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ON THE SEQUENCE OF CONSECUTIVE POWERS OF A MATRIX
IN A BOOLEAN ALGEBRA

BART DE SCHUTTER* AND BART DE MOOR'

Abstract. In this paper we consider the sequence of consecutive powers of a matrix in a Boolean
algebra. We characterize the ultimate behavior of this sequence, we study the transient part of the
sequence and we derive upper bounds for the length of this transient part. We also indicate how
these results can be used in the analysis of Markov chains and in max-plus-algebraic system theory
for discrete event systems.

Key words. Boolean algebra, Boolean matrices, transient behavior, Markov chains, max-plus
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1. Introduction. In this paper we consider the sequence of consecutive pow-
ers of a matrix in a Boolean algebra. This sequence reaches a “cyclic” behavior
after a finite number of terms. Even for more complex algebraic structures, such as
the max-plus algebra (which has maximization and addition as its basic operations)
this ultimate behavior has already been studied extensively by several authors (See,
e.g., [1, 9, 13, 26] and the references therein). In this paper we completely charac-
terize the ultimate behavior of the sequence of the consecutive powers of a matrix in
a Boolean algebra. Furthermore, we also study the transient part of this sequence.
More specifically, we give upper bounds for the length of the transient part of the
sequence as a function of structural parameters of the matrix.

Our main motivation for studying this problem lies in the max-plus-algebraic
system theory for discrete event systems. Furthermore, our results can also be used
in the analysis of the transient behavior of Markov chains.

This paper is organized as follows. In §2 we introduce some of the notations and
concepts from number theory, Boolean algebra, matrix algebra and graph theory that
will be used in the paper. In §3 we characterize the ultimate behavior of the sequence
of consecutive powers of a given matrix in a Boolean algebra, and we derive upper
bounds for the length of the transient part of this sequence. In §4 we briefly sketch
how our results can be used in the analysis of Markov chains and in the max-plus-
algebraic system theory for discrete event systems. In this section we also explain
why we have restricted ourselves to Boolean algebras in this paper and we indicate
some of the phenomena that should be taken into account when extending our results
to more general algebraic structures. Finally we present some conclusions in §5.

2. Preliminaries.

2.1. Notation, definitions and some lemmas from number theory. In
this paper we use “vector” as a synonym for “column matrix”. If a is a vector, then
a; is the ith component of a. If A is a matrix, then a;; or (A);; is the entry on the
ith row and the jth column, and A,g is the submatrix of A obtained by removing all
rows that are not indexed by the set o and all columns that are not indexed by the
set (.
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2 B. DE SCHUTTER AND B. DE MOOR

TABLE 2.1
The operations @ and & for the Boolean algebra ({0,1},®,®).

(@fofr] [@]o]1]

The set of the real numbers is denoted by R, the set of the nonnegative integers
by N, and the set of the positive integers by Np.

If S is a set, then the number of elements of S is denoted by #S. If v is a set of
positive integers then the least common multiple of the elements of ~ is denoted by
lem v and the greatest common divisor of the elements of v is denoted by ged ~.

If 2 € R then [z] is the smallest integer that is larger than or equal to x, and |z
is the largest integer that is less than or equal to x.

LEMMA 2.1. Let p,q € Ny be coprime. The smallest integer n such that for any
integer m > n, there exist two nonnegative integers o and B such that m = ap + fBq,
is given byn = (p—1)(g —1).

Proof. See, e.g., the proof of Lemma 3.5.5 of [5]. ]

Let a1, as, ..., a, € Ng with ged(ay,as,...,a,) = 1. We define g(ay,as,...,a,) to
be the largest positive integer N for which the equation ayx1 +asxs+...+anx, = N
subject to z1,xs,...,2, € N, has no solution. From Lemma 2.1 it follows that
gla,b) = (a—1)(b—1)—1 = ab—a—b. Although a formula exists for the case where
n = 3, no general formulas are known for n > 4. However, some upper bounds have
been proved [4, 11]:

LEMMA 2.2. Ifay,as,...,a, € Ngwitha; < as < ... < ay, and ged(ay,...,a,) =
1, then g(a1,...,an) < (a1 — 1)(a, — 1) — 1.

LEMMA 2.3. Ifaj,as,...,a, € Ngwitha; < as < ... < ay and ged(ay,...,a,) =
1, then we have g(aq,...,a,) < 2a,-1 {%"J — Qy,.

2.2. Boolean algebra. A Boolean algebra is an algebraic structure of the form
(B, ®, ®) with B = {0, 1} such that the operations @ and ® applied on 0 and 1 yield
the results of Table 2.1, where @& and ® are associative, and where ® is distributive
with respect to @. The element O is called the Boolean zero element, 1 is called the
Boolean identity element, @ is called the Boolean addition and ® is called the Boolean
multiplication.

Some examples of Boolean algebras are: ({false, true}, or,and), ({0, 00}, min, +),
({0,1},max, -), ({#,N},U,N), ({0, 1}, max, min), ({—oc, 0o}, max, min), and so on (see
[1, 15]). In this paper we shall use the following examples of Boolean algebra in order to
transform known results from max-plus algebra and from nonnegative matrix algebra
to Boolean algebra:

1. The Boolean algebra ({—o0,0}, max,+) is a subalgebra of the max-plus al-
gebra ( RU {—oo}, max, +).

2. The Boolean algebra ({0,p},+,-) where p stands for an arbitrary positive
number! can be considered as a Boolean restriction of nonnegative algebra.

A matrix with entries in B is called a Boolean matrix. The operations & and ®
are extended to matrices as follows. If A, B € B"*™ then we have

(A® B)ij = ai; ®by;

ISop+p=pandp-p=p.
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for all 4,5. If A € B"™*P and B € BP*" then

p
(A® B)ij = @ air @ b
k=1

for all 7, 5. Note that these definitions resemble the definitions of the sum and the
product of matrices in linear algebra but with & instead of + and ® instead of -.

The n by n Boolean identity matrix is denoted by Z,,, the m by n Boolean zero
matrix is denoted by Oy, xp, and the m by n matrix all the entries of which are equal
to 1 is denoted by &,,xn,. If the dimensions of these matrices are not indicated they
should be clear from the context.

The Boolean matrix power of the matrix A € B™*"

is defined as follows:
42 =7, and A*"  —A®4®"' fork=102,. ..

If we permute the rows or the columns of the Boolean identity matrix, we obtain a
Boolean permutation matrix. If P € B"*" is a Boolean permutation matrix, then we
have P® PT = PT @ P = Z,,. A matrix R € B™*" is a Boolean upper triangular
matrix if 7;; = 0 for all ¢, 7 with 7 > j.

2.3. Boolean algebra and graph theory. We assume that the reader is fa-
miliar with basic concepts of graph theory such as directed graph, path, (elementary)
circuit, and so on (see, e.g., [1, 18, 27]). In this paper we shall use the definitions of [1]
since they are well suited for our proofs. Sometimes these definitions differ slightly
from the definitions adopted by other schools in the literature. The most important
differences are:

e In this paper we also consider empty paths, i.e., paths that consist of only
one vertex and have length 0. However, unless it is explicitly specified, we always
assume that paths have a nonzero length.

e The precedence graph of the matrix A € B"*™, by denoted by G(A), is a
directed graph with vertices 1, 2, ..., n and an arc j — ¢ for each a;; # 0. Note that
vertex i is the end point of this arc.

e A directed graph is called strongly connected if for any two different vertices
v;, v; there exists a path from v; to v;. Note that this implies that a graph consisting
of one vertex (with or without a loop) is always strongly connected.

e A matrix is irreducible if its precedence graph is strongly connected. Since
according to the definition we use a graph with only one vertex is always strongly
connected, the 1 by 1 Boolean zero matrix [0] is irreducible. However, the 1 by 1
Boolean zero matrix [0] is the only Boolean zero matrix that is irreducible.

Let us now give a graph-theoretic interpretation of the Boolean matrix power.
Let A € B"*™ and let k € Ny. Recall that there is an arc j — i in G(A) if and only if
a;; = 1. Since

k
(A°)i; = P i ®ainn®...Qai_,;

01,82, 0000k —1

for all 7,j and since O is absorbing for ®, (A®k)ij is equal to 1 if and only if there
exists a path of length k from vertex j to vertex ¢ in G(A).

A maximal strongly connected subgraph (m.s.c.s.) Gsup, of a directed graph G is
a strongly connected subgraph that is maximal, i.e., if we add an extra vertex (and
some extra arcs) of G to Ggup then Gy, is no longer strongly connected.
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A well-known result from matrix algebra states that any square matrix can be
transformed into a block upper diagonal matrix with irreducible blocks by simulta-
neously reordering the rows and columns of the matrix (see, e.g., [1, 2, 5, 12, 17, 22]
for the proof of this theorem and for its interpretation in terms of graph theory and
Markov chains):

THEOREM 2.4. If A € B"*"™ then there exists a permutation matriz P € B"*"
such that the matriz A = P @ A® PT is a block upper triangular matriz of the form

Ay 14:112 1{111
N @) A22 - Agl
(1) A= | o .
o 0 ... A
with | > 1Aand }uhere theAmatrices /111, Agg, ce, flll are square and irreducible. The
matrices Ay, Aoa, ..., Ay are uniquely determined to within simultaneous permuta-

tion of their rows and columns, but their ordering in (1) is not necessarily unique.

The form in (1) is called the Frobenius normal form of the matrix A. If A is irreducible

then there is only one block in (1) and then A is a Frobenius normal form of itself.

Each diagonal block of A corresponds to an m.s.c.s. of the precedence graph of A.
THEOREM 2.5. If A € B"*" is irreducible, then

2) ko € N, 3c € No, such that Wk > ko = A" ¢ = 2" @ 4"

where X\ is equal to 1 if there exists a circuit in G(A), and equal to O otherwise.

Proof. See, e.g., [1, 7, 13]. d
The smallest ¢ for which (2) holds is called the cyclicity [1], index of cyclicity [2] or
index of imprimitivity? [5, 12] of the matrix A. The cyclicity c¢(A) of a matrix A is
equal to the cyclicity of the precedence graph G(A) of A and can be computed as
follows. The cyclicity of a strongly connected graph or of an m.s.c.s. is the greatest
common divisor of the lengths of all the circuits of the given graph or m.s.c.s. If an
m.s.c.s. or a graph contains no circuits then its cyclicity is equal to 0 by definition.
The cyclicity of general graph is the least common multiple of the nonzero cyclicities
of the m.s.c.s.’s of the given graph.

LEMMA 2.6. If A € B™*" is irreducible then c(A) < n.

Proof. Let ¢ = ¢(A). Since A is irreducible, G(A) contains only one m.s.c.s.
If A=[0] then we have c=0<1=n.
From now on we assume that A # O. Since c is the greatest common divisor of the
lengths of the (elementary) circuits in G(A), ¢ is maximal if there is only one circuit
and if this circuit has length n. In that case we have ¢ = n. In the other cases, ¢ will
be less than n.
So ¢(A) < n. O

LEMMA 2.7. Let A € B™*™ be irreducible and let ¢ be the cyclicity of A. Consider
i,5 €{1,2,...,n}. If ¢ > 0 and if there exists a (non-empty) path of length ly from
j to i and a (non-empty) path of length ly from j to i then there exists a (possibly
negative) integer z such that lo = 1l; + zc.

2We prefer to use the word “cyclicity” or “index of cyclicity” in this paper in order to avoid
confusion with the concept “index of primitivity” [2, 25] of a nonnegative matrix A, which is defined
to be the least positive integer v(A) such that all the entries of AY(4) are positive.
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Proof. This lemma is a reformulation of Lemma 3.4.1 of [5] that states that if G
is a strongly connected directed graph with cyclicity ¢ then for each pair of vertices j
and ¢ of G, the lengths of the paths from j to ¢ are congruent modulo c. O
REMARK 2.8. Consider A € B"*" and ¢,j € {1,2,...,n}. Let l;; be the length of
the shortest path from vertex j to vertex ¢ in G(A). Note that Lemma 2.7 does not
imply that there exists a path of length l;; 4 kc from j to ¢ for every k € N. o
In the next section we discuss upper bounds for the integer ko that appears in Theo-
rem 2.5. We also extend this theorem to Boolean matrices that are not irreducible.

3. Consecutive powers of a Boolean matrix. In this section we consider

the sequence {A®k}z°:1 where A is a Boolean matrix. First we consider matrices
with a cyclicity that is equal to 0. Next we consider matrices with a cyclicity that
is larger than or equal to 1. Here we shall make a distinction between four different
cases depending on whether the given matrix is irreducible or not, and on whether its
cyclicity is equal to 1, or larger than or equal to 1. Of course the last case that will
be considered is the most general one, but for the other cases we can provide tighter

upper bounds on the length of the transient part of the sequence {A®k }211 and that
is why we consider four different cases.

If possible we also give examples of matrices for which the sequence of the con-
secutive matrix powers exhibits the longest possible transient behavior.

3.1. Boolean matrices with a cyclicity that is equal to 0. LEMMA 3.1.
2
Let A € B"*™. If ¢(A) = 0 then we have A®" = Opxyp, for all k > n.

Proof. If the cyclicity of A is equal to 0, then there are no circuits in G(A), which
means that there do not exist paths in G(A) with a length that is larger than or equal
to n since in such paths at least one vertex would appear twice, which implies that

k
such paths contain a circuit. Therefore, we have A® = O for all k£ > n. 0
ExAMPLE 3.2. If there exists a permutation matrix P such that A € B"*™ can be
written as

01 0 )
001 ... 0
A=PeAoPT=| : : . |,
00 o0 ... 1
000 ... 0

then the upper bound of Lemma 3.1 is tight, i.e., we have A‘g’k # O for k =

1,2,...,n—1 and A®k = O for all & > n. The graph of the matrix A is repre-
sented in Figure 3.1. Note that ¢(A) = ¢(A) = 0 since G(A) contains no circuits and
since the transformation from A to A corresponds to a simultaneous reordering of the
rows and the columns of A (or of the vertices of G(A)). &

From now on we only consider matrices with a cyclicity that is larger than or equal
to 1.

3.2. Boolean matrices with cyclicity 1. THEOREM 3.3. Let A € B"*"™. If

the cyclicity of A is equal to 1 and if A is irreducible, then we have A@’k—ir1 = A®k =
Enxn forallk > (n—1)2+ 1.

Proof. This theorem can be considered as the Boolean equivalent of Theorem 4.14
of [2] or of Theorem 3.5.6 of [5]. Note that A cannot be equal to [0] since ¢(A4) = 1.
]
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1
[ )
’i 2
n—1 3
.’/ ‘
n-2

FiG. 3.1. The precedence graph of the matriz A of Example 3.2.

If more information about the structure of A is known (such as the number of diagonal
entries that are equal to 1, the length of the shortest elementary circuit of G(A), or
whether A is symmetrically nonnegative) other upper bounds for the length of the
transient part of the sequence {A®k };11 where A is a Boolean matrix with cyclicity
1 can be found in §2.4 of [2].

ExAMPLE 3.4. If there exists a permutation matrix P such A € B"*™ can be written
as

0O 1 O (o)
0O 0 1 0
(3) A=PoaPT=| 1 @ o . |,
1 0 O 1
1 0 O (o)

then the bound in Theorem 3.3 is tight: we have A9 = & for all k > (n—1)2+1 but

2
A®(n71) # 1. Let us now show that the latter part of this statement indeed holds.
Since the transformation from A to A = P® A ® PT corresponds to a simultaneous
reordering of the rows and the columns of A, we may assume without loss of generality
that P is the identity matrix. So A = A. If n = 2 then we have (n — 1) +1 = 2.
Since

A:[i H and A°° = A" = —¢
_1)2
we indeed have A®(n Y #E&ifn=2.

From now on we assume that n > 2. In Figure 3.2 we have drawn G(A). There are
two elementary circuits in G(A): circuit C; :n - n—1— ... = 1 — n of length
n and circuit Cy :n—1—-n—2—=1— n—1 of length n — 1. Note that only the
longest circuit passes through vertex n. Furthermore, if n > 2 then ged(n—1,n) = 1.
Any circuit that passes through vertex n can be considered as a concatenation of «
times C7, a path from vertex n to a vertex t in Cy, 8 times Cs, and a path from ¢
to n for some nonnegative integers o and 5. The length of this circuit is equal to
n+ an+ f(n —1). By Lemma 2.1 the smallest integer N such that for any integer
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1
n 2
n-1 3
o/.
n-2

F1G. 3.2. The precedence graph of the matriz A of Example 3.4.

p > N there exist nonnegative integers « and f such that p = an + f(n — 1) is

given by N = (n — 1)(n — 2). This implies that (n — 1)(n — 2) — 1 cannot be written

as yn + 0(n — 1) with v,6 € N. This implies that there does not exist a circuit

of length n + (n — 1)(n — 2) — 1 = (n — 1)? that passes through vertex n. Hence,
n—1)2 n—1)>2

(A®( Y ) — 0 and thus 4" # €. &

Let A € B™*". If A=P® A® PT is the Frobenius normal form of A, then we have
A=PT® A® P. Hence,
k T 2 ok T ok
A® =(PP @ A®P) =P A° QP
for all k& € N. Therefore, we may consider without loss of generality the sequence
{A@’k }20:1 instead of the sequence {A®k }2’;1 Furthermore, since the transformation

from A to A corresponds to a simultaneous reordering of the rows and columns of A
(or to a reordering of the vertices of G(A)), we have ¢(A) = ¢(A).

THEOREM 3.5. Let A € B"™ ™ be a matriz of the form (1) where the matrices
12111, Agg, e Ay are irreducible and such that c(fl) = 1. Define sets a1, ag, ..., oy

such that Ag,a; = flij for all i,5 with i < j. Let n; = #«; for all i. Define:
- {o if Ay = 0]
1 otherwise
fori=1,2....1. Define
Si; = {{io,i1, ... is} €{1,2,...,1} | i=1ip<iy <...<is=7 and
AM-TH #0 forr=0,1,...,s—1}

for alli,j with i < j.
Let Ny = X\; and k;; = (nz - 1)2 +1 fori=1,2,...,n. Define

I, = {t|3y€Si suchthat tc~}
P if Tij #0
Aij = ter;;

0 otherwise
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argmin {n; |t € T';; and A\yy # 0} if \ij #0
tiy; = )
0 otherwise
Z ng + kt,ijt”. if /\z‘j 7é (¢}
tel;
kij t#t;;
#Fij if Fij * 0 and /\ij =0
1 if iy =

for alli,j with i < j. Then we have for all i,j with i < j:

N e X s if Aij # O
(4) (A@'“) _ J Enixny if g 7 for allk > ki; .
Qi Onl Xn; Zf Aij =0
For all i,5 with i > j we have
(5) (4°")  =Oupn,  forallken.
QO

REMARK 3.6. Note that Aij is an n; by n; matrix for all ¢, j.
Let us now give a graphical interpretation of the sets S;; and I';;.
Let C; be the m.s.c.s. of g(/l) that corresponds to A;; for i = 1,2...,1. So «; is the
set of vertices of C;.
If {ip = 4,91,...,05-1,is = j} € S;; then there exists a path from a vertex in C;,
to a vertex in C;,_, for each r = 1,2,...,s. Since each m.s.c.s. C; of G(A) either is
strongly connected or consists of only one vertex, this implies that there exists a path
from a vertex in Cj to a vertex in C; that passes through C;, ., C;, ,, ..., C;,.
If S;; = 0 then there does not exist any path from a vertex in C; to a vertex in C;.
The set I';; is the set of indices of the m.s.c.s.’s of G(A) through which some path
from a vertex of C; to a vertex of C; passes.
If Sij # 0 then Cy,; is the smallest m.s.c.s. of G(A) that contains a circuit and through
which some path from a vertex of C; to a vertex of C; passes®. <&

Proof. Proof of Theorem 3.5.
Let C; be the m.s.c.s. of G(A) that corresponds to A;; fori = 1,2...,1. Since Aaiaj =
O ifi > j, there are no arcs from any vertex of C; to a vertex in C;. As a consequence,
(5) holds if ¢ > j.
Note that ¢(Ay) =1 for all i € {1,2,...,1} with A;; # [0] since ¢(A) = 1 and since
each A;; corresponds to an m.s.c.s. of G(A).
If | = 1 then A is irreducible and then (4) holds by Theorem 3.3. It is easy to verify
that (4) holds if i = j.
From now on we assume that [ > 1 and ¢ < j.
Ifry; = () then there does not exist a path from a vertex in C; to a vertex in Cj.

Hence, (A@’k) =0 forall keN.
ooy

IfT;; # 0 and A\;; = O then we have Ay = [0] for all t € T';;. So there exist paths
from a vertex in C} to a vertex in Cj, but each path passes only through m.s.c.s.’s
that consist of one vertex and contain no loop. Such a path passes through at most
#I';; of such m.s.c.s.’s (C; and C; included). This implies that there does not exist

i

30r more precisely: if Sij # 0 then Ct,; belongs to the set of the smallest m.s.c.s.’s of G(A) that
contain a circuit and through which some path from a vertex of C; to a vertex of C; passes.



CONSECUTIVE POWERS OF A BOOLEAN MATRIX 9

C=c
0
: \(0
7.”0:
C; .
L Ci | lr ) C‘lr+l
AV e e V4
\ ! Ur : :
\r.—‘l(‘//,vr )
ya _ G=G,
Vg
"

FiG. 3.3. Illustration of the proof of Theorem 3.5. There exists a path from vertex us of m.s.c.s.
Cj to vertex vo of m.s.c.s. C; that passes through the m.s.c.s.’s C; _,, Ci _,, ..., Cj.

a path with a length that is larger than or equal to #I';; from a vertex in C; to a
o, = Oforall k> #I';;.

K]

. k
vertex in C;. Hence, we have (A® )a

From now on we assume that [ > 1, ¢ < j, I';; # 0 and \;; # 0. Then there exists
a set {ig,91,...,0s} € {1,2,...,1} with ¢;; € {io,?1,...,45} and there exist indices
Up € 0y, , Vpg1 € a4, for r=0,1,...,5 —1such that i =iy < i3 <...<iy=jand
/Alurq,r 1 # 0 for each r. So there exists an arc from vertex v,41 of C;, 41 to vertex w,
of C;, for each r € {0,1,...,s — 1}. Select an arbitrary vertex u, of C;, = C; and an
arbitrary vertex vy of C;, = C;. Note that s € {1,2,...,5 —i}. Let » € {0,1,...,s}.
Recall that the only Boolean zero matrix that is irreducible is the 1 by 1 Boolean zero
matrix [0]. Now we distinguish between two cases:

e If A;; = [0] then we have n; = 1 and u, = v,. So in this case we could
say that there exists an empty path of length [, = 0 from vertex u, to vertex v, of
Ci,.

e On the other hand, if A; ; # [0], then there exists a (possibly empty) path
of length [, < n; — 1 from vertex u, to vertex v, of C;, since Q(/Almr) is strongly
connected. If u, = v, then this path is empty and has length 0.

So for each r € {0,1, ..., s} there exists a (possible empty) path of length I, <n; —1
from vertex u, to vertex v, of C;_.

Let § = iz = t;;. Clearly, we have A;;. # [0]. Since A;.;. is irreducible and since
¢(A;.;,) = 1, it follows from Theorem 3.3 that there exists a path of length & from
vertex us to vertex vy of C;, for any k > k;.;. = kz. Note that #I';; > s+ 1. Hence,

kig = Y omitkg = Y (= 1)+ #y =)k > > b+s+ky
tely; tely; T:Q
t£4L t#4L TET
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So if we have an integer k£ > k;; then we can decompose it as

k=lo—|—ll+...+l7-_1+l7f+1—|—...+ls+$+kt~g—|—];}

with k& € N. By Theorem 3.3 there exists a path of length kz + k from u; to v in
C;, for each k € N. This implies that there exists a path from vertex ug to vertex
vo of length k in G (/1) This path consists of the concatenation of paths of length I,
from vertex u, to vertex v, of C; for r=0,1,...,7 —1,74+1,...,s, paths of length
1 from vertex v,4; of C, ., to vertex u, of C;, for r =0,1,...,5s —1 and a path of

~ r+1
length ki + k from vertex w; to vertex vy of C;. (See Figure 3.3). This implies that
(4°")
arbitrary vertex of Cj, this implies that (fl@’k)a_w =& for all k > k;;.

K]

I 1 for all £ > k;;. Since u, is an arbitrary vertex of C; and since v is an

So (4) also holds if A\;; # 0. |
ExAMPLE 3.7. Consider the following matrix:

This matrix is in Frobenius normal form and its block structure is indicated by the
vertical and horizontal lines. The precedence graph of A is represented in Figure 3.4.
Using the notations and definitions of Theorem 3.5, we have [ = 2,

A O 1 O . (0] A
A= 1 0 1|, A= 0 and Agy = [O] .
1 0 O 1

Furthermore, oy = {1,2,3}, g = {4}, np=3,nNne=1, A =A1 =1, Ay = Ao = O,
S19 = {{1,2}}, o= {1,2}, A12 =1, t1o =1, k11 =5, koo =1 and k1o =1+5=6.
We have

R “ k
Note that A;; is a matrix of the form (3). So the smallest K for which A¢, = & for all
k > K11 is equal to k11 = 5. Furthermore, the smallest K15 such that (fl®k) =&

[e5Ke D]
for all k > K15 is equal to k15 = 6. So for the matrix A of this example all the bounds
ki; that appear in Theorem 3.5 are tight.
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1

3

FiG. 3.4. The precedence graph of the matriz A of Example 3.7.

It is easy to verify that for a matrix of the form

[0 1 0o ... oo
o 0 1 ... 0|0
1 0 0 ... 1|60
1 0 0 ... 01
|0 0 0 ... 0|0 |
all the bounds k;; that appear in Theorem 3.5 are tight. <&

LEMMA 3.8. Let A € B™*™ with ¢(A) = 1. Then we have AT = ge” for all
E>(mn—-1)72+1.
Proof. If A is irreducible, then we have A" — 49" for all & >(n—1)2+1hby
Theorem 3.3.
So from now on we assume that A is not irreducible. Let A = P ® A ® PT be the
Frobenius normal form of A. Assume that A is of the form (1) where the A;i’s are
square and irreducible. Let the numbers \;;, n;, t;;, k;; and the sets o; and I';; be
defined as in Theorem 3.5.
We have k;; = (n; — 1)+ 1< (n—1)? + 1 for all i.
Let us now prove that k;; < (n — 1)®> + 1 for all 4, j with i < j. Consider indices
i,7€{1,2,...,1} with i < j.
e If I';; =0 then we have k;; =1 < (n—1)? + 1 for all n € No.
e We have n < (n —1)? 4+ 1 for all n € Ny. So if I';; # 0 and \;; = O then we

have
kij=#Iy; <j—i+1<n<(n—17°+1.
e Since ny > 1 for each ¢t € {1,2,...,1} and since [ > 1, we have
! !
g = Y 1 =P-1>1-1.
t,s=1 t,s=1
t#s t#s
Hence,
!
t,s=1

t#s
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So if A;j # 0 then we have

kij = Z T + kt,ijtij

tel;;
tF£t;;

IN

l
Z ket (since ki = (n; —1)? +1 > n; for each 7)
t=1

l

> ((ne—1)*+1)
l

Z (n? —2n; + 2)

t=1
!
- 22 ne + 21
t=1

IA

IN

IA IN
(- 11
SM H‘:[\.’)

; — 2n + 21

1
an —2n + 2 Z ngns + 1 (by (6))

t=1 t,s=1
t#£s

IN

IN
g
u-:.\)
+
N
]
3
S
\
S
+
)

IN
/ﬁ
g
N———
(]
|
[\
N]
_|_
—
+
—_

t=1
< n?-2n+1+1
< (n—=172%41.

Hence, k;i; < (n—1)? +1 for all 4,5 with ¢ < j. As a consequence, it follows from
Theorem 3.5 that (A®k+1) = (A‘@k) ~forallk>(n—1)?2+1and for all i,j €
ajaj ;g

{1,2,...,1}. Hence, AT Z A9 for all k > (n—1)%2+1. Since A" = PT®A®k®P,
this implies that A°° " = A" forall k> (n —1)2+1. O

3.3. Boolean matrices with a cyclicity that is larger than or equal to
1. LEMMA 3.9. Let A € B™ " be an irreducible matriz with ¢(A) > 2 and let
i,j €{1,2,...,n}. Then there exists a (possibly empty) path P;; from j to i in G(A)
that passes through at least one vertexr of each (elementary) circuit of G(A) and that
has a length that is less than or equal to "2;1 .

Proof. Since the cyclicity of A is larger than or equal to 2, there are no loops in
G(A). Hence, A contains at least one circuit. Since A is irreducible, this implies that
j has to belong to an elementary circuit of G(A). Since the length of any elementary
circuit of G(A) is larger than or equal to 2, there exists a set S = {i1 = j,i2,...,im} C
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{1,2,...,n} with m < {%] such that any (elementary) circuit of G(A) contains at
least one vertex that belongs to S. Define i,,+1 = i. Since G(A) is strongly connected
there exists a (possibly empty) path Py with length I, < n—1 from vertex iy, to vertex
ig41 for each k € {1,2,...,m}. Let [ be the length of Pj. There exists a path P;;
from j to i that contains at least one vertex of each (elementary) circuit of G(A): this
path consists of the concatenation of Pi, Pa, ..., Ppy,. If l;; is the length of F;;, then

we have

n?—1

>(n—1)§ — 0

n+1

REMARK 3.10. Note that we could have derived an upper bound that is more tight in
Lemma 3.9. The upper bound of Lemma 3.9 will be used in the proof of Theorem 3.11.
However, in that proof we shall also use Lemmas 2.2 and 2.3 which also yield upper
bounds, and therefore we do not refine the upper bound of Lemma 3.9. )
THEOREM 3.11. Let A € B"*™ be irreducible and let ¢ = ¢(A) > 0. If we define

(7) k (=171 2 2 fe=1
n,c — -1 X
max(n—l,n2 +%—3n+20) ife>1,
then we have
k+c k k k k+c—
8) A = 4°" and 4*" 0 A4°" T g @ AT — g for allk > k.

Proof. From Theorem 3.3 it follows that (8) holds if ¢ is equal to 1. Furthermore,
if the first part of (8) holds, then the second part also holds since A is irreducible.

From now on we assume that ¢ > 1. Let ¢,5 € {1,2,...,n}.

Let C1, Cs, ..., Cy, be the elementary circuits of G(A). Let I; be the length of C; for
1 =1,2,...,m. Since A is irreducible, we have ¢ = ged(ly,ls,...,l,;). Hence, there
exist positive integers wi, ws, ..., W, such that w; c = I; for each i and such that
ged(wy, wa, ..oy wy) = 1.

First we consider the case where there is only one elementary circuit or where all the
elementary circuits have the same length. Hence, ¢ = [;. Since A is irreducible, both
1 and j have to belong to some elementary circuit. We may assume without loss of
generality that j belongs to C;. Since A is irreducible there exist paths from vertex
Jj to vertex i of G(A). Let P;; be the shortest (possibly empty) path from j to ¢ and
let I;; be the length of this path. We have l;; < n — 1 (Note that [;; = 0 if 7 is equal
to j.). For any integer k € N there exists a path of length l;; + kc from j to i: this

path consists of k times C followed by P;;. Hence (A®l”+kc)ij =1forall k> 0. Let
l € Nwith ! > n—1. Now there are two possibilities. If [ can be written as | = [;; + kc

for some k € N, then we have (A®l) = 1. If [ cannot be written as [ = l;; + kc for

i
any k € N, then it follows from Lemma 2.7 that there does not exist a path from j to
l
i and then we have (A® ) .= 0.

ij
This implies that (8) holds if all the elementary circuits of G(A) have the same length.
From now on we assume that there exist at least two elementary circuits in G(A) that
have different lengths.
Since A is irreducible it follows from Lemma 3.9 that there exists a (possibly empty)

7l2

- L that passes through

path P;; from vertex j to vertex i of G(A) with length /;; <
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at least one vertex of each elementary circuit of G(A). For each circuit Cy we select
one vertex v, that belongs to the path P;;. Let [ be an integer that can be written
as | = l;; + pc with p > g(w1, ws, ..., wy) + 1. Since ged(wr, we, ..., wy) = 1, there
exist nonnegative integers o, s, ..., a,, such that p = ajw; + asws + . .. + A Way,.
As a consequence, we have

Il =l + cqwic+ agwac+ ...+ apwpe = i +oqly +ools + ..o+ apln

So there exists a path of length [ from j to : this path consists of the concatenation

of P;; and oy times the circuit Cy (v — ... = vg) for & = 1,2,...,m. Hence,
lrir'

(A® J+pc)ij =1 for all p > g(wy,wa, ..., wy,)+ 1.

Let us now determine an upper bound for g(w, wa, ..., wy,). If w, = w, for some s,t €

{1,2,...,m} with s # t, then g(wy,wa, ..., Wn) = g(wW1, W, ..., Ws_1, Wsi1,-- ., Wpn).

Therefore, we may assume without loss of generality that all the w;’s are different and
thus also that w; < we < ... < wp,.

Since there are at least two elementary circuits in G(A) that have different lengths, we
have m > 2. We have w;, = l’“ < 2 for all k. Hence, wp, < % and w; < 2 —(m—1) <
= —lsince wy <wsp... < wm and m > 2. As a consequence, we have

gwy,wa, ..., wy) < (wp—1)(wy,—1)—1 (by Lemma 2.2)
< (F-2)(E )
9) < (%)2—3%“.

If we define

2_1 2
K=" +<(") —3"+2>c
2 c c

then we have I;; + (g(wi,wa, ..., wm) 4+ 1) c < K. So if we have an integer [ that is
larger than K then it can either be written as ! = l;;4+pc with p > g(w1, wa, ..., wn)+1
and then (A®l)ij = 1, or [ cannot be written as [ = [;; + pc for any p € N and then it
follows from Lemma 2.7 that there does not exist a path of length [ from j to ¢, i.e.,
(A‘g’l)ij = 0. Note that K < ky, .

Hence, (8) also holds in this case. |
REMARK 3.12. In the proof of Theorem 3.11 we could also have used Lemma 2.3
to determine an upper bound for g(wy,ws,...,wy). We have m > 2 and thus also

Wy, > 2. Furthermore, w,,_1 < % — 1. Hence,

g(wi,wa, .. wm) < 2w {wfmJ — W
m

n
< 2(Z —1)2
- ( ) 2c

(5) %
c c

In the second part of the proof of Theorem 3.11 we have c > 2. Since A is irreducible,

it follows from Lemma 2.6 that ¢ < n. Hence, 1 < 2 It is eaby to verify that
the upper bound of (10) is less than the upper bound of (9) if 2 < 5. However, if

(10)

IN
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% < %, then we would have w,,—1 < %7 which is not possible. This implies that for
combinations of n and ¢ for which there are at least two elementary circuits in G(A)
with different lengths, the upper bound of (9) is less than or equal to the upper bound
of (10).  ©
The Boolean sum of sequences is defined as follows. Consider sequences g; ={(i)x } -1
fori=1,2,...,m with (g;)x € B for all 4, k. The sequence g=¢1 © g2 & ... & gm
is defined by g = (g1)k ® (g2)k ® ... B (gm)x for all k € Ny.

LEMMA 3.13. Consider sequences g; = {(9:)k}pey fori=1,2,...,m with (g;)r €
B for all i,k. Suppose that for each i € {1,2,...,m} there exist integers K;,c; € Ny
such that

(11) (9i)kte; = (90)k for all k> K; .
If K = max K; and
e 1 if ci =1 and (g;)k, = 1 for some i € {1,2,...,m}
B lem(eq, co,y vy Cm) otherwise,

then the sequence g =g1 @ ga ® ... ® gm Satisfies gprc = gi for all k > K.
Proof. Note that (11) implies that

(12) (9) kt+pe: = (9i)k forall k> K > K; and forallp e N .
First we assume that there exists an index ¢ € {1,2,...,m} such that ¢; = 1 and
(9i)k; = 1. Then we have (g;)r = 1 for all £ > K; and thus also g, = 1 for all
k>K > K.
From now on we assume that there does not exist any index i € {1,2,...,m} such
that ¢; =1 and (g;)k, = 1.

Since ¢ = lem(ey, ca, . . ., ¢y, ) there exist positive integers wy, wa, . . . , Wy, such that
c=w;c; fori =1,2,...,m. Consider an integer k > K. We have

m
Gk+c = @(Qi)kJrc

i=1
= @(gi)k-i-wici
- D o (by (12)
= g;. O

ExXAMPLE 3.14. Consider the sequences

gl - l7O’17O’170’170717071’071’071’07'"
g = 1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,...

If we use the notation of Lemma 3.13 then we have ¢; =2, co =3 and K1 = Ko = 1.
Hence, ¢ = lem(2,3) = 6 and K = max(K;, K2) = 1. We have

g=—¢g1®g2 = 1,0,1,1,1,0,1,0,1,1,1,0,1,0,1,1,...

It is easy to verify that gy = gy for all £ > 1. &
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THEOREM 3.15. Let A € B" ™ be a matriz of the form (1) where the matrices
A11, A22, .. A” are irreducible. Define sets aq, ag; ..o, Q such that A%aJ = Aza

foralli,j wzth 1 <j. Let n; = #a; and ¢;; = ¢; = ¢(A “) for all i. Define:

)\i_{o ifAii:[O]

1 otherwise
fori=1,2,....1. Define
Sy = {{ioyin, o yis} C{1,2,...,1} | i=ip<ir<...<is—j and
Az’ﬂ;“#@ forr=0,1,...,s =1}
for alli,j with i < j.
Let Nii = A\; and ki; = ki = kn, ¢, fori=1,2,...,n where ky, ., is defined as in (7)

with ky, 0 = 0 by definition.
For each 1, j with i < j we define for each v € S;;:

6y = {teq[r#0}
. ged{ci [t € 6,}  if 6, #D
K 1 otherwise.
Define
Iy = {t‘}y € Si; such that tE'y}
Aij = {t|t€1—‘ij and)\t7£0}
N - 1 if Aij #0
* 0 otherwise
o = lem{c, |y € Si;} if \ij # 0 and ¢, # 1 for each v € S;; with 6, # 0
J 1 otherwise
N argmax{n: |t € Ay} if i #0
Yo 1 otherwise
> ke, + #Ti — 1
teN;;
n2
= 0 2 —3n,, +2 if Aij # 0
kz] — max ’361%33 C’Y [ C'Y Zf J #
540
#Fij Zf Fij 7é (Z) and )‘ij =0
1 if Fij =0

for alli,j with i < j.
Then we have for all i,j with i < j:

(13) (A®k+%>a.a. - (,21@’“)%‘ for all k > ky;

and

sk okt o kdeg—1 Enxns if Nij 0
14 A® @ A® @ ... A® = !
( ) ( )aiaj {Onixnj Zf Aij =0
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for all k > K .
For alli,j with i > j we have

(15) (A@’“)M. = Opivn,  forallkeN .

Proof. Let C; be the m.s.c.s. of g(A) that corresponds to A;; for i = 1,2,...,1.
Let i,5 € {1,2,...,1}. In the proof of Theorem 3.15 is has already been proved that
(15) holds if ¢ > j, and that (13) and (14) hold if ¢ < j and T';; = 0, or if i < j,
I';; # 0 and \;; = 0. Furthermore, (13) and (14) hold by Theorem 3.11 if i = j.
So from now on we assume that ¢ < j, I';; # 0 and \;; # 0. Note that ¢ < j implies
that [ > 1.
Select an arbitrary vertex u of C; and an arbitrary vertex v of Cj.
Since \;; # O there exists at least one set v € S;; for which d, # 0. So A;; # () and
k;j is well defined. Note that k;; > #I';;. If 45 = () for some set v € S;; then there
do not exist paths from v to u of length n > #I';; that correspond to . So from now
on we only consider sets v € S;; for which 6., # 0.
Let v = {ig,41,...,is} € Si; with i =g < i3 < ... <145 = j. Since we assume that
8, # 0, we have A; ; # [0] for at least one index i, € v. Assume that J, is given by
{j07j17 s vj§} Define

S = {(U,V)’ U = {ug,u1,...,us}, V={wvo,v1,...,0s}, us = v, vg = u, and

Ur € a,, Vpy1 € a,,, and (A)y,o,,, #0forr=0,1,...,s} .

Let (U, V) € S with U = {ug,u1,...,us} and V. = {vg,v1,...,vs}. Let P(y,U,V)
be the set of paths from v to u that pass through m.s.c.s. C;, for r =0,1,...,s and
that enter C; at vertex u, for r = 0,1,...,s — 1 and that exit from C; through
vertex v, for r = 1,2,...,s (See also Figure 3.3). Let the sequences {(g,,u,v )k} ey
and {(gy)x}r—; be defined by

1  if there exists a path of length &k that belongs to P(v,U, V)
(GruvIe =

0  otherwise

1  if there exists a path of length & that belongs to P(~,U, V)
(g ) = for some pair (U, V) € S

0  otherwise.

Define ¢, = ged{c¢;|t € §,}. Let us now show that the sequences {(g+,u,v )k }re; and
{(g)r}yZ, satisty

(16) (94,0 ter, = (9v,0,V )k for all k > k;;
A7) (gyov)k © (Gruv)es1 D oo @ (Gr,UV )kte,—1 =1 for all k > k;;
(18) (99) ke, = (97 )k for all k > k;;
(19) (9)k ® (Gy)ks1 © ... @ (g'y)k—kcw—l =1 for all k > k;; .

Note that if (16) and (17) hold for each pair (U, V) € S then (18) and (19) also hold.
Therefore, we now show that (16) and (17) hold. Define @, = us and 9, = vy if j, = is
forr=0,1,...,5 We consider three cases:
Case A: ¢;, =1 for some 7 € {0,1,...,§}.

In this case we have ¢y = 1.
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Let I, be the length of the shortest (possibly empty) path from vertex @, to
vertex 0, of C; for each r € {0,1,...,8}. We have [, < n,, —1 for each r.
Since /Alj;jf is irreducible and since c;. = 1, it follows from Theorem 3.3 that
for any integer p > (n;, — 1)? + 1 there exists a path of length p from vertex
U7 to vertex vz of Cj,.. If we also take into account that there are s arcs of

the form v,41 — u, for r =0,1,...,s — 1 then it follows that for any
k>3 (ng, — )45+ (ny, — 12+ 1% Ky
r=0
r#EF

there exists a path of length k that belongs to P(v,U, V). Let us now show
that Ko < k;;. Let r € {0,1,...,8}. If ¢, > 1 then it follows from the
definition of ky,; ., that n; —1<k,, . . Furthermore, ifc; =1, then we
have nj —1 < (n;, —1)>+1 =ky, ., . Since ¢;, = 1, we have (n;, —1)*+1 =
k‘n”’c”. Furthermore, §, C A;; and s < #I';; — 1. Hence, Ka < k;;, which
implies that (16) and (17) hold in this case.

Case B: ¢, =cy and ¢; # 1 for all t € 4.

Assume that ¢;, = ¢, with 7 € {0,1,...,5}.

Let I, be the length of the shortest (possibly empty) path from vertex @, to
vertex 9, of C; for each r € {0,1,...,7 = 1,74+ 1,...,8}. Sol, <n; —1 for
each r # 7. From Lemma 2.7 and from the proof of Theorem 3.11 it follows
that there exists an integer K; with knjf,cjf < K; < k:njf,cj; +¢j, — 1 such
that there exist paths of length K7 + pc;. from vertex 4z to vertex v of Cj,
for any p € N, while there do not exist paths of length Kj + pc;. + ¢ from 5
to 07 for any p € N and any ¢ € {1,2,...,¢;, —1}. So if we define

8
Kp = Z b+ s+ knﬂ'wcif

r=0

r#T
then it follows from Lemma 2.7 that for any k& > Kp either there exists a
path of length &+ pc, that belongs to P(v,U, V) for each p € N, or there do
not exist paths of length k + pc, that belong to P(v,U, V) for any p € N. It
is easy to verify that Kg < k;;. Hence, (16) and (17) also hold in this case.

Case C: ¢;, # 1 for all r € {0,1,..., 58} and ¢;, # ¢, for some a,b € {0,1,...,5}.

From Lemma 2.7 and from the proof of Theorem 3.11 it follows that for each
r € {0,1,...,5} there exists an integer K, with k,, o, < K, < kpn; o +
¢j, — 1 such that there exist paths of length K, + pc;, from %, to 9, for each
p € N, while there do not exist paths of length K, +pc;, + ¢ from @, to v, for
any p € N and for any ¢ € {1,2,...,¢;, —1}. This implies that there exist
paths of length Ko+ K1 +...+K;+s+pocj, +picj, +...+Dpscj, that belong to
P(~,U, V) for each choice of pg,p1,...,ps such that p, > 0 for each r. Define

S
K, = Z K, + s. Since ¢, = ged{c; |t € 6.} there exist positive integers
r=0
Wo, W1, . .., ws such that ¢;, = w, ¢y for each r € {0,1,...,38} and such that
ged(wg, wy, ..., wg) = 1. So for any integer ¢ > g(wg, w1, ..., ws) + 1 there
exist nonnegative integers ag, a1, ..., az such that ¢ = agwo + aqwy + ... +
AsWs.
Since ¢;, # c;, we have wg # wy. Therefore, we may assume without loss
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of generality that wy < w; < ... < wz with § > 2. We have w; = Ss <

Cry

Ny, Ny, .
< —%. Hence, wo < —* — 1 since wg < ws. Furthermore, wg > 1 and
Y

Njs

C.
thus W; é 2. Using a reasoning that is similar to the one used in the proof
of Theorem 3.11 and Remark 3.12 we can show that

2
g(wo,wl,...,wg)—i—lg(T”) -3 19,
Cy Cy

N, 2 Ny,
Ko =K, +c¢, S I
Cy Cy

then we have K¢ > K, —&-cv(g(wo’wl, cows) + 1). Let k£ € N with k > Kc¢.
Now there are two possibilities:

o If k can be written as K, + gcy with ¢ > g(wo, wn,...,ws)+ 1 then
we have

So if we define

k:IQ—i—(ozowo—l—oqwl—i—...—&—agwg)c7 =K, +agcj, +arc;, +...+ascj, ,

which implies that there exists a path of length k that belongs to P(~, U, V).
e On the other hand, if k¥ cannot be written as K, +¢qc, for any ¢ € N
then it follows from Lemma 2.7 that there does not exist a path of length k
that belongs to P(y,U, V).
Since k;; > K¢ this implies that (16) and (17) also hold in this case.
If we consider all possible paths from vertex v to vertex u of length k € N with
k > #T;;, then each of these paths corresponds to some set v € S;; with &, # 0.

Ak
Since (A®" )y, is equal to 1 if and only if there exists a path of length k from v to wu,
we have

(4) = D

YESij
5,70

if & > #T';;. Note that if ¢, = 1 and 0, # () then we have (g,)r,, = 1. Since each
sequence {(g)x}pe satisfies (18), it follows from Lemma 3.13 that

(A@“C”')w - (A®k>w for all k > kij .

Furthermore, since each sequence {(g)}ro, satisfies (19), we have

k+1

®...0 A° =1 forall k> ki .

(4" & 4° et
So (13) and (14) also hold if X;; # o. 0

REMARK 3.16. Note that if 71,72 € S;; and 1 C 72 then we do not have to consider
7 when we are determining S;;. Hence, we could have defined S;; as the set of
mazimal subsets {ig,41,...,4s} of {1,2,...,1} with i =iy < i3 < ... < is = j and
/Almrﬂ#Oforr:O,l,...,s—l. <&

Let us now give an example in which the various sets and indices that appear in the
formulation of Theorem 3.15 are illustrated.
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EXAMPLE 3.17. Consider the matrix

Q|0 4|0 O H|O
|0 Old O OO0
Q|0 OO0 O ~H|O
~|O O|0 4 O|0
Ol OO0 O OO0
~|O 4|0 O O|0
Q|0 OO0 O OO0
L

Il

<

This matrix is in Frobenius normal form and its block structure is indicated by the
horizontal and vertical lines. The precedence graph of A is represented in Figure 3.5.

We have

~lo H|lo H o o HlHoo|lo HloHlooH|o o HloHOlo
olo ojo o H o oloHo|o o|loo|lHoolo o olo o H|lo
~|lo o|lo H o o o|lHoolo olcolooH|o o oloHolo
olo o|H o o o0 o|lo o Ao H|looloHo|o o o|lHoolo
o|lH olo oo Holooolo o|Ho|ooo|o Holo o olo
Hlo o oo o H|looolo H|loHlooo|o o H|lo o olo :
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F1G. 3.5. The precedence graph G(A) of the matriz A of Example 3.17. The subgraphs C1, Ca,
Cs and Cy4 are the m.s.c.s.’s of G(A).

So 42" = A¢" for all k > 2.

We have ay = {1}, az = {2,3}, a3 = {4,5,6} and ay = {7}. Furthermore, \; =
Ay = 0 and Ay = A3 = 1. Let us now look at the sequence {(A‘@k)al%}zozl. ‘We have
514 = {’yl,’}/g} Wlth Y1 = {1,2,4} and Yo = {1,3,4} SO 671 = {2}, Cn/l = 2, (572 = {3}
and Cyy, = 3. We have F14 = {1,2,3,4}, A14 = {2,3}, )\14 =1,c14 = 1cm(2,3) =6
and r14 = 3. Hence,

n3 n3
kia = koo+kss+ #I'4— 1+ max <0, = 3ns + 2¢y,, = 3nsz + 2072)

C’h C’Yz

3 9 9 17

= S 4d4+4-1 0,2 —94+4,- —9+6) = —

2—|—+ —HnaX(,2 +,3 +) 5

. k46 k
Note that we indeed have (A® )Ot10t4 = (A® )a1a4 for all £ > 9. &

LEMMA 3.18. Consider m positive integers c1, Ca, . .., Cm. Letc =lem(cqy, ca, .. .,
¢m). Consider r non-empty subsets aq, asg, ..., ar of {1,2,...,m}. Define d; =

ged{ci |k € a;} for each i. If d =lem(dy,da, ..., d,), then d is a divisor of c.

Proof. We may assume without loss of generality that ¢; # c; for all 4, j with i # j.
If d is a divisor of lem(cq, ¢, ..., ¢m—1) then it also is a divisor of lem(cq, ¢a, ..., Cm).
Therefore, we may assume without loss of generality that a; U as U ... U «, =
{1,2,...,m}. If a; C ¢« then d; is a divisor of d; and then lem(dy,ds,...,d;) =
lem(dy,da,...,dj—1,djt1,...,dr), which implies that o; is redundant and may be
removed. If d; = d; then «; is also redundant and may be removed. It is easy to
verify that if we remove all redundant sets, then the resulting number of sets «; is
less than or equal to m (The worst cases being when «o; = {1,2,...,m} \ {i} for
t=1,2,...,m or when a;; = {i} for : = 1,2,...,m.) Hence, we may assume without
loss of generality that » < m and that d; # d; for all 4, j with ¢ # j.
Since r <m, oy UasU...Ua, ={1,2,...,m} and o; € o for all 4,5 with i # j, we
can select indices Iy, Iz, ..., [, such that I; € o; for i = 1,2,...,7 and [; # [, for all
i, with i # j.
Since d; = ged{ck | k € i}, d; is a divisor of ¢, for each i.
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Since all ¢;’s are different we have

1 ( ) C1C2 ... Chp
c=lem(cy,ca,...0m) =
b ged(er, 2,005 Cm)
We also have
dids ... d,

= ged(dy,da, . ... dy)

Since a1UasU. . .U, = {1,2,...,m} we have gcd(cy, ca, ..., ¢m) = ged(dy, da, . .., d;).
So

C1C2 ... Cp d
c=———d .
didy ...d,
Since d; is a divisor of ¢, for ¢ = 1,2,...,r there exist integers w; € N such that

¢, =w;pd; for i =1,2,...,r. If we define 8 = {1,2,...,m}\ {{1,l2,...,1,}, then we
have

c=w1w2...wr<Hci>d

i€f

where H ¢; is equal to 1 by definition. So ¢ = wd for some integer w € N, which
i€l

implies that d is a divisor of c. O

LEMMA 3.19. Letn € N and let ¢ € {0,1,...,n}. If k, . is defined by (7) if
c¢>0 and if k, . =0 if c =0, then we have k, . < (n —1)? + 1.

Proof. 1t is obvious that the lemma holds if ¢ = 0 or if ¢ = 1. So from now on we
assume that c >21. ,
Define f(c) = 25+ + - — 3n + 2c. Let us now show that f(c) < (n—1)% 4 1.

2
We have % = —%7 +2. So f reaches a local minimum in ¢ = % and is decreasing if
1 <¢ < 5 and increasing if ¢ > ok

Let us first consider the cases where n is equal to 2 or to 3. If n = 2 then we have
c=2and f(c)= 45+ +2-6+4=3<2=(2-1)%2+1 If n = 3 then 5 does
not belong to the interval [2, 3] and then the maximal value of f in [2,3] is equal to
fB) =25 +2-9+6=5<5=(3-1)*+1

From now on we assume that n is larger than or equal to 4. If n > 4, then % belongs
to the interval [2,n] and then the maximal value of f in [2,n] is equal to

n2 1 2 2

max(f(2), f(n)) = max( LT g,

7 n? 1
nﬂax(nQ—i%n—i—2,n2 —2)

+n—3n+2n)

7
= n2—3n+§ (since n > 4)

< (n—=1)7241 (since n > 2).
Hence, k. < (n —1)% + 1. O
THEOREM 3.20. Let A € B™*" and let ¢ be the cyclicity of A. We have A®k+c =
A®k for all k > 2n? — 3n + 2.
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Proof. Let A = P ® A® PT be the Frobenius normal from of A where P is a
permutation matrix. Assume that A is a matrix of the form (1) with A;; irreducible
for i = 1,2,...,1. Consider 1,] € {1,2, .. ,l} with ¢ < j. Let Sij, Fij, Aij, )\ija Cijs
ri; and k;; be defined as in Theorem 3.15. Let us now show that k;; < 2(n — 1)2 +n.
It is easy to verify that this holds if ¢ = j, or if 4 < j and A;; = 0. So from now on
we assume that A;; # 0. Hence,

n?
kij = Z kn,.c, +#1i; — 1+ max O,gzgx c” = 3ny,; + 2¢y
ij ¥

teEA; 5,70

Since we have ky, ., < (n; —1)>+1 for each i € {1,2,...,1} by Lemma 3.19, it follows

from the proof of Lemma 3.8 that

> knje, <(n—1741.

teA;

Furthermore, #I';; <j—i+1<n.
Let us now show that

2
n"‘ij 3 2
—+ =3n,, +2c, < (n—1)
Cy

for each y € S;; with 8, # (0. Let v € S;; with 6, # 0. From Lemma 2.6 it follows that
ct < ny for each t € 0,. Hence, 1 < ¢y = ged{n; |t € 05} < max{n;[t €} < n,,,.
2

Define f(c) = m% — 3n;,; + 2c. From the proof of Lemma 3.19 it follows that f is
decreasing if ¢ < 71}27 and increasing if ¢ > n\;g .
If n,,, = 1 then we have ¢, =1 and f(c,) =1-3+2=0<0=(1—-1)%

If n,,, > 1 then the maximum value of f in the interval [1,7,,] is equal to

max(f(1), f(nr;)) = max(nfij — 3y, + 2, Ny, — 300y, + 200, )
= max((n,, — )2 41— ny,,, 0)
< (ngy; — 1)? (since n,,; > 1)
< (n—1)%.

Hence, k;; < 2(n —1)2 + n = 2n? — 3n + 2. Furthermore, ¢;; is a divisor of ¢ by

Lemma 3.18. Hence, A®k+c = /1®k for all k > 2n%2—3n+2. Since, A®k = PT®A®k®P
for all k € N, this implies that 42" = 49" forall k> 202 —3n +2. O

4. Applications and extensions.

4.1. Markov chains. It is often possible to represent the behavior of a physical
system by describing all the different states the system can occupy and by specifying
how the system moves from one state to another at each time step. If the state space
of the system is discrete and if the future evolution of the system only depends on the
current state of the system and not on past history, the system may be represented by
a Markov chain. Markov chains can be used to describe a wide variety of systems and
phenomena in domains such as diffusion processes, genetics, learning theory, sociology,
economics, and so on [22].
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A finite homogeneous Markov chain is a stochastic process with a finite number of
states s1, So, ..., S, where the transition probability to go from one state to another
state only depends on the current state and is independent of the time step. We
define an n by n matrix P such that p;; is equal to the probability that the next
state is s; given that the current state is s;. Note that p;; > 0 for all 7, j. We define
a sequence of vectors {9(1{)}:020 with 6(k) € [0,1]" where (6(k)), is the probability
that the system is in state s; at time step k. If the initial probability vector 6(0) is
given, the evolution of the system is described by

Ok +1) = Po(k) for ke N .
Hence,
0(k) = P*6(0) forke N .

So if we consider the Boolean algebra ({0, p},+,-) where p stands for an arbitrary
positive number and if we define a matrix P € {0,p}"*" such that p;; =0if p;; =0
and p;; = p if p;; > 0, then we can give the following interpretation to the Boolean

~ g
matrix power P® . We can go from state s; to state s; in k steps if and only if

(Pk)ij > 0 or equivalently if (P‘X’k)ij = p. As a consequence, the results of this paper
can also be used to obtain upper bounds for the length of the transient behavior of a
finite homogeneous Markov chain.

For more information on Markov chains and their applications the interested

reader is referred to [2, 12, 20, 22] and the references therein.

4.2. Max-plus algebra. Our main motivation for studying sequences of con-
secutive powers of a matrix in a Boolean algebra lies in the max-plus-algebraic system
theory for discrete event systems. Typical examples of discrete event systems are flexi-
ble manufacturing systems, telecommunication networks, parallel processing systems,
traffic control systems and logistic systems. The class of the discrete event systems
essentially consists of man-made systems that contain a finite number of resources
(e.g., machines, communications channels or processors) that are shared by several
users (e.g., product types, information packets or jobs) all of which contribute to the
achievement of some common goal (e.g., the assembly of products, the end-to-end
transmission of a set of information packets, or a parallel computation).

There are many modeling and analysis techniques for discrete event systems, such
as queuing theory, (extended) state machines, max-plus algebra, formal languages,
automata, temporal logic, generalized semi-Markov processes, Petri nets, perturbation
analysis, computer simulation and so on (See [1, 6, 19, 23, 24] and the references cited
therein). In general models that describe the behavior of a discrete event system are
nonlinear in conventional algebra. However, there is a class of discrete event systems
— the max-linear discrete event systems — that can be described by a model that is
“linear” in the max-plus algebra [1, 7, 8]. The model of a max-linear discrete event
system can be characterized by a triple of matrices (4, B, '), which are called the
system matrices of the model.

One of the open problems in the max-plus-algebraic system theory is the min-
imal realization problem, which consists in determining the system matrices of the
model of a max-linear discrete event system starting from its “impulse response*”

4This is the output of the system when a certain standardized input sequence is applied to the
system.
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such that the dimensions of the system matrices are as small as possible (See [1] for
more information). In order to tackle the general minimal realization problem it is
useful to first study a simplified version: the Boolean minimal realization problem, in
which only models with Boolean system matrices are considered. The results of this
paper on the length of the transient part of the sequence of consecutive powers of a
matrix in a Boolean algebra can be used to obtain some results for the Boolean min-
imal realization problem in the max-plus-algebraic system theory for discrete event
systems [10]: they can be used to obtain a lower bound for the minimal system order
(i.e., the smallest possible size of the system matrix A) and to prove that the Boolean
minimal realization problem in the max-plus algebra is decidable (and can be solved
in a time that is bounded from above by a function that is exponential in the minimal
system order).

Both Boolean algebras and the max-plus algebra are special cases of a dioid (i.e.,
an idempotent semiring) [1, 16]. For applications of dioids in graph theory, generating
languages and automata theory the interested reader is referred to [14, 15, 16].

4.3. Extensions. In this paper we have restricted ourselves to Boolean algebras.
In this section we give some examples that illustrate some of the phenomena that could
occur when we want to extend our results to more general algebraic structures. In
our examples we shall use the max-plus algebra (R U {—o00}, max,+), but for other
extensions of Boolean algebras similar examples can be constructed.

In contrast to Boolean algebra (cf. Theorem 3.20) the sequence of consecutive
powers of a matrix in a more general algebraic structure does not always reach a
stationary or cyclic regime after a finite number of terms as is shown by the following
example.

ExaMPLE 4.1. Consider the matrix

2

Since the kth max-plus-algebraic power of A is given by

Y

-0 -k

for k € Ny, the sequence {A‘X’k }:Ozl does not reach a stationary or cyclic regime in a
finite number of steps. &

Note that the matrix A of Example 4.1 is not irreducible. However, if a matrix is
irreducible then it can be shown [1, 7, 13] that the sequence of consecutive max-plus-
algebraic powers of the given matrix always reaches a cyclic regime of the form (2)
after a finite number of terms. However, even if the sequence of consecutive powers
reaches a stationary regime then in general the length of the transient part will not
only depend on the size and the cyclicity of the matrix but also on the range and the
resolution (i.e., on the size of the representation) of the finite elements of the matrix
as is shown by the following examples.

ExAMPLE 4.2. Let N € N and consider

=] 4 7]

The matrix A(N) is irreducible and has cyclicity 1 and its A-value® is equal to 0. The

5For methods to compute the number A that appears in Theorem 2.5 for a max-plus-algebraic
matrix the reader is referred to [1, 3, 7, 21].
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kth max-plus-algebraic power of A(N) is given by

oy =[]

for each k € Ny. This implies that the smallest integer kq for which (2) holds, is given
by ko = N, i.e., ko depends on the range of the finite entries of A(N). &
EXAMPLE 4.3. Let € > 0 and consider the matrix
0 O
Ale) = { -1 —¢ ]
This matrix is irreducible, has cyclicity 1 and its A-value is equal to 0. Since the kth
max-plus-algebraic power of A(e) is given by

(4(2)°" = [ ff max(*l,*k;; } ’

the smallest integer ko for which (2) holds, is kg = [1]. So this example — which has
been inspired by the example on p. 152 of [1] — shows that in general the length of

the transient part of the sequence {A® };021 depends on the resolution of the finite
entries of A. O

5. Conclusions. In this paper we have studied the ultimate behavior of the
sequence of consecutive powers of a matrix in a Boolean algebra, and we have derived
some upper bounds for the length of the transient part of this sequence. The results
that have been derived in this paper can be used in the analysis of the transient
behavior of Markov chains and in the max-plus-algebraic system theory for discrete
event systems.

Topics for future research are the derivation of tighter upper bounds for the length
of the transient part of the sequence of consecutive power of a matrix in a Boolean
algebra, and extension of our results to more general algebraic structures such as the
max-plus algebra.
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