)m respectively represent the MACA of u and Q(u)
(the latter resulting slightly smaller than the former).

B. Practical Example: A poppet valve is one of the most
commonly used components in hydraulic systems [13]. A
poppet valve is typically used to control the timing and
quantity of gas or vapor flow into an engine, and its behavior
can be modeled by the annular leakage equation. According
to [13, page 54], the input force F' drives the poppet to move
for regulating the volumetric flow rate Q., = Ac® of oil
from the high-pressure to the low-pressure chamber, where

TABLE [|l: MACA for four different sets of initial conditions

Signal

2(0) um Qu)m | um — Q(u)m
5.45,0,0.1] 33653 | 2.0125 703528
4.15,1.25,0.25} 2.1134 1.9269 1 0.1867
2.55,2,0.2] 30863 | 1.7267 10359
1.09,3.75,0.35] | 1.9867 | 1.6235 10.3632

A= J%LAP is a lumped coefficient, ¢ = ay is the effective
clearance of the annular passage with « a constant and y the
displacement of poppet, and where r, i, and L are constants
independent of the axial motion of poppet, and AP is the
pressure drop between two chambers. The dynamics of oil
volume V' in upper chamber is given by
V(1) = Qua — R(t), (44)
where R is the lumped reduction rate of oil attributed to
consumption and other leakages. Likewise, the equation of
motion of the poppet is
mij(t) = —ky(t) + T(t) + F(0), 45)
where m is the mass of the poppet, k is the viscous friction co-
efficient, T' denotes the lumped elastic force, and F' represents

the input force. At this point, let us introduce the following
notation substitutions:

LU]—‘/, T2 =Y, xr3 =Y, u=F. (46)
Then, the dynamics of systems (46) becomes
i1 = g1+ Yrad, @y =xs, @3 =¢3+1YsQu), (47)

where 11 = Aa?, ¢y = —R, 3 = =, and ¢35 = = (T — kx3).
We take the desired trajectory v, (¢) = sin(t) + sin(0.5¢) and
initial conditions [z1(0), 22(0), z3(0)]7 = [2.5,1.5,—0.75]7.
We take m = 7.5kg, k = 2.5N/m, R = 5L/min, AP =
10N/m?, T = 5N, p = 25, L = 5, r = 1.25, a = 4.5,
and the prescribed performance function defined by x;(t) =
(6—0.25) exp(—t)+0.25, i = 1,2, 3, the quantizer parameters
v;in = 0.25, v, = —0.05, o4 = 0.2 and o_ = 0.25, and
the design parameters k; = 5, ko = 3.5, k3 = 15, ¢ = 2.5,
ca =5, c3 =10, v = 1.25, v = 0.75, 73 = 1.5, ¢ = 0.5,
€s = 0.25, and é3 = Q.75. TheAinitial cclnditions of adaptive
parameters are set as =;(0) = Z5(0) = Z3(0) = 0. The inte-
gral function o(+) is chosen as o (t) = m. The simulation
results are shown in Fig. 3, where the standard PPC approach
as in [36] is taken as a means of comparison. Fig. 3-(a)
shows that the proposed approach exhibits asymptotic tracking
differently from the standard PPC approach [36]. Fig. 3-(b)
and (c) depict the profiles of the actual control signal u and
the quantized control signal Q(u), and adaptation parameters
=1, 29, and =g, respectively. Fig. 3-(d) shows that asymptotic
tracking can be achieved for different initial conditions under
the proposed method, despite quantized information and even
with reduced control effort in terms of MACA (cf. Table II).
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Fig. 2: Practical Example: (a) Evolution of tracking error e; under two schemgs; (p) EvoluAtion of the actual control signal u
and the quantized control signal Q(u); (c) Evolution of adaptation parameters =1, Z», and =3; (d) Evolution of tracking error

e1 under four different sets of initial conditions.

VI. CONCLUSIONS

This paper has addressed asymptotic tracking for uncertain
high-order odd-rational-power nonlinear systems without im-
posing growth restrictions on the nonlinearities. The proposed
result extends the class of dynamics for which asymptotic
tracking is possible with minimum knowledge of the system
dynamics. Similarly to [37], an interesting open problem de-
serving future investigation is to further reduce the knowledge
of the system dynamics by considering completely unknown
control directions.

APPENDIX

Proof of Lemma 5. The aim is to first find an upper and lower
bound in the form
1

(ﬁ(mb x2)xh + plx, $2)$§>

< (a1 + $2)§ < (19(33171‘2)#1) + ﬂ(331,$2)33g) E? (48)

for some appropriately bounded functions p(-,-), 9(-,-),
(-, ), and 9(-, ). Using the binomial theorem [38, Sect. 3.1,
page 10], the following inequalities can be derived for Vz,

zo € R:
p—1 %
(21 4 32)7 < (ﬂ; +ab+ ) ( ) |x1|k|x§_k|>
k=1

p—1
k —k -
< <x’1’+x’2’+ g (p5£|x1p+pp< )sp—p’v|x2|p>>
k=1

p
k

p
k

Q=

p—1 p—1
< <$Zf + zf + ka\l‘ﬂp + Zwk|$2|p>
k=1 k=1

Q=

< ([1 + € sign(z) |2 + [1 4+ w - sign(22)]

p
)"

(49)

where the second inequality relies on Lemma 4, and where

e = %5%, Wi = % Z e F, w=Y""1wy, and € =
z;} €x can be made to satisfy 0 < € < 1 by appropriately

selecting the small positive constant ¢.

A lower bound will be sought along the following three
situations.
Situation 1: When x; < Opand r1 + z2 > 0, we immediately
have (z1 + 1'2)% >0> :cla as p is a positive odd integer.
Situation 2: When z; < 0 and z1 + zo < 0, it follows that

(«f +ab)s =

<0 >0
PTfl
1 D x1 +I2>2’”_1 (Il - I2>p_2m+1
27 ﬂ;( 2m — 1 > ( 2 2
<0
1 + T2\P a 1-p P
+( = 2)} < 257 (21 + 12) 5, (50)

-

which indicates that (z7 4 z)4 > (217_1:10117 4o 1gB) "

Situation 3: When 1 > 0 and z5; € R, then following

similar derivations to (48), it holds that (x1 — x9)4 [$1 +
1

(~22)] 7 < ([1+€-sign(e)]af — [1 - w- sign(az)]af] )’
Besides, note that (z1 + z2)P + (21 — x2)P 2{9:{’ +

>0 >0
p—1 —

1302 ( )m%k_l a:g_%H] > 222, Thus, we have

1

(21 +m9)7 > ([1 — - sign(a1)]a? + [1 4w - sign(za)]2h ) *.

Having derived all the necessary upper and lower bounds in

the form of (48), we conclude that the equality [x’f Wy, z2)+

1 P

xgu(xl,xg)] 7 = (21 + x2) ¢ holds for any x1, x, for some

function 9(-,-) C [1 — € max{l + € 2P~ '}] with € being a

constant that can be made to take value in (0,1) by selecting

p
2k -1



an appropriately small constant e, and |u(-, )| < © with 0 =
max{1 + w,2P~'} a positive constant that is independent of
z1 and . This completes the proof. B
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