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Abstract: Nonlinear Fourier transforms (NFTs) are beginning to draw attention in fiber-optic
communications. This has recently led to the development of the first fast NFT algorithms. In
this paper, these developments are reviewed.
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1. Introduction

The evolution of a signal q(z, t) in a loss- and noiseless optical single-mode fiber with anomalous (κ =+1) or, respec-
tively, normal (κ =−1) dispersion is described through the nonlinear Schrödinger equation (NSE) [1, Eq. (5.2.5)]

i
∂q(z, t)

∂ z
+

∂ 2q(z, t)
∂ t2 +2κ|q(z, t)|2q(z, t) = 0. (1)

Here, z≥ 0 denotes the location in the fiber and t ∈R denotes relative time. This model seems quite limited because the
fiber is assumed to be lossless, but it is possible to incorporate periodically varying losses through proper averaging [1,
Sec. 5.4.3]. Furthermore, recently developed fibers are close to this model even without averaging [2].

The NSE (with losses) routinely serves as a model for the fiber-optic communication channel in numerical methods
that compensate nonlinear effects in order to create an effectively linear communications channel [6]. The downside of
this approach is its computational complexity because the NSE has to be discretized in both time and space. Another
problem is that nonlinear interference between different users in contemporary fiber-optic networks based on wave-
length division multiplexing (WDM) cannot be removed even though the channel is known because users are unaware
of each others received signals [20, Part III]. Nonlinear Fourier transforms (NFT) are currently discussed as a remedy
for both problems. The fundamental advantage of the NFT is that the spatial evolution of the signal becomes trivial in
the nonlinear Fourier domain (NFD) and can be solved analytically in closed-form, as will be discussed below. From
the computational perspective, this is advantegous because there is no need to discretize the signal in space as with
conventional methods. From a more information-theoretic perspective, separating users in the NFD instead of the con-
ventional Fourier domain seems advantegous because nonlinear effects would no longer cause interference between
different users [20, Part III]. In this paper, we concentrate on the aspect of computational complexity.

2. Nonlinear Fourier Transform

Before “the” NFT is introduced, it is important to note that the term NFT is used for different transforms in different
contexts. The NFT under consideration in this paper has been developed by Zakharov and Shabat [21] for the solution
of the NSE with vanishing boundary conditions (i.e., q(z, t)→ 0 for t→±∞ “sufficiently rapidly”).

Continuous-time NFT The NFT is taken at a specific location z = z0, usually at the beginning or the end of the
fiber. The to be transformed signal is thus q0(t) := q(z0, t). To define the NFT of q0(t), the Zakharov-Shabat problem

d
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e− iλ t

0

]
for t→−∞, (2)

is introduced, where λ ∈ C is a complex parameter. The first part of the NFT is the continuous spectrum q̂(ξ ) :=
b(ξ )/a(ξ ), ξ ∈ R, where α(λ ) := limt→∞ eiλ t φ1(t,λ ) and β (λ ) := limt→∞ e− iλ t φ2(t,λ ). The continuous spectrum
reduces to the usual Fourier transform (FT) of q0(t) if q0(t) is so small that the nonlinear term in Eq. (1) is negligible.
The discrete spectrum consists of the roots λ1, . . . ,λN of the function α(λ ) in the complex upper half-plane (i.e.,
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a(λn) = 0 and ℑ(λn) > 0), and their associated norming constants q̃n := β (λn)/
dα

dλ
(λn). The pairs (λn, q̃n) describe

the solitonic components in the signal. They disappear if κ =−1 in Eq. (1) or the nonlinear term is negligible.
The NFT, which consists of the continuous spectrum q̂(ξ ), ξ ∈ R and the discrete spectrum (λn, q̃n)

N
n=1, has been

taken w.r.t. to the signal q0(t) = q(z0, t). Assume now that we are interested in the NFT of q1(t) = q(z1, t). The
corresponding functions α(λ ) = α(λ ,zi) and β (λ ) = β (λ ,zi), which were used to construct the NFT, then satisfy

α(λ ,z1) = α(λ ,z0), β (λ ,z1) = β (λ ,z0)e−4iλ 2(z1−z0) . (3)

With these relations, it is trivial to find the NFT of q1(t) = q(z1, t) given that of q0(t) = q(z1, t), and vice versa.

Fast Numerical NFTs Numerical methods for computing the NFT are based on discretizations of Eq. (2), which
result in approximations a(Λ) ≈ α(λ ) and b(Λ) ≈ β (λ ), where Λ = Λ(λ ) is a coordinate-transform. The main ob-
servation in [16, 19] was that certain discretizations lead to approximations a(Λ) and b(Λ) that are, up to simple
factors, rational functions (i.e., ratios of polynomials). The task of computing the reflection coefficient q̂(ξ ) on a grid
of “nonlinear frequencies” ξn then reduces to the evaluation the numerator and denominator polynomials of a(Λ) and
b(Λ) at the transformed frequencies Λn = Λ(ξn), where n = 1, . . . ,N with N being the number of samples used in the
discretization. Whenever the transformed frequencies turn out to lie on the unit circle |Λ|= 1, this task can be solved
efficiently using only O(N log2 N) flops with a fast nonequispaced FT [7]. However, the monomial basis expansion of
the involved polynomials has to be computed before the fast nonequispaced FT can be applied. A simple algorithm
that computes these expansions using again only O(N log2 N) flops was given in [16, 19].

Finding the λn in the discrete spectrum becomes a polynomial root-finding problem. One of the standard approaches
to polynomial root-finding is to compute the eigenvalues of the polynomials companion matrix. Traditionally, this takes
O(M3) flops, where M is the order of the polynomial, but in the last years several fast algorithms that require only
O(M2) flops have been proposed. In [16, 19], an algorithm of Boito et al. [3] has successfully been used to compute
the λn using only O(N2) flops in several numerical examples. Another standard approach to polynomial root-finding
is Newton’s method. A specialized Newton’s method for NFT-based communication is presented in [20, Part II]. The
complexity this method is O(NMK), where M is the number of initial guesses and K is the average number of iterations
per initial guess. In [14], the complexity of this method is reduced to O(NK log2 N) using results from [8].

3. Fiber-Optic Communication using Fast Nonlinear Fourier Transforms

Nonlinear Frequency-Domain Multiplexing (NFDM) NFDM is the nonlinear analog of conventional OFDM,
where the FT is replaced with a NFT. The data is modulated in the NFD, i.e., into the discrete and/or continuous
spectrum. The transmitter then uses a inverse NFT to generate the fiber input. At the other end, the receiver applies a
NFT to the fiber output and uses Eq. (3) to recover the NFT of the fiber input. The basic idea goes back to Hasegawa
and Nyu [5], but their paper did receive only little attention over the years. Only recently, the concept has been revisited
and extended by several groups [11, 12, 20]. The system proposed in [11] modulates the continuous spectrum, and it
was demonstrated through simulations by Le et al. [9] that a receiver that utilizes the fast NFT discussed above can
recover the continuous-spectrum significantly faster than a conventional slow NFT without loss in performance. In
systems employing discrete spectra, the fast Newton method in [14] is expected to offer speed-ups. However, this still
needs to be evaluated in a more realistic setting. The aforementioned techniques speed-up the receiver in a NFDM
system. To speed-up the transmitter, fast inverse NFTs would be required. However, so far there seems to be only
one algorithm in this area. A first fast inverse NFT that requires only O(N log2 N) flops has recently been developed
in [17, 18] for signals whose continuous spectrum is identical to zero. It still needs to evaluated in a realistic setup.

Digital Backpropagation (DB) In DB, the transmitter modulates the data in the time-domain and the receiver solves
Eq. (1) to recover the fiber input taking the nonlinearity into account. Conventionally, Eq. (1) is solved using a Fourier
split-step method, for which it has to be discretized in time and space [6]. Turitsyna and Turitsyn [13] have proposed to
solve Eq. (1) in the NFD instead, where the simpler normal dispersion case was considered for demostration purposes.
The receiver computes the NFT of the fiber output, uses Eq. (3) to recover the NFT of the fiber input, and then applies
an inverse NFT to recover the fiber input. It is no longer necessary to disretize the signal in space. The complexity of
the NFT and inverse NFTs used in [15] however was still high. Wahls et al. [15] have derived a new fast O(N log2 N)
algorithm based on this principle, also for normal dispersion, that performed close to ideal conventional DB. This may
seem surprising because no general fast inverse NFT is known. The key insight in [15] was that it is not necessary
actually to compute a full inverse NFT to perform DB. Since α(λ ) and β (λ ) can be found from the fiber output and



Eq. (3), a fast algorithm based on [10] that recovers the signal from α(λ ) and β (λ ) was sufficient in this scenario. An
extension of these results to fibers with anomalous dispersion (κ =+1) is currently under investigation.

Maximum-Likelihood Detection (MLD) Bülow [4] has proposed a receiver that selects the most likely fiber input
among a set of known candidates by comparing the NFT of the fiber output with the NFTs of the candidate inputs. It
would be straight-forward to replace the conventional NFT algorithm that was used in [4] with a fast NFT.
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