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Stability and Performance Analysis of Model Predictive Control of
Uncertain Linear Systems

Changrui Liu”, Shengling Shif and Bart De Schutter”, Fellow IEEE

Abstract— Model mismatch often poses challenges in model-
based controller design. This paper investigates model predic-
tive control (MPC) of constrained uncertain linear systems
with input constraints, focusing on stability and closed-loop
infinite-horizon performance. The uncertainty arises from a
parametric mismatch between the true system and the esti-
mated system, quantified by the matrix Frobenius norm. We
examine a simple MPC controller that exclusively uses the
estimated system model, and we establish sufficient conditions
under which the MPC controller can stabilize the true system.
Moreover, we derive a theoretical performance bound based on
relaxed dynamic programming (RDP), elucidating the impact
of prediction horizon and modeling errors on the suboptimality
gap between the proposed controller and the ideal infinite-
horizon optimal controller with knowledge of the true system.
Simulations of a numerical example demonstrate the theoretical
results.

Index Terms— Linear Systems, Model Predictive Control,
Performance Analysis, Model Mismatch

I. INTRODUCTION

Model predictive control (MPC) is an optimization-based
control strategy that computes inputs to optimize a specific
performance metric over a given prediction horizon based
on a system model. MPC has found widespread application
in various fields, such as chemical processes [1], aerospace
vehicles [2], and portfolio optimization [3]. Regardless of
the application, the effectiveness of MPC heavily depends
on the accuracy of the prediction model. However, obtaining
a perfect model is impossible due to inherent modeling errors
in practice.

To address the issues that arise from having an imperfect
model, adaptive MPC is commonly employed, integrating
MPC with a system identification module [4]. Typical ap-
proaches use the comparison error [5], neural networks [6],
and Bayesian inference [7]. On the other hand, data-driven
MPC [8] has also emerged as a promising method for
handling model uncertainty by directly using input-output
data. However, while much of the literature focuses on the
stability, feasibility, and robustness of MPC, studies that
provide performance analysis are limited.

Relaxed dynamic programming (RDP) is a notable frame-
work for analyzing the performance of MPC controllers
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compared to that of the idealized infinite-horizon optimal
control problem [9]. RDP quantifies the suboptimality gap by
analyzing a general value function that describes the energy-
decreasing characteristic along the closed-loop system tra-
jectory [10], [11]. For uncertain systems, recent extensions
analyze the effect of disturbances for nonlinear systems
[12] and a class of parameterized linear systems where the
true matrices of the system lie in a known polytope [13].
However, performance analysis of MPC for general linear
systems with modeling errors remains unexplored.

Contributions: This work presents a novel analysis of MPC
performance for linear systems with modeling errors. In
contrast to the previous work in [13], we do not assume
any specific parametric structure of the system nor adapt the
system model online, adhering to the framework of model-
based control with offline system identification. Moreover,
our established bound is a consistent extension of the bounds
derived in [11], [14], allowing it to recover the case without
model mismatch. Using the RDP method, we establish a
theoretical performance bound illustrating the impact of
modeling errors on the closed-loop performance of the MPC
controller. Furthermore, we provide sufficient conditions on
the prediction horizon in the presence of modeling errors
such that the closed-loop system is stable. This further
reveals how closed-loop performance depends on modeling
errors as well as the prediction horizon.

The remainder of the paper is organized as follows. After
providing the preliminaries in Section II, we formulate the
optimal control problems in Section III. Section IV offers
stability and performance analysis of the MPC controller,
followed by a numerical example in Section V to validate
the theoretical results.

II. PRELIMINARIES
A. Notation

Let = be a vector; then its transpose is denoted by z ',
and its vector i-norm by ||z||;. For a matrix M, MT,
|[M||2, and ||M]||¢ denote its transpose, matrix 2-norm (i.e.,
spectral norm), and Frobenius norm, respectively. Moreover,
M >0 (z > 0) indicates element-wise nonnegativity, while
M > (>) 0 indicates positive (semi)definiteness. For a
symmetric matrix M > 0, its largest and smallest eigenvalues
are, respectively, denoted by s and ¢,,, and we further
define rp; = % For a vector z and a symmetric positive
(semi)definite matrix M, ||z||5; stands for (z" Mz)'/2.

The set of natural numbers is denoted by N, the set of
positive integers is denoted by N_, the set of positive integers




up to n is denoted by Z.", and the set of real and non-negative
real numbers are denoted, respectively, by R and R . We will
sometimes use the bold letter x to represent concatenation
of a sequence of vectors {z;} as x = [z],z],...]", and
x[t] := ;. For any two vectors (matrices) z and y, z ® y
stands for their Kronecker product. Moreover, 0,,, 1,, and
I,, are the zero vector, one vector, and identity matrix of
dimension n, respectively.

B. System Description & Definitions

We consider discrete-time linear time-invariant (LTI) sys-
tems given by

x(t+1) = Az(t) + Bu(t), te€N (D

where z; € R" is the state, u; € U C R™ is the input
with I/ being the input constraint set, and A € R™*"™ and
B € R™™™ are the matrices of the real system. In this paper,
we consider a stabilizable pair (A, B), which is a standard
assumption in the field [13], [15]. The set I/ is described
using a set of linear constraints as

U={ueR™ | Fu<1.,}, (2)

where F,, € R°*"™ with ¢, the number of input constraints.
Note that 0 € U, and hence U/ is nonempty. For a general
model z(t + 1) = f(x(¢),u(t)), the open-loop predicted
state, starting from any state x € X and being predicted
k steps forward under the control sequence u, is denoted as
¥ (k, x,u). For linear systems characterized by (A, B), it is
commonly known that

k—1
= Akz 4+ AR B ], 3)

=0

Vo (k, 2, 1)

On the other hand, given a state-feedback control law p :
X — U, we denote the corresponding closed-loop predicted
state, starting from any state x € X and being predicted
k steps forward, as Pl ]( x). For the system described in
(1), the controller only has access to an estimated system
governed by the matrices A € A(A,54) € R™*" and B €
B(B,dp) C R"*™ where the uncertainty sets A(A, J4) and
B(B,dp) are defined as

A(A,64) ={M e R | |A = M|lp < da},
B(B,ip) ={M € R"*™ | |B— M|r < B},

(4a)
(4b)

where the parameters 64 > 0 and g > 0 are characterized
using system identification or machine learning techniques
before initiating the control task. For the open-loop and
closed-loop predicted state of the estimated system, we
use the notation t,(k,z,u) and éL“ ](k,:c), respectively.
Although we do not know (A, B) in advance, as indicated
above, we assume that (A, B) is stabilizable. This stabiliz-
ability condition is also imposed when determining (A, B),
leading to the following assumption:
Assumption 1: The pair (A, B) of is stabilizable.

Finally, for convenience in the analysis in Section IV, we
provide the following definition:

Definition 1 (Error-consistent function): We call a func-
tion a(-,-) : R — Ry to be error-consistent if the following
conditions hold:

1) «(dy,-) is non-decreasing for any 6; € R,

2) a(-,d2) is non-decreasing for any ds € RY,

3) «(d1,d2) =0 if and only if 6; = J = 0.

III. PROBLEM FORMULATION

We consider an infinite-horizon optimal control problem,
in which the controller aims to generate an input sequence u
that stabilizes the system (i.e., steers the state to the origin)
while minimizing the performance metric

(z,us0) : Zl Ty, Ut), &)

where 9 = x € X. In this work, we consider a quadratic
stage cost given by I(z,u) = [lz[|, + [lu]%, where Q €
R™*™ and R € R™*™ are symmetric matrices satisfying
Q, R > 0, and we define [*(z) = min,ey l(z,u) = Ho:||é)
In addition, for any linear control law v = k(z) = Kz, we
define the local region Qg = {x € X | I*(z) < ex} with
ex > 0 such that Kz € U for all z € Q. The maximum
€x can be computed by solving a min-max optimization
problem, the explicit form of which is given as

1
€K =Min ——————— (6)
i FuK]G ) G-
where [F,K];.) denotes the i-th row of the matrix F, K.
Given the dynamics in (1) and the input constraint set in (2),
we consider the following optimization problem:

Pi-ocp : {m}ln ZthHQ"" el

ffuto

sit. k41 = Azy + Bug,Vt € N,
upy €U, Vt €N,
xo = z(0).

Starting from 2z = 2:(0), we denote the optimal solution to the
problem Prg_ocp by ul (z); the associated optimal value
of the cost function is Voo () := Joo(z, ul ().

Assumption 2: The initial state z = x(0) lies in the region
of attraction Xgpa of the considered system in (1) such that,
given the input constraints in (2), Vo (z) is finite for all
T € XROA-

Corollary 1: Under Assumption 2, Xroa is a control
invariant set, i.e., for all € AXRroa, there exists u € U
such that Az + Bu € Xroa.

However, due to the infinite nature of Pry_ocp, computing
the optimal input is intractable. Therefore, we consider an
approximated performance metric as

N
In(@(t),un) =Y Uy, ), (8)

where N > 1 is the prediction horizon, and x; and ug
are, respectively, the k-step forward predicted state and input
with zg;; = (t) being the true state at time step ¢. In this



work, we consider the formulation without a terminal cost,
as also done in [14], [16]. At each time step t, the ideal
MPC controller that has access to the true system solves the
following optimization problem:

N

min > ([erelld + el )

Uk[tS k=0 },—

Pip—mpc -

S.t. xk+1‘t = Axk‘t + BUk‘t,vk S ZE—I’
upe €U,k € ZF;
Top = ().

The optimal solution to the problem Pip_ypc is de-
noted by u}, (z(t)), and the corresponding value of the cost
function is Vy (z(t)) := Jn(z(t), uly (x(t))). Moreover, the
problem Pip_npc implicitly defines an ideal MPC control
law as pn (x(t)) := uly (z(t))[0]. Nonetheless, in reality, the
real MPC controller can only rely on the estimated system,
and it instead solves the following optimization problem:

N

min Z (el + Nungellz)

Uk|t,}k=0 k=0

Pre—mpPC :

S.t. xk_;'_l‘t = Amk‘t —+ B'U,k‘t,vk S ZK7
upe €U,k € Z;
Top = ().

Likewise, we denote the optimal solution to the problem
Pre—mpc by U} (z(t)), the value of the cost function
follows as Vi (z(t)) := Jy(x(t), i} (z(t))), and the real
MPC control law is defined as fiy (z(t)) := @ (z(¢))[0]. We
apply the real MPC controller recursively, and the resulting
performance, starting from z(0) = z, is

o0
T (@) = Y1 (o2, i (@) ) A
t=0
The main objectives of this paper are twofold: (i) to in-
vestigate under which conditions the MPC control law i
can stabilize the system and (ii) to quantlfy the closed-loop
performance of the real MPC controller J L ]( ) relative to
the optimal infinite-horizon cost Voo (x).

Remark 1 (Nullified input at stage N): For both the op-
timization problems Pip_ypc and Pre_mpc, the optimal
input satisfies uy;, = 0 due to the positive definiteness of
the quadratic cost. We include uy; in our formulation to be
consistent with the one without a terminal cost.

Remark 2 (State constraints & region of attraction): In
this work, we do not consider an explicit state constraint
set X. However, in the presence of hard input constraints,
stabilizing the system may not be possible for any arbitrary
initial state x(0) = x, especially for unstable systems with
||[A|l2 > 1. Therefore, we impose Assumption 2 for the
validity of our work. Similar assumptions have been made
in [17] and [18] using the notion of cost controllability.
Characterizing Xroa without knowing the true system is
an open issue and is out of the scope of this paper.

IV. THEORETICAL ANALYSIS

In this section, we provide an analysis of the stability
and the closed-loop performance of the MPC controller with
model mismatch. In Section IV-A, we establish a relation
between the MPC value function VN and the infinite-horizon
optimal value function V., leveraging the sensitivity analysis
of quadratic programs (QPs). In Section IV-B, we theoreti-
cally derive a performance bound using the RDP inequality.

A. Evaluation of the MPC value function

We first establish an upper bound of Vy in terms of
V. It should be noted that these two value functions are
constructed using different dynamic models. We first state
the main result and highlight some interpretations.

Proposition 1: There exist two error-consistent functions
aN(éA,SB) and By (d4,0p) such that, for all € XRroa,
Vy and Vi satisfy the following inequality':

Vn(z) < (1+an(64,08))Veo(x) + Bn(04,68),

where functions a and Sy relate to the eigenvalues and
matrix norms of A, B, Q, R, the input constraint set I/, but
not to quantities derived from A or B.

The upper bound in (12) is consistent with the bound
without model mismatch: Vi () < Vo (z). Indeed, if 4 =
op = 0, VN is identical to Vi, and (12) degenerates to
Vn () < Voo(x) since both ay and Sy are error-consistent.
Furthermore, ay and Sy are computable in that they do
not depend on the matrix pair (A4, B) of the true system.
Explicit expressions of ay and [y are given in Appendix
C. Establishing the upper bound in (12) frequently uses a
lemma about the weighted quadratic norms, whose details
can be found in (38) in Appendix A.

Due to space limits, we only provide a proof sketch of
Prop. 1, highlighting the main steps. More details of the proof
are available in the online version [19]. The main course of
the proof is composed of the following four steps:

Step 1): Expanding Vy in terms of @m(-,m,ﬁ}‘\,(x)) and
al (x). By definition, we have

12)

N

V() = 3 (e (b, ke () I + | (e (@) K1)
k=0

Step 2): Keeping the input u}, (z) unchanged and decom-
posing (-, z, Wy () into ¥, (-, 2, 0% (z)) (ie., the open-
loop predicted state using the true system model under input
ay(2) and ey (+) == Yo (-, 2, 0y (@) = (-, 2z, Wy () (e,
the open-loop prediction error under input a} (x)). Using
Lemma 8, the remaining task is to derive an upper bound
for ||e¢£-)||2Q, which further requires bounding the terms
| Ak — A¥||5 and ||A¥B — A*B||, for k € Z§;.

Step 3): Decomposing the input @} (z) into u¥, (z) (i.e., the
optimal solution of the problem Pip_ypc) and du(z) =
uly () — 0y (z). Similar to Step 2, the main difficulty is to
derive an upper bound for ||du(z)|2. We first transform the

IThe explicit dependence of ay and Bx on the prediction horizon is
highlighted using the subscript V.



problems Pip_npc and Pre—_wmpc, respectively, into their
QP formulations using system-level synthesis, then we apply
results in sensitivity analysis of QPs [20] to provide an upper
bound as a function of d4 and dp.

Step 4): Decomposing 9, (-, z, Uy (x)) into (-, z, ujy(z))
(i.e., the open-loop predicted state using the true system
model under input ul;(z)) and ¢,(-,0,du(z)) (.e., the
open-loop predicted state, starting from = = 0, using the
true system model under input du(z)). The core task is to
obtain an upper bound for |4, (-, 0, du())||3,, which further
reduces to obtaining an upper bound for ||du(z)||7, based on
linearity. Therefore, the intermediate results of Step 3 can be
used again.

B. Closed-loop Stability and Performance Analysis

Under the MPC control law ,&N, at a given state z, the
next-step state is computed as xf, = Az + Bjiy(x). If there
exists a so-called energy functlon V:R" - R, such that
the RDP inequality

V(ak) = V()

re

< —el(z, in(x)) (13)

holds for all z € Xroa, where € € (0, 1], then the controlled
system is asymptotically stable [9], [21]. In this paper, we
investigate the case where V = Vy and theoretically derive
the coefficient € as a function of the prediction horizon N
and the parameters §4 and dp that quantifies the model
mismatch.

We first present a preliminary result that can be applied
to both the true system and the estimated system.

Lemma 1: Given a stabilizable linear system, a positive-
definite quadratic stage cost I(x,u) = ||z[|3 + |lu[l%, and a
local linear stabilizing control law v = k(z) = Kz, there
exist scalars Ax > 0 and px € (0,1) such that for all
r € Qg and k € N we have

18l (k, 2), K¢l (k,x)) < Cxc(px)*1* (),

where C; = (1+ 0" r[|K(3) max{1,rq(Ax)?}.
Proof: The proof is given in Appendix B. O
Based on Lemma 1, we have the following result about
the properties of the open-loop system:
Lemma 2: Given an upper bound My, of Vy for all
2(0) and a stabilizing control law u = Kz,
there exist constants Ly, V} and Ny :=

(14)

x =
= max{"y, -

[ max{0, Viwﬂ such that for N > Ny we have
Vn(2) < Lol (@) < Ll(w, jin () (152)
[ (N, 2, 65 ()l < 703~ 0w, i (@), (15D)

where v = Cj (1 — px)~* and p, =y 1(y — 1) with Cj,
and px given as in Lemma 1.

Proof: The proof follows a similar procedure as in [17,
Theorem 4] and is based on Lemma 1. O
For a stabilizable system, (15a) and (15b) provides an upper
bound, respectively, for the value function VN and the cost
of the final state, both in terms of the stage cost. Moreover,

21.] is the standard ceiling operator (i.e., the least integer operator).

(15b) implies that, given a sufficiently long horizon, the
cost of the final state exponentially decays as the horizon
increases. The critical horizon Ny quantifies the required
number of steps such that the final state lies in the local
region Q.

Proposition 2: There exist a constant 75 and an error-
consistent function & satisfying {x(d4,95) +nn < 1, and
for all x € Xrpoa We have

Vv (k) — V() <

—(1—¢&n(d4,0B) — (16)

nn)l(z, fin (),
where the function £ and constant 7y relate to the eigen-
values and matrix norms of A, B, Q, R, the input constraint
set U, but not to quantities derived from A or B.

In Proposition 2, the relation in (16), serving as the RDP
inequality for the closed-loop systems (cf. (13)), provides a
lower bound of the energy decrease in terms of the stage
cost. Moreover, based on Enx(04,05) +nny < 1, a sufficient
condition on the prediction horizon and modeling error can
be derived such that the closed-loop system is stable. The
explicit expressions of £y and 7y are given, respectively,
in (52) and (51) in Appendix D. The sufficient condition is
summarized in the following corollary:

Corollary 2: Given a sufficiently long prediction horizon
N satisfying

log[(C% + AC 2ro — 1
N> Not gl(Cx + |l 1||12 Q )v]’
log(py")

where Ny is defined as in Lemma 2 using gain K and the
other variables can be found in Appendix D, the closed-loop
system is asymptotically stable if the modeling error is small
enough such that

2

W} 1y twn, ) (1-nw)] 2
) Lan

~WN(3
h(5A, 5B)<

WK, (1)

where h is defined as in (36) in Lemma 12, ny is given as
in (51), and wy (1) and Wy, (1) are given, respectively, as in
(54a) and (54b).

Informally, Corollary 2 indicates that the model mismatch
should be small enough to ensure the stability of the closed-
loop system if the MPC control law is derived from the
estimated model instead of the true model. Next, we provide
a proof sketch of Proposition 2 due to space limitations. The
detailed proof can be found in the online version [19]. The
main part of the proof is to establish the upper bound for
V() — Vi () in terms of I(x, iy (2)), and it consists of
four steps:

Step 1): Expanding Vi (z) in terms of % (z;;) and
oyt (%)), and expanding Vn(z) in terms of
Uy () and ¢y (-, 2, 0Ry (2)).

Step 2): Constructing an auxiliary input vy (x) satisfying
(v (@)li — 1] = (ax (@))[i] for i € Zf_,. (vi(e >)[N—
1] = wa( 17x1e7VN—1( ))’ and ( 1‘))



and then relaxing Vy(zf) as Jy (27, viy(2)). This auxil-
iary input has two benefits when computing the difference
In (a5, v (@) — Vv (2):

1) The input-incurred cost |(vn(z))[i — 1]|% and
[| (43 (z))[i]]|% cancel each other;

2) We can prove that ¢, (i — 1, 2, vy (z)) = A= Az +
Uiy x, Wy (z)) for all i € Z,, where Az = (A —
A)z+ (B — B)jin(z) is the one-step-ahead prediction
error under the MPC control law iy .

Step 3): Reorganizing the terms obtained from Step 2 and
applying Lemma 8, we build a relation between ||A’*1A;1:H2Q
and I(z, iy (z)).

Step 4): Using the property given in Remark 1, the remaining
term is |2 (N — 1,275, viv (2)) [ + || (viv () [N = 1]|[% +
0 (N, Vv (@) |2y [ (N, 2, iy (2) |3, which can be
further bounded using Lemma 1 and Lemma 2.

The final infinite-horizon performance guarantee is stated

in the following theorem:

Theorem 1: Given ay and [y as in Proposition 1, and

&N and nn as in Proposition 2, we have

Bn

- 1+ ay
J[N'N]Z' < -
() 1—&n —nN

- < —FVol(x) +
1—&n — N (@)

, (18)

where Jéﬁ”N](x) is defined as in (11).
Proof: The proof resembles that in [11, Prop. 2.2]. By
performing a telescopic sum of (16), for any 7' € N, we have

< Vn(z) = V(T 2)). (19)

Taking 7" — oo, using the performance definition in (11) and
0 < V(0¥ (00, 2)), (19) yields

(1= &n — ) JEN () < Vi (). (20)
Then, substituting the bound in (12) into (20) leads to
(1—&v =) BN (@) < anVao() + By, @D

which gives the final bound in (18) after dividing both sides
by the constant 1 — & — 1y . O

Given that ay, By, and £y are all error-consistent, the
worst-case performance bound as in (18) will increase if the
modeling error is in general larger (cf. the non-decreasing
property of the error-consistent functions in Def. 1). Besides,
if the model is perfect, the final performance bound will
degenerate to

JiNl(z) < (22)

Note that (22) is a variant of the bounds given in [11], [17]
without modeling error.

V. NUMERICAL EXAMPLE

Consider a linear system of the form (1) specified by

1 01 0
A:[O 1}’ B:[O.l]’

and the input constraint set in (2) specified by F,, = [1,—1] .
We choose the parameters 4 = ég = 0.01 to quantify the
uncertainty level in the model. In addition, the matrices )
and R in the quadratic cost are given by

1 0
o) . nen

We consider an estimated model with

L2 o)

A=10 1
We simulate four cases with different initial states x(0), and
the prediction horizon of the MPC controller is chosen as
N = 10. Relevant quantities of the final performance bound
as in (18) are summarized in TABLE 1.

TABLE I
PERFORMANCE BOUND VALIDATION WITH N = 10.

lan], 1+a B
z(0) JN (@(0)) | Voo (@(0) | 1= 2ov | Toensiw
(1,17 91.7019 76.1933 9.2935 103.3456
[,-17 16.9365 15.4439 6.2107 53.7721
[—2,2]7 70.5044 64.7976 8.2256 90.2059
[-2,-2]7 669.1805 634.1123 23.4417 389.0821

Based on the numerical data provided in TABLE 1, the
derived performance bound is valid but conservative. This
conservatism primarily arises from repeatedly applying in-
equalities, leading to accumulated relaxation. Additionally,
opting for the Frobenius norm to quantify the bound on input
difference through sensitivity analysis of QPs introduces
extra conservatism. Exploring alternative methods to offer
a tighter bound is left for future work.

VI. CONCLUSIONS

This paper has provided stability and closed-loop perfor-
mance analysis of MPC for uncertain linear systems. We
have proposed a performance bound quantifying the subop-
timality gap between MPC controllers using the estimated
model and the theoretically expert infinite-horizon optimal
controller with access to the true system model. Additionally,
we have established a sufficient condition on the prediction
horizon and the model mismatch for ensuring stability in the
closed-loop system. Furthermore, our analysis reveals how
the prediction horizon and model mismatch jointly influence
the performance. These insights offer valuable guidance for
designing and implementing MPC controllers for uncertain
linear systems. Potential future works include extending the
existing analysis framework to MPC with terminal costs and
analyzing the performance of learning-based MPC that learns
the model on the fly.



APPENDIX
A. Matrix Inequalities

Lemma 3: Given matrices M7, My € R™ "™ and any well-
posed matrix norm || - || that possesses sub-additivity and
sub-multiplicativity, we have

M} = M| < (Oar + || Me]))’ = 1M, (23)
where i € N and || My — M| < .
Proof: For i = 0, we have |M{ — M| = |1, — I,|| =

0 and (6pr + ||M2]])* — ||M2||* = 1 — 1 = 0, indicating

|| Mi — Mi|| = (6ar + || Mz2]])? — | M2]|*. On the other hand,
for 7 > 1, we have
M} — My
=[|(My — Ma)(M™! + M 2My +--- 4+ M3 )|
i1
PP
=[ My — M| Y |[My7 T M|
j=0
=[IMy = Mal| D [[(My = Ma) + Mo == M|
j=0
<O > (Oar + [|Ma )77 | My |
j=0

i—1
<[(@nr + 1 Ma])) = [[Ma][]] D (0ar + ([ Ms )"~ | Mo
7=0

<(Oar + [|Ma))* — | Me]l,
which completes the proof. O
Lemma 4: Given matrices My, M, € R*"*" Ny, Ny €
R™*™and any well-posed matrix norm || - || that possesses

sub-additivity and sub-multiplicativity, we have

|M{Ny — MyNs|| < 6n || Ma|'+
+ (O + [IN2]) [(Oar + [|M2]))" — [[Ma]'],  (24)
where i € N, || My — Ma|| < dp, and | N7 — Na|| < 0.
Proof:
| M{Ny — M3N,||
=||M{Ny — M3Ny + MjNy — M3No|
=[|M5(N1 — Na) + (M{ — M3) N, |
<||Ma|[*[| Ny = No|| + [|[M7 — Mg|[[[(Ny — Na) + Naf|
<SON (| Ma||* + (On + ||N2|)) || M} — M|
<IN Mo ||* + (65 + | Nall) [(6ar + | Ma]))* — 1| M2]|'],

where the last inequality is due to Lemma 3. O
Lemma 5: Given the matrices A and B satisfying Ae
A(A,64) C R™™™ and B e B(B,dg) C R™ ™, where
A(A,54) and B(B,dp) are defined as in (4), we have
A" — A'l2 < (1All2)",

(6a + lAl2)" — (25a)

IA'B — A'Bll2 < 0p(||All2)"+

+ (65 + | Bll2) [(54 + [All2)" — (14]12)], (25b)

where 7 € N.

Proof: Applying Lemma 3 to A and A directly leads
to (25a). Likewise, (25b) is a direct consequence of applying
Lemma 4 to the set of matrices A, B, A and B. O

Based on (25a) and (25b), we define two error-consistent
functions gi(fzgﬂ) and gga) for all n € N as

90 (8a,) = (14]2)7]",

087 0,5)={ G + 1Bl2)al s 5 )+

(64 + IA]]2)" — (262)

+5B(||Allz>’} . (26b)

Lemma 6: Given matrices My, M, € RP*9, = € RI*",
Ny, Ny € R™ ™ and any well-posed matrix norm || - || that
possesses sub-additivity and sub-multiplicativity, we have

|MiEN, —
+ [[M1E]|[[ Ny

MoEN, || < [[E[[[|My — M |[[[Ny -
— No|[ + [[EN ][] My

No||+
— M| (27)
Proof:
|M1EN; —
= M,EN; —
<[IMiE(Ny = No)|| + [|(M;
SIMLEN[Ny = No|[ + [[My — Me|[|[EN [+
M — MJ|E(N, — Ny
= Na|| + || My — Ma|[||[EN ]|+
+ [[E[[[[My — Myl Ny — Nao|

MoZENs||
M1ENs + M1EN; — MaENs||
— M3)EN,||

<[ME[|[[ N

O

Corollary 3: Given matrices My, My € RP*9, = € RP*P,

and any well-posed matrix norm || - || that possesses sub-

additivity and sub-multiplicativity, we have

1M, EMy — My EMy|| < ||=][|My — Mo|*+

+ (1M, E]| + [EM )M — Mol (28)

Lemma 7: Given matrices 4 and B as in (1) and their

estimated counterparts A and B, we define Q) :=In ® Q,

1 0 0 o0
A B 0 0
Dy | A Tyi=| AB B e 0
AN AN-1B AN-2p B
I 0 0 0
A B 0 0
o= | A Dy:=| AB B 0]
AN AN-1B  AN-2p B

The following results hold:

||f1—|\—f@N+1(i)N - FJ—l\—I@N—Q—ch)NHQ <

o (TN l290) + 12N l120() + Gy Fwy)s  (292)



”f‘LQN+1f‘N - F]—l\—f@N+1FNH2 <

70 (210N l12G@) + T0ry),  (29D)

where g,y and g, ) are, respectively, deﬁned as gz =

. 1
Y 91(,1()1) and g(u) =y 123 09] ('u, with gi(,()w) and
. i (26
9; () given as in (26),
Proof: We first provide the proof of (29a). Due to

Lemma 6, we have

||fLQN+1(i)N - FEQN+1(I)N”2 <

1@ salla (||fN||2|<i>N Gyl
o llelBy - Talla + 6 — S llolFy —rm).

In addition, due to the lemma 5 and the property of the
spectral norm of block matrix [22], we have ||[Py — Py |l2 <

N i Ai N 1 A
YAt = Al < Y 1g<<L and ||rN — Twll2

S o [V B = ATBllo < 35T, 570 g1, The final
mequahty as in (29a) is thus estabhshed by substltutmg the
above results.
The proof of (29b) follows a similar procedure using
Corollary 3. O
Based on (29a) and (29b), we further define

O, (2) = 7@ (2T N l129(x) + () (30a)
N (o) = TQ (IT N 128() + 12N |2G(w) + T()Tcw))- (30D)

Lemma 8: Given two sequences of vectors {a;}~ , and
{b;}N, where a;,b; € R",Vi € Z} and a symmetric
positive definite matrix ¢Q € R™*™, we have

N N
1
> llas 2 billy < D [lailid+bll+2(lasllbi013)? |

i=1

N N 3
(ZH%Z))(ZMH@)} (31

i=1
N
< Z(Hazlléﬂlbzllé)ﬂ
i—1 i—1 i—1

Proof: We denote the Cholesky decomposition of the
matrix @ by @ = I‘gFQ, then we can proceed as follows:

NE

llai £ bill?)

N
Il
-

Mz

[llaill&+1b:lIE+2la Qbil]

s
I
-

1
[laalB+1b:13+2(1Tqa: 31T qbil13)?

.
Il
_

'MZ

Il
-

1
[l +1bi B +2(lai B l10:12)?]

K2

where the second inequality holds due to Cauchy—Schwarz
inequality. We thus proved the first inequality in (31), and
further applying Cauchy—Schwarz inequality to the product

(H%Hé”@”é)% in the above result leads to

N

>~ [laalid+bii+20lailB 6:013)

i=1

N N N
< S (a8 +2 <znaiuz><zubi|a>] 7
=1 =1 =1

which is the second inequality in (31). O

N

B. Intermediate results

1) Proof of Lemma 1: Given a stabilizable matrix pair
(A, B), by definition there exists a matrix K such that
|| Aall2 := ||A + BK]||2 < 1. Due to Gelfand’s formula [23,
Lemma IX.1.8], we know that there exist scalars Ax and
pr € (0,1) s.t. [[(Aa)¥|l2 € Ak (y/PK)". Vk € N. On the
other hand, for any vector x € R", we have

211 i e = l2lG + [ K2l < ll2llg + 7Rl Kzl
< |llg) + Rl K313
< (1 + g arIIE|3) )3

Thus, @ + K'RK =< (1 + o,'0&[IK|3)Q. As such, for
k € N4 and for the linear control law v = k(z) = Kz, the
closed-loop stage cost can be bounded as

ol (k,x), K¢l (k, x))
=z" {[(Aa)"]"(Q + K" RE)[(A)"]} =
<(1 405" TrlK[3)roll[(Aa)"]z(3
<(1+ 05" TrlK13)re (M)’ (0x) " 1213

Taking Cj; = (14 o5,'or|K|3) max{1,7¢A?}, we arrive
at (14) by combining the above results.

2) Linear bound on square root function: We provide a
trivial lemma about the square root function.

Lemma 9: Given xz € R, we have /= < px + ¢ where
4pg =1 and p > 0.

Proof: By the simple AM-GM inequality, we know

pr +q > 2(pgx)? = \/z. O

3) Difference between the optimal inputs: As in Section
IV-A, we define the difference between the two optimal
inputs as du(x) := uj(x) — aj(z), the following lemma
provides an upper bound on [|du(zx)]|2.

Lemma 10: The input difference du(z) satisfies

I5ur)lz < (25, ~0x) (1+ (V). G2

where 6y = max{0y (), [12(0) |20 (x, u)} with Oy, ;) and
ON, (x,u) defined as in (30), Hy =Ry + FNQN+1FN with
Ry = Iy ® R, and U := maxp, <1 |ul3.

Proof: For the problem Pip_n\pc, we form decision
variable vectors Xy ; = [xglt,sclT‘t, ... ,:cL‘t]T anduy_ 1, =
[uglt7u1T|t, . ,u}fl‘t]T. We exclude uyy; since its optimal
value is 0, which does not influence the following reasoning.
By (3), we obtain

xnt = @nz(0) + Tnun—_14,



where @ and I'y are defined as in Lemma 7. By noting
that the objective function of Pip_npc can be rewritten as
XJTV,t@NHXN,t +u]TV_1)t§NuN_1,t, an QP reformulation of
the problem Pip_npc can be obtained as

1
T T
iuN_LtHNUN—l,t +uyn_q by

QPip_ypc @ min
unN-—1,t

s.t. (IN ® Fu)uN—l,t <1,

where Hy = Ry 4+ T{QniI'n and by =
ILQy +1®n2(0). Similarly, we reformulate the problem
Pre-wmpc as

1 . .
Lo T T
QPgrE_mpe P §UN71,tHNU-N71,t +uy_q by

S.t. (IN ®Fu)uN—1,t S ]1N0u7

where by = I Q.1 Pnz(0). By treating QPrp_ypc
as the original optimization problem, QPipn_yppc can be
viewed as its perturbed counterpart. Therefore, leveraging
the bound given in [20], we have

I6u()l2 < 8 (og, ~8) (L+ [ax@)2).

where § = max{uﬁfN — Hylla, by — bN||2}. Besides, we
further have

6 = maox {|| A — Hylla, lbx = bulo |
< max {”f‘—l\r/QNJﬂf‘N - F;@NJAFN”Z,

1 O)l2[E5 T 1By — FLQNH@NHQ}
< max {oN,(z)a Hx(o)”QaN,(I,u)} 5

where the last inequality is due to (29). Thus, we finally
obtain

6u)lz <0 (0, ~8) 1+ a3 @)
v (2, ~0x) " (0 as@)lk)
<Oy (24, —0v) (14 (VD1),

which completes the proof. O

4) State evolution with zero initial state: The following
lemma provides a bound about the open-loop state trajectory
starting from x = 0.

Lemma 11: Given an admissible input sequence uy_i
such that uy_1[i] € U,i = 0,1,..., N — 1, the open-loop
state that starts from = = 0 is given by ¢, (k,0,uy_1) =
SF) AR 1-iBluy [i].  Denote 1, (0,uy_;) =
WI(O, 0, uNfl)v %T(l» 0, uNfl)v s J/J;(N, 0, uNfl)]T’
we have

920, wv-1)ll2 < (Il + g ) Il Iz

IN
|

(35)

where I’y and J(u) are defined as in Lemma 7.

Proof: Similar to the proof of Lemma 10, through
system-level synthesis, we have v, (0,uy_1) = Tyuy_i.
Then, we can proceed as

|92 (0,un—_1)|l2 = [T nun—1]2
<|Tnll2llun-1ll2

< (I ll2 + 10 = Dwllz) lhas—

< (I ll2 + 3w ) Iav—1llz,

which completes the proof. O

5) One-step prediction error: As in the proof sketch in
Section IV-B, we define the one-step prediction error as
Az := (A — A)z + (B — B)jin(z). The following lemma
provides a bound on Az in terms of I(x, iy (x)).

Lemma 12: The one-step prediction error Az satisfies

1AZ]3 < h(3a,0p)l(z, in (x)), (36)

where h(d4,0p) = géléi + o 5'6% is error-consistent.

Proof: By the Cauchy-Schwarz and Young’s inequali-
ties, when 04,0 > 0, we can proceed as

1Az]3 = [I(A = A)z + (B — B)aw(@)[3

% )<||x|Q+||uN< )I2)
R
< (‘SA " ‘SB) 1, i (2).

99 9Rr

When 64 = 0 and 6 > 0, we have

1Az|3 = [[(B — B)jn (2)I3

Likewise, when 6 = 0 and 4 > 0, we have
|Az]|3 = [|(A— A)z|3

53,1

[efe) 9Q

IA
i
=
oo
IA

(@, in ().

Finally, when 04 = dg = 0, we have ||Az||3 = 0 and
h(da,6p) = 0, meaning (36) is also valid. The proof is
completed. O



6) Multi-step prediction error: As in Step 3 of the proof
sketch in Section IV-A, the k-step open-loop prediction
error under control input U} (z)) is defined as ey (k) =
V(b z, @ () — the(k, 2, 0% (2)), the following lemma,
provides an upper bound for ey (k).

Lemma 13: The concatenated prediction error ey ny =
[el(()),el(l), . .,el(N)]T satisfies the following upper
bound:

ley. I3 < Z ng ) +ng i1 u>> lel|3+Ha) | (37)
(2) (2) ;
where g, () and g,”’, (u) Ar€ defined as in (26).
Proof: For the prediction error ey (k), we have
ep(k) = (AF — AF) 2
——
=Dy
k-1 ' '
+ 37 (A AR B) (g ().
i=0 D
When ||D;| > 0,i = 0,1,...,k, we select ¢;; =

|D;||3]|D;|l5%. By the Cauchy-Schwarz and Young’s in-
equalities, we can obtain

k—1

lew(R)II5 = Doz + Y~ Dy
i=0

k
1+ Z €0,5
j=1

ay (@)l

IA

| Do |3+

Z €it+1,5 ||Dz+1(ﬁf\,(x))[z]|\§

JFi+1
0<j<k

k
(Z | D; ||2> (|lz]13 + ku)
1=0
2 2
(g,g ) +zg,g ) u>) (2l + k7).

In cases where || D;||s = 0 for some i’s, we know D; = 0,
then proceeding the above procedure without those terms
with D; = 0 will reach the same upper bound. The final
upper bound as in (37) is established by summing up the
above result over the index k. O

k—1
+Y |1+
=0

IN

C. More on Proposition 1

Proposition 1: There exist two error-consistent functions
qN(éA,§B) and By (d4,0p) such that, for all x € XRroa,
Vi and V. satisfy the following inequality:

Vn(z) < (14 an(64,05))Vae(®) + By (84,05),

where functions o and [y relate to the eigenvalues and
matrix norms of A, B, @, R, the input constraint set I,

but not to quantities derived from A or B. The detailed
expressions of oy and By are

1 1
QN = max {plEz@,(w) TP2EY oyt

+P1p2(EN,(¢)EN,(w,u))%, PSEﬁ},(u)} (38a)
1 1
By = (1 +p1E]ir’(w))(q2Eﬁr’(w,u) + EN,(w,u))+
1 1 1
+Q3E§7(u)+EN’(u) + qlEﬁ/,(ﬂb)_FEﬁ’,(w)’ (38b)

where the pairs (p;,¢;) € R? satisfy p;g; = 1 and the
details of the terms En (), En,(u)» and En () are given,
respectively, in (39), (40), and (41).

(1) Details of Ey ,): Following Lemma 13, the explicit
expression of Ey (4 is

UQZ <9k <w>+29k i1, >|$||2+k‘u)

(2) Details of EN,(u) and EN,(w,u)- Based on Lemma 10
and Lemma 11, the explicit form of Ey, (y) is

(39)

B =7l (o, ~0v) (1+ (@), @0)

and the expression of EN (4,u) follows as

En ()= (”FN”Q +9g u)) EN,(u)- 41)
Proof: By deﬁmtlon, VN(;U) can be expanded as
N
V(@)= (b (k2. i (2) [+ (a3 () 1) 5 42)
k=0

which, by incorporating the prediction error ey (k), can be
rewritten as

M=

V(@) = (e lh, 2, 5 (2)) — ey (k) IB+

+ 1 (ay (2)) [K]11%)-
Applying Lemma 8 to (43), we obtain

N
2) <Y (Ile (b, 2,
k=0

o>~
Il
(=)

(43)

iy () 3 + Il (i (2)) K] 13) +

N N 2
(ZII%(&%%(%))II%) (ZI%(@II%) +
k=0 k=0

+Z||€w )2, (@4

which can be further relaxed as

N
) <3 (leu (ke

k=0

<§j b (k,

k=0

ay (@)1 + [l (ax (2)) [K][17) +

1
2

+

))IIQ> (@ellev.~ 1)

+aglepnl3, 45



where ey n = [e,(0),e(1),... e} (N)]". Using Lemma
13 and recalling the notation in (39), we have

N
<D (Ialk, 2,05 (@) 15 + [ (@ (2)) [F17) +
k=0

N b
(Z e (k >>||Q> Byg| +
k=0
+ EN,(¢)~ (46)
Then, due to Lemma 9, we can further obtain
Vi(e) < (1+piEg ) Z e (ks 2, iy (2)) [+
N 1
+ > I(an @) K% + @B ) + Enwy @D
k=0

where p1g1 = 1,p1 > 0.
Next, by leveraging the input difference (Ju(z))[k] =
(uiy (@) [k] — (0} (2))[k], we have

V(@) < (1+pEy, N @)la+

W) Z ot (k
+in<ux<x>w .

k=0

(du(=)) [K][I%+

1
+ qlE]i,y(w) + ENy(w), 48)

In (48), the term >°p_, || (wiy (z)) [k] — (6u
proceeded as

(2)) [K]|% can be

WE

(i (2)) (K] = (du(=)) [K]]%

b
Il
o

<

(Il (ay (@) (K117 + 1| (du(z)) [k111%) +

(i |<u7v<x>>[kn%) (i | «w»wua)] 5

k=0 k=0

M=

x>
Il
o

+2

N
S(l + p2E1€[7(u)) Z H (URI(J:)) [k] H%%"’
k=0

1
+ C]2E]“\’[,(u) + EN, ), (49)
where the first inequality is due to Lemma 8 and the
second inequality is due to Lemma 9, Lemma 10, and the
definition as in (40). In addition, due to linearity, we have
Vs (k, , ﬂﬂj\f(x)) = wa:(ka T, uﬂ;\f(x)) - "/%(7 0, 5u(33)), and
the term 0, [92(, =, 03 (2))[|3, in (48) can be further

proceeded as

an (@)

M=

sz(k‘7x7

ES
Il
<)

Yo (k,0,0u(2))[5

M-

er(k7 Zz, U*N(x)) -

e
Il
<)

(llvos (k, 2, uie (2))[G + 9= (k, 0, 6u (@) 15) +

Mz

k=0

N N 2
42 (znwzww ) (32 . omeis )|

k=0 k=0

1 N )
S(l+p3Ei]1(¢,,u))Z‘|¢z(k,fr,u7v($))||Q+
k=0
1
+ BER (40 T ENvww, (50)

where the first inequality is due to Lemma 8 and the second
inequality is due to Lemma 9, Lemma 11, and the definition
as in (41).
Finally, substituting (49) and (50) into (48) leads to
Vn(z) <

(I+an)Vn(2)+6n < (I+an) Ve (z)+ BN,

where ay and By are given as in (38). O

D. More on Proposition 2

Proposition 2: There exist a constant 1y and an error-
consistent function &y satisfying Ex(d4,05) +nn < 1, and
for all x € Xroa We have

VN($+) — VN(LE) S

—(1=¢&n(04,0B) —nn)l(z, in(2)),

where the function £ and constant 7y relate to the eigen-
values and matrix norms of A B, @, R, the input constraint
set U, but not to quantities derived from A or B. The detailed
expression of ny is

v = (Ch + || Aall3rg — 1)yl ~, (51)

where C’;( is defined as in Lemma 1 with linear feedback
gain K, the closed-loop gain Aq = A+ BK, and the scalars
~ and p, as defined in Lemma 2 using a different gain K.
Finally, the detailed expression of £y is

En = wn,yh(0a,0B) + QWN,(%)h%((SA,(SB)a (52)

where the function h is given as in (36) in Lemma 12, and
the terms wy, (1) and w N,(L) are given, respectively, in (54a)
and (54b).

Details of wy 1) and wy 1y: We define Gn(4) =

SNIARYY a

. N-1
GN(A) = 1—(aR)™-
- AII3

if || All2 = 1

R 53
it A £1, O



and wy (1) and Wy, (1) follows as

1
2

wx)i=7[(C+lAalro) AR "' +Gx (A)], (540

w pyi=[rally — DGN(A)]”
O+l Aaldro 3
T QAN el ] (s4b)

where Ly, is given as in Lemma 2 and G ~(A) is given as
in (53).

Before presenting the main proof of Proposition 2, we
need to make some preparations and provide some additional
lemmas. By definition, we have Vi (z) = Jy(z, 0} (2))
with

Then, we form an auxiliary input sequence vy (z) as
V(o) = | (@ () 1T, (@R @) ...

.
(ﬁ;‘v(x))[NuT,uf,o] ,
-1,z

where uy = Kt (N — 1,2, vy(2)) with o, = Az +
Bjin(x) defined as in Section IV-B and K being a stabi-
lizable linear control gain. Note that uy is not recursively
defined since &m( — 1,2, vn(2)) only requires the first
N — 1 inputs of vy (z).

Lemma 14: Fork =0,1,...,
holds:

Vs ( ok v (x)) =9, (k: + 1,x,ﬁ?v(x)) + AFAz, (55)
where Az = (A — Az + (B — B)jn
part (5) in Appendix B

Proof: The proof mainly relies on the formula of open-

loop state given as in (3), the shifting property of v (z) with
respect to U (z), and the definitions of z},, Az, as well as

fin ().
¢x( ) reaVN( ))

N —1, the following relation

(x) is defined as in

k—1
=AFal 4y AT B (v (@) [
=0
=A*(Az + Bjiy (@) ZAk LBy (@)l + 1]

k
=AF Az + A*Bjin () + ) A B (ay (@) [i]
=A*[(A- Az + (B - B_gN(a:)} +
k
+ AL 43 " AR B (g (x) [1]

i=0
—AkAm—G—ww(k—Fl z, N (2)),

which builds the relation as in (55). O

To ensure that us is admissible, we further impose an
additional assumption.

Assumption 3: There exists a linear feedback gain K and
its associated local region Qp, = {x € X' | I*(z) < e}
with €z > e such that, when z/;z(N,z,ﬁ}“V(x)) € O,
Uy (N, z, 0}y () + AN=1Az € Q.

The proof of Proposition 2 is then presented as follows.

Proof: By definition of Vi, we have

Vi (z) — Vn (@)
=Jn (5, 0 (70)) — N( ax(z))
<In (2, v (@) = In (2, 0 (2))
(1Pa (b, zis v (@) 15 + | (v () [K][|R) —
Z [0x (K, 2, ax ()15 + || (85 (2)) (K]]I Z)
S—l(%ﬂ (@) +[Pe (N=1, 2%, v (@) |5+ s+
+ (I(va (@) [KlII% — [l (an (@) [k + 1]]|%) +

=0
N-—-2
+ Z (”12}1 (]C,ZE;:,VN($)) ||%?7H’([}I (k+1,{l},ﬁ7\]($))”2Q)+
k=0
+ [P0 (N, 2, va (@) 16 = ¢ (N, 2, 45 (2)) [, (56)

where the first mequahty is due to the optimality of the input
sequence Wi (7). Since uy = Kip, (N—1, 2%, vy (z)), we
further have the following relations:

e (N1, 2%, viv (@) 1g+Hlus |17 <

Cr e (N-1, 25

y Lres V

vn(@) g (57a)

e (N, &, viv (2)) (1 <

rollAal3v. (N—1, 2, v (@) |5 (57b)

Substituting (57a) and (57b) into (56) yields

VN(xre) VN( )
< —l(w, i (2)) =[x (N, 2, 0 (2)) | &+

N—-2

+ 37 (e (ki viv (@) 1=l (k41,2 8 (2) ) +
k=0

+ (Ck +ralldall3) e (N-1,28, vw(@) I3 (9)

Using Lemma 8 and Lemma 14, for Kk = N — 1, we have

N (@) 113
wy (2)) 1 + |AN Az 3+

+2 (e (N, 2, @ (2) B AN A2]2) - (59)

e (N = 1,7, v
<Yz (viv



and for £k =0,1,...,
N-—-2

> (e (ks vav (@) 1=l (k1 2, 03 (@) 1)

k=0
N-1
( [z (k, z, 0 ( Ib> (E:HAklAﬂl>
k=1

N — 2, we have

<2

+ Z | A" A3, (60)
k=1
In addition, due to Lemma 12, for £ =0,1,...,N — 1, we
can obtain
| A*Axll?) < Gl AlFhI(a, in (2)). (6D)

Leveraging (61) and (15b), we can further relax (59) as

b (N —1 x;7vN<x>) 12
<fha (N, 2, @iy (2)) 13 + Tl A3 hi (2, on () +
[oQHAHQ Dy plN = Norh%z(x,,;N(x)). (62)

Likewise, using (61) and (15a), (59) can also be relaxed as

V@)I3)

N—-2

S (I (ki var(@) [y (41,2,

k=0
<2 |:O'Q( -~ — 1)Gn( A)}E h2l(x i (z ))Jr
+G5oGN(A)hl(z, iy (),

where Gy (A) is given as in (53).
Finally, by substituting (62) and (63) into (58), rearranging
the terms and applying (15b) once again, we obtain

(63)

Vn (a) — Viv(2)
< —(1 - WN,(I)h - QWN,(%)}L% - UN)Z(CL‘,[LN(Z'))
—(1—&én —nn)l(z, fin(2)),

where wy (1) and Wy, (1) are given as in (54a) and (54b),
respectively; &y and ny are given as in (52) and (51),
respectively. The proof is completed. O
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