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Abstract: Recently, there has been much interest in using (inverse) nonlinear Fourier trans-
forms (NFTs) to (de-)modulate data in multi-solitonic signals. In this paper, a Newton-type
NFT with a reduced complexity order is investigated.
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1. Introduction

We consider a monomode optical fiber with ideal distributed Raman amplification, where noise as well as higher-order
dispersion and nonlinearities are treated as a perturbation. The unperturbed nonlinear Schrödinger equation (NLS) that
governs the slowly varying envelope q(t,z), where t is the retarded time and −z is the distance along the fiber, is [1]

i∂zq = ∂
2
t q+2|q|2q. (1)

Other effects such as fiber losses and lumped or distributed periodic amplification can be considered in a guiding-
center or path averaged formulation [1]. The NLS equation (1) can be solved analytically using the forward and
inverse nonlinear Fourier transforms (NFTs) introduced in [2]. The NFT of the signal q(t,z0) taken at a reference
distance z= z0 comprises a continuous spectrum q̂(ξ ), ξ ∈R, discrete eigenvalues λn, Im(λn)> 0, and their associated
spectral amplitudes q̃n, n = 1, . . . ,Ns. The continuous spectrum reduces to the conventional Fourier transform when
the nonlinear term in (1) is negligible. The pairs (λn, q̃n) describe the solitonic components of the signal (cf. [2, 3]).
The main advantage of the NFT is that the rather complicated spatial evolution of the envelope q(t,z) becomes very
simple in the nonlinear Fourier domain. The NFT of q(t,z) taken at two different reference distances z0 and z1 are
related through the following simple formulas,

q̂(ξ ,z1) = e−4iξ 2(z1−z0)q̂(ξ ,z0), λn(z1) = λn(z0), q̃n(z1) = e−4iλ 2
n (z1−z0)q̃(z0). (2)

The fact that the discrete eigenvalues λn do not change with the reference distance makes them ideal carriers of
information. Following this observation, Hasegawa and Nyu proposed eigenvalue communication in [4], however, their
ideas did not receive much attention until recently. Several groups have started to investigate fiber-optic communication
schemes that use (inverse) NFTs to (de-)modulate data [3, 6–9]. The synthesis of multi-soliton pulses and their use in
information transmission have also been demonstrated experimentally by several groups [10–12]. In order to detect
the discrete eigenvalues λn in the nonlinear Fourier spectrum, a root-finding problem has to be solved. Most of the
aforementioned publications advocate the use of Newton’s method to solve this problem because good initial guesses
are known for the discrete eigenvalues of the data-bearing multi-solitonic signal as it is generated by the transmitter
(cf. [3, Part II]). The runtime of Newton’s method is O(NMK) floating point operations (flops), where N is the number
of samples used to compute the NFT numerically, M is the number of initial guesses, and K is the average number of
iterations per initial guess. In this paper, we investigate the use of a fast polynomial multipoint evaluation algorithm to
reduce the complexity of Newton’s method to O(NK log2 N). The idea is to perform the Newton iteration for all initial
guesses simultaneously, exploiting that while a single evaluation of a degree O(N) polynomial costs O(N), a joint
evaluation of a degree O(N) polynomial at N different points can be performed using only O(N log2 N) flops [18].
We remark that the idea of using fast multipoint evaluation to speed-up Newton’s method is hardly new [5]. However,
there seems to be little to no practical experience with this method with regard to applications in engineering. In this
paper, we conduct a first feasibility study of using these methods for NFTs in the context of optical communication.
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2. Numerical Experiment: Outline and Results

Encoder In our numerical experiment, 9.6×104 random bits were encoded in the discrete eigenvalues λn by means
of an on-off encoder proposed in [8]. We generated symbols of 16 bit, where each bit in the symbol indicates the
presence or absence of a discrete eigenvalue in the constellation shown in Fig. 1 (left, red dots). The parabolic shape
of the constellation was chosen in order to accommodate for the increasing noise variance which is assumed to be
proportional to the imaginary parts, as discussed below.

Transmission model The effect of the transmission through the optical fiber was mimicked by adding complex
Gaussian noise to the discrete eigenvalues λn. The variance of the noise was chosen such that those discrete eigenvalues
with larger imaginary part suffered larger perturbations. Typical noise balls are depicted in Fig. 1 (left, blue ‘×’). This
behavior is partly confirmed by recent theoretical studies [3, Part III], [13] as well as experimental work [11]. We did
not perturb the spectral amplitudes in order to keep the model simple. While this model may not capture the most
general evolution behavior, it suffices for our purpose of demonstrating the performance of the existing numerical
algorithms in decoding a transmitted bit encoded in the discrete eigenvalues. Subsequently, Darboux transformations
(see [3, Part III]) were used to generate1 the corresponding time-domain signal that served as the receiver input.
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Fig. 1. The plot on the left depicts the constellations points marked by red dots along with their
random perturbations (blue ‘×’). The plot in the center shows the bit error ratio (BER) against a
combined noise variance σ2

RMS over all discrete eigenvalues. The multi-solitonic signal correspond-
ing to the bit representation of 216−1 is shown on the right.

Decoder In order to detect the symbol sent across the channel, the decoder is designed to first compute the discrete
eigenvalues of the received signal numerically. To this end the roots of a certain function a(λ ) in the upper half-
plane have to be detected. The function a(λ ) is constructed using only the samples of the receiver input q(t,z1). The
classic methods to approximate a(λ ) numerically are due to Ablowitz and Ladik [14], and, Boffetta and Osborne [15].
Our benchmark algorithms use these two methods (as well as their extensions to compute the complex derivatives
ȧ(λ ) ≡ da/dλ ; cf. [3, 15]) in order to obtain a simple implementation of the Newton’s method as follows: Each
of the constellation points λn (red dots in Fig. 1, left) is a potential discrete eigenvalue of the received signal and
therefore serve as the initial guess for the Newton’s method. A refinement of this initial guess is carried out according
to ζ

(n)
k+1 = ζ

(n)
k − a(ζ (n)

k )/ȧ(ζ (n)
k ) with ζ

(n)
0 = λn and k = 1,2, . . . ,10. If |a(ζ (n)

K )/ȧ(ζ (n)
K )| < δ with δ = 10−4, the

closest constellation point to ζ
(n)
K , is detected to be present. The new method is based on the insight that the function

a(λ ) is a rational function for the Ablowitz-Ladik method [16, 17]. We used a MATLAB implementation, XFFT, of
the recently proposed fast polynomial multipoint evaluation algorithm in [18] to the Ablowitz-Ladik approximation
of a(λ ) computed using the fast method derived in [16, 17]. Please see the introduction for a comparison of the
computational complexities. The numerical parameters used are as follows: the time domain is [−50,50], z0 = 0 and
z1 = 5, N = 212, ε = 10−10 (XFFT).

1In order to minimize round-off errors due to large imaginary parts of the λn, we added the eigenvalues with the larger imaginary parts first.
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Results The performance of the numerical methods is evaluated by computing the bit error ratio (BER) defined
as the ratio of the total number of error-ed bits to the total number of bits received. The BER is plotted against a
combined noise variance σ2

RMS = (1/Ns)∑
Ns
n=1 σ2

n where σ2
n is the noise variance of λn. From Fig. 1 (center) it is

evident that our proposed method performs equally well as compared to that of the classical methods considered in
this article. The runtime of the multipoint XFFT method (still partly implemented in MATLAB) in our experiments
were approximately fives times longer than that of the Boffetta-Osborne method which was completely implemented
in C. A properly optimized implementation of the multipoint method is expected to be equally fast.

3. Conclusion

Fast multipoint evaluation has been incorporated into a Newton-type NFT in a semi-realistic communication scenario.
The asymptotic complexity of the investigated method is below that of conventional methods. In the future, we would
like to benchmark an efficient implementation for different channel characteristics and modulation formats.
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